Onnmnuaga wkonsHukos Cr6IY 2018-2019 no nHdopmatuke, dpuHan
Poccusi, 3 mapra 2019 roga

Pa36op 3apgaun «¥YaBoeHune»

B 3amave nmpocnam IpOBEPUTH, MOXKET JIM OJIHO TEJIOE TMOJIOKUTENHLHOE TUCIO OBITH TIOTyIeHO U3 JIPY-
rOro € MOMOIIBIO HECKOJIBKUX (BO3MOXKHO, HYJIsl WJIX OJHOIO) MOCJIEJI0BATE/IbHBIX IPUMEHEHUH Olleparun
YIBOEHUSI.

BosMmoxkHO, caMoe TpocToe PelIeHne COCTOUT B CIAYIOEM: OyeM yIBanBaTh EepPBOe YHUCJIO, IIOKa OHO
MEHBIIIE BTOPOT0. DTOT TIPOIECC 3AKOHIUTCS U CAEIAET ITO JOCTATOUHO ObIcTpo. Ecm B pesynbrare uncia
okaxKyTcst paBubl, To orBeT YES, nnaue orser NO. Huzke 310 pemenne oobsacHeHo 6ostee popMaIbHO 1
CKYHO.

[Iycrs f(n,m)—YES, ecjin m MOXKHO TOJYYUTHh U3 N HOCJIEI0BATELHBIM IIPUMEHEHUEeM Olleparuii
yasoenust, u NO unade. To ectb f(n,m)— orBer Ha 3ama4y ajist quces n u m. Torya

YES, eciiu n =m
f(n,m) =< NO, eciu n > m

f@2n,m), ecitu n < m

HeiictBuresnbro, ecim n = m, 10 orBeT YES (HY»KHO NPUMEHUTH HOJIb ONEDPAIMH y/[BOEHMUSI), €CJIU
n > m, to orser NO (Tak Kak, yjBauBasi 1, Mbl OyJleM HOJIy9aTh TOJBKO dncia, Gosbiiue m). Ecaun ke
n < m, TO OTBET Jyisl IIapbl (1, M) TAKOi ke, Kak u Jyist napsl (2n,m). Ceifuac Mbl 9T0 06bICHIM.

U3 Toro, uro orser mias (2n,m) — YES, cienyer o, uro orser mus (n,m)— YES: myx)Ho mpocto
PUMEHUTD OIEPAIUIO yIBOCHUS Ha OJUH pa3 OOJIbIIe.

Boutee Toro, us roro, uro orser mias (n,m)— YES, caeayer to, aro orser miasa (2n,m) — YES: ecin
orser st (n,m) — YES, To MbI JIOJKHBI ObLIN IPUMEHUTD K 1 XOTsI ObI OJIHY OLEPAIUIO YIBOCHHsI (Tak
KaK m < M) U MOJY9IUTh MPH 9TOM 4ncjao m. IIpuMeHuB K MCXOAHOMY YHCIY 21 Ha OJHY OIEPAIHIo
VJIBOGHUSI MEHbBIIe, Mbl HOJYYUM W3 HEro 4UCJIO M, TO eCTh oTBeT i (2n,m) Toxe YES, 4To MbI 1
XOTEJIU JTOKA3aTh.

Crour 3ameruTh, 9TO BhIUUCJHCHUE f(N, M) 10 yKa3aHHON BbIie (GOPMYyJIe HE MOXKET MPOJIOJIZKATHCS
HeckoHeUHO, TaK Kak n > 1, u nocsie He Gosiee, ueM [logy m| yzBOE€HMIT MBI IOJYYMM YHCIIO, HE MEHbIIIEe
m, B KA4eCTBE IePBOro apr'yMeHTa.

Brarogapsi masenbkuM orpanndenusiv (1 < n,m < 100) XpaHuTh n ¥ M MOXKHO B CTaHJIAPTHOM
[EJI0YUCICHHOM THUIE JTAHHBIX NPAKTHIECKH JIIOOOTO A3BIKA IPOrPAMMUPOBAHU.

Pa3bop 3apgaun «o rop»

Aprop 3amaumn: Muxann Banos
ITonroroeska Tecros u pemrennit: Muxann Banos
Aprop pasbopa: Muxaunn UBanos

Paccmorpum n crpok: ucxonuast [leruna crpoka, a Takzke [leruna crpoka, B KOTOPOit BceMu criocobamu
MOMEHSIIH MEeCTaMU KaKhe-TO JiBa COCETHUX CHMBOJIA: IEPBBIil U BTOPOii, BTOPOil 1 TpeTHi, . .., (n—1)-it u
n-if. DTO BCEBO3MOXKHBIE CTPOKU, KOTOPhIE MOYXKET MoJIyanTh Bacsi. B kaxk 1ol ¢ momonibio 1ukjia 3a n — 1
CpaBHEHHUE Taphl COCEIHNX CUMBOJIOB MOYKHO MPOBEPUTH, TOJYUMIACH JIH TOJACTPOKA «Or» U, €CJU XOTh
[JIe-TO MOJIYYUJIach, BhIBECTH «Yesy, mHade — «Noy». DTo pemierue Tpedyer O (n2) omeparuit u IPOXOUT
OTPAHUYIEHUST BCEX TOATPYII, KPOME TOCTIeTHE.

YrobbI CIPABUTHLCSA € TIOCIEIHEN MOTPYIINONH, 3aMETHM, YTO B TIPEIBIYIIEM PEIIEHUN MHOTHE OJINHA-
KOBBI€ ITaphbl CUMBOJIOB MBI U3JIMIIIHE ITPOBEPSIN TOMHOTY. JleiiCTBUTE/IBHO, €CIi MBI IOMEHSIJTH MECTaMU
k-it u (k + 1)-it cuMBOJIBI, TO, €CJIM TIOJICTPOKHU «Or» PAaHbBIIE He OBbLIO, TO OHA MOIJIA MOSIBUTHCS JIUIIb Ha
mecrax (k — 1;k), (k;k+ 1) wm (k + 1;k + 2). Tlosromy MOXKHO JieficTBOBaTH Tak: CHadYasa IPOBEPHUTH
HAJIMYNE TOACTPOKH «or» B [leTnHoi cTpoke, a JaJbiie IMUKJIOM ¢ 1 — 1 mpoboBaTh MEHSITh MECTAMHU TTapy
CHMBOJIOB U IIPOBEPsIThH BBINIEyKA3aHHBIE TPHU MAaphl CUMBOJIOB. B 9TOM pellleHIr BayKHO, BO-IIEPBBIX, HE
3a0BIBATH B KOHIE NTEPAITNN ITUKJIa MEHSITH CHMBOJIBI Ha3aJl, U, BO-BTOPBIX, IPOBEPATH JIUIIH T€ U3 ITUX
TPEX Map CUMBOJIOB, y KOTOPBIX 00a UHJIEKCA NPUHAJIEIKAT CTPOKE (HE BBIXOJAT 3a €€ JIEBYIO U IPABYIO
rpanuiy). Apyrumu ciaoBamu, napy (k— 1; k) He Hy?KHO IPOBEpATD, ecyu k-if CHMBOJI — IIEPBBI B CTPOKE,
a napy (k+ 1;k + 2) He HyKHO poBepsiTh, ecyin (k + 1)-if cCUMBOJI — TIOC/IEIHUI B CTPOKE.
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Haxkone MO>KHO IIPOCTO 3aMETHUTDh, YTO IIOJIYIUTH IIOACTPOKY <«Or» MOZKHO TOI'/Zla M TOJIBKO TOT/a
) ) )
KorJa B HCXO,ILHOfI CTPOKE €CTb XOTd ObI OJIHa M3 IIOJCTPOK CJIEAYIOIIETO BUOA:

® «OTy;
® «rov;
® «07ry, rie 7 —jobas CTPOYHAs JATUHCKAA OyKBa.

IIpoBepuTsh HaIMYME TAKUX TOACTPOK MOXKHO 38 OJIUH IIUKJI; 3/I€Ch, OIISITh YK€, HEOOXOINMO CJIEINTH, ITOOBI
HCITOJIb3yeMble HOMEpPa CHMBOJIOB JIEXKAJIN B IPeJeaaX OT MUHUMAJILHOIO JO MaKCHMAJIbLHOIO WUHIEKCA B
cTpoke, uTobbl m36ekaTh Runtime Error m Wrong Answer. AcuMIITOTHKA MOCJIEIHAX JIBYX PEIIeHUT —

O(n).

Pa360p 3a4a4nN K CaLua n 3aga4a npo npegkos>»

Paccmorpum cHavasta perierne 3a/1a49u JJist OJIHOTO BapruaHTa BbIOOPa KOPHS JIepeBa — IIYCTh 9TO Bep-
mmHa v. Oupesie/uM BeJIMIUHY pasmepa noddepesa BepIinHbl $z(1) KaK YUCI0 BEPIIUH, JOCTUKUMBIX (C
yI€TOM OpHeHTAIN pEGEp OT KOPHSI) U3 BePIIUHBL 4. OTMETHM, 9TO IO OCTPOCHUIO OPUEHTAINH 13 KOPHSI
JIOCTHZKUMBI BCE BEPIIMHBI, TO ecTh $z(v) = n. Torja yTBepKIaeTcst, 9T0 0TBETOM Oy1eT m;éxx sz(u) + 1.

UFV

JleficTBUTEIIbHO, €CJIH JIJIs HEKOTOPOTO MHOYKECTBa BepIuH S U BepluHbl u BbinosHsercs A(S) = u,
To sz(u) = |S|, BeJib B TaKOM cilydae BCe BEpIIMHBI U3 S JIOCTHKUMbBI U3 U. SHAYUT, €CJIM Mbl MIIEM Hau-

MEHBIIIEro OBIIEro MpejiKa Jjisi HEKOTOPOTO MHOXKECTBa U3 k BepIInH, npuaém k > max sz (), To HUKaKast
uFv

BeplinHa KpoMe v O6HII/IM IPEJIKOM OKa3aTbCA HE MOXKET. N3 sroro cjieJyeT, 9To OTBET HE IIPEBOCXOJIUT

max sz(u) + 1. TTokazkem, 4T0 OH emé u He MeHbIe 3Toi BesmuuHbl. [ljist 3T0r0 Tpedyercs mokasarTh, 4To
uFv

ecJIm Jijisl HEKOTOPOI BEPIUHBL U 7 v BbINoJHsieTcst k < sz(u), To HaliIETCs MHOXKECTBO BEPIIMH S Takoe,
qro |S| = k u A(S) # v. B kadecTBe TAKOro MHOYKECTBA BEPIIMH MOXKHO BBIOpDATH JIIOObIE Kk BEpIINH,
JOCTIKUMBIX U3 . V3 BepIINHBI ¥ MOXKHO JOUTH 110 JIFOOOH BEPIIUHBI STOI'0 MHOXKECTBA, a TJIyOMHA Bep-
[IUHBL U OOJIbIIE TVIYOMHBI BEPIIMHBL U, TAK KaK U — eIMHCTBEHHAs BEPIINHA, UMEIOIIasl HyJIEBYIO IIyOuHY.
W3 sToro cietyer, 9T0 BEpIINHA ¥ HE MOXKET OBITh HAUMEHBIINM OOIIUM IIPEIKOM 3TON0 MHOXKECTBA.
Hayummvcs: addexruBro canrars 3Hadennst sz(u) I BCeX BEPIIMH u. ByJeM Ha3bIBaTH JETHME U
BEPIIMHBI, B KOTOPBIE BBIXOAT OPUEHTUPOBAHHBIE pEOpa u3 u. Kcin 3 u He BBIXOJAT HUKaKKWe pébpa, To
sz(u) = 1; equHCTBEHHAST JOCTUKIMasi BEPIIUHA — OHa caMma. VHade mycTsb y Heé eCTb JeTH Wi, Wy, . . . , Wk.

k

Torma sz(u) = > sz(w;) 4+ 1. fcro, 9r0 U3 BepIIMHBL JOCTHKUMA OHA CaMa, & TaKyKe BCe BEPIIMHBI, J0-
CTUKUMbIE U3 ééogeTeﬁ. Crour OTMETUTH, YTO IPHU Pacdére 1O TAKOH (opmysie HUKAKas BEPIIUHA HE
Oy/eT ydTeHa JABAXK/bI. ITO MOIVIO ObI CJIYUIUTHC, €CIN Obl HEKOTOPas BEPINHNHA t ObLIa OBl JOCTUKIMA
OJIHOBPEMEHHO U3 BEPIINH W;, Wj, ¢ 7# j. IIpeamnonokmm, sTo Tak, pacCMOTPUM IIyTh B MCXOHOM HEOPH-
eHTUPOBaHHOM rpade, UAyIuil U3 u CHa4Yasa B ¢ 4epes w;, 3aTeM Bo3Bpallalonuiicsa B u depes w;. Ecmm
HEKOTOpPAas BEPIIMHA OTJINYHAS OT U BCTPETHJIACH B IIyTH XOTS ObI JIBa Pas3a, YJIAJIUM BCE MEXKJIY COCEIHU-
MU €€ BXOXKJICHUSIMHM U OJIHO n3 HuX. [loBTOpUM 3Ty HpOIEeaypy CKOJBKO MOTPEOYeTCs, U TMOJIYIUM UK,
coflepzKaniit XoTs OBl TPU BEpPIINHBL U, W;, w;. 1o Hmameit mponemype BepmmHa MOXKeT OBITH y/aseHa,
TOJTBKO €CJIM OHa 3aKJII0YeHa MEXKY BXOXKJIEHUSIMU OTJIMYHOW OT U BEPIIUHBI. A JJIsT KayKJI0# W3 3TUX
TPEX BEPIIWH BEPHO, UTO C OJHON M3 CTOPOH OT HUX B IIYTH HET OTJUYHBIX OT 1 BepinuH. CyIecTBOBaHME
2K€ 9TOr0 IMUKJIA JIOJPKHO 03HAYATDH, UTO I'pad He HABJISETCH JEPEBOM, a ITO IPOTHBOPEUNUE.

[Tosb3ysich HalieHHBIMU (DOPMYJIAMU, 3HAYEHUs $z(U) YIAO0OHO BBIYUCIUTD C IIOMOIIBIO peKypcuu. M3-
HAYaJbHO 3aIlyCTUMCS OT KOPHS, 3aTeM OyJIeM CIIyCKaThCA B JieTeil. BBUY allMKJIMYHOCTH Mbl HE 3aIly-
CTUMCSI HA OT KaKOil BEPINMUHBI JBAXK/IbI, 3HAMUT, TaKas IpoIeaypa Oyaer paboTaTh 3a JIMHEHHOE OT IHC/Ia
BEPIIUH BPEMS.

BameruM, 4To eciau w JocTKuUMa u3 u, 10 sz(u) = sz(v). CiuemoBarenbHO, IPU HAXOXKIEHUST OTBETA
He TpebyeTcs paccMaTpUBATh BCE BEPIINHBI, JIOCTATOYHO OI'PAHUYNTHCSH JIETHMU KOPHS, TIOCKOJIbKY JII00ast
Jpyrasi BepIIUHA JIOCTUYKUMa U3 KOTO-TO U3 HUX. BOCIOJIb3yeMCsl STUM COOOPaXKEHUEM JIJIst TOTO, ITOOBI
[TOJIyIUTh CIIOCO0 HAHTH 38 OIWH IPOXOJI 110 JE€PEBY OTBETHI IJjisl BCEX BAPHAHTOB BBIOOPa KOpHs. Momgu-
dunupyem Harmm 0603HAYEHUS: [IYCTh TEIEPh $Zy (1) — YUCIO BEPIINNH, JOCTUKUMBIX U3 U, €CJIH JICPEBO
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HOABENeHo 3a v. IloaBecuM J1epeBo 3a MPOU3BOJLHYIO BEPINHHY U M 3aIllyCTUM AHAJOTHMYHYIO OINUCAH-
HOII paHee PEeKypPCHBHYIO Ipoueaypy. I1lycTh Mbl U3 BEPIIMHLI p IPUNLIM B BEPIIUHY U, AMEIOMIYIO JeTeil
W1, W2, ..., Wk, U MBI YK€ BBIUYUCIUIN 3HAYEHUS $Z,(w;) juis Beex 4. UToObl HAWTH OTBET JUIs Cirydasi,
KOIJla B KauecTBe KOpHsI BbIOpaHa u, HaM MOTpedyeTcst 3HATH 3HAYCHUsT $Zqy(P), Sz (W;) it BeeX i, 1o-
CKOJIbKY MMEHHO 3TU BEPIIUHLI OyIyT JeThbMU U, €CJIA ClIeJIaTh U KOpHeM. Bo-mepBhIX, 3aMeTUM, UTO U3
[OCTPOEHUsI OpUEHTAIUY Sz, (w;) = 8z, (w;). delicTBuTesibHO, 10 paHee JIOKA3aHHOMY He CYIIECTBYeT He
[IPOXOJISIIIEro Yepes v IYyTH U3 U B BEPINUHY, JIOCTHXKUAMYIO U3 4. A 5T0 03HAYAET, UTO KOIJIA IIPH IIOCTPOe-
HUM IIOJIBEIICHHOTO 3a ¥ JIePeBa MbI JIOHIEM 10 BEPIIUHBI 14, MBI €II¢ HIYEro He CAEIAeM C JOCTHKIMBIMU
13 U BepIIUHaAMH. TOr/a mMocjie 3TOro Mbl IIOCTPOUM JIJI HUX POBHO TaKyIO YK€ CTPYKTYPY, KaK U B CIyvIae
JiepeBa, TOJIBEIIEHHOTO 3a u. OCTaéTcs oupeesuThb sz, (p). Ho Mbl 3HAEM, UTO 52, (U) = M, & TaKKe MMeeM
CBS3b MEXKJIy Pa3MepOM IIO/IepeBa BEpIIMHBL U Pa3MepaMy [OIIEPEBLEB e¢ JeTeil. T POPMYJIbl JAIOT

k
pesybrat: sz, (p) =n —1— > szy(w;).
i=1

Pa3bop 3agaun «KonnekTuBHbIi Naposb>»

Aprop 3ataum: NBan Kazmenko
ITonroroeka Tecros u pemrennit: Msan Kasmenko
ApTop pasbopa: NBan KazmeHnko

[Tonzama4ga 1:

IIycrb neBATHOYKBEHHDINA [IAPOJIb COCTOUT U3 OYKB W1 WoW3wW4wsWswrwgwy. CreHepupyeM TakKue Tpu
MHIUBUATYAIbHBIX CEMUOYKBEHHBIX TAPOJIS: at] Wal3WWsWe, bWiws WeWrWWy U CWywgWowiwows. Jpy-
IUMU CJIOBaMHU, B IIePBOi OYKBe 3aIUIeM HOMeDP WHINBUIYAJIbHOTO TAPOJisi, & B OCTABIINAXCS MECTH — JIBE
TpeTn OYKB UCXOIHOTO ITapOJIs.

[TokaxkeMm, Kakue 6YKBBI MCXOIHOI'O MAPOJIA Kya MOIAJIM, B BAJE TaOJIMIILL:

al X | ¥ ¥ ¥ *]*

Mo2kHO BUIETD, UTO JIIOOBIE 1B U3 TPEX IOJIYIEHHBIX TAPOJIeH COMEPKAT KAXKIYIO U3 UCXOITHBIX OYKB
XOTsI ObI OJUH Pas.

11 BOCCTAHOBJIEHUST UCXOQHOTO TIAPOJIsi TOCMOTPUM Ha IEPBYIO OYKBY KaXKJIOTO WHIUBUIYAJILHOTO
TapoJist, KOTOPBIit MbI HoJyduan. Ecim 370 6yBKa «a», CKOIMUPYEM CJeAyIONIne IeCTb OYKB B MTO3UITAN
1,2,3,4,5,6. Eciu aTo 6ykBa «b», ckonupyem ux B nosuruu 4, 5,6, 7, 8,9. Hakoner, eciu 310 OykBa «C»,
cKommpyeM ux B mosuiuu 7,8,9,1,2,3. [Ipoussens stu geiicTBust 10 000MX MOIYIEHHBIX MAapOJIei, MbI
BOCCTAHOBUM BC€ JIEBATH OYKB MCXOJTHOIO, HEKOTOPBIE U3 HUX MbI BOCCTAHOBUM JIaKe JIBaYKIbI.

[Tonzaaga 2:

MozKHO pemaTh 3Ty IOA3aJa4uy aHAJOMMYHO IIepBOi. A MMEHHO, CreHepUpPYeM IATh HIapojeil, comep-
JKAIMUX CJIEIYIONne OYKBDI:

o|l|lo|T|M

WabIMI cJIOBaM#, TIPOCTO TPOAYOIUpPYEM MEPBLIi 1 BTOPOIl MHIUBHAYAIbHBIE AP0 U3 IPEIbLIyIIei
[10/[33/1a9 1, ITOOBI UHIMBULYAJIBHBIX TAPOJIEH CTAJIO MATh.

MO2KHO BUIETDH, 9YTO B JIIOOBIX TPEX HWHAMBULYAJIbHBIX APOJIAX KayK/Iasl U3 HCXOIHBIX OYKB COMEPXKUTCSI
XOTsT OBI OJINH Pas.

AJIropuT™M BOCCTAHOBJIEHUSI HE MEHSIETCSI.
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[Tomzanaga 3:

Bocrnonbsyemcst kumatickoti meopemoti 06 ocmamikax, Koropast popMyaupyercs Tak. [lycTs 3agamo me-
Jtoe uucyio x. IlycTs TakzKke BRIOPAHBI 1 IE/IbIX TOJIOKUTEIbHBIX YUCEIT A1, 42, - - - , Gy, IPAIEM OHU MTOTAPHO
B3aMMHO IIPOCTBI, TO €CTh HAMOOJIBIINI OOl JenTelIb a; U a; PaBeH exunune upu ¢ # j. Torna, 3nas
ocTtaTKu OoT gejierusi * mod ai, x mod as, ..., £ mod a,, MBI MOXKEM OIHO3HAYHO BOCCTAHOBUTH OCTATOK
or nmesternsi  mod (aj - ag - - a,). B wacrnocru, eciim uzsecrno, uro 0 < x < (aj -ag -+ - ay), TO MBI MOKEM
OTHO3HAYHO BOCCTAHOBUTH UUCJIO X.

K npumepy, ecim uzBectHbl Bendnnabl £ mod 5 u x mod 7, u ipu 3toMm 0 < & < 35, TO T BOoCcCTaHABIIN-
BAeTCsI 110 JIByM OCTaTKaM OJIHO3HAYHO. B ciieytomeit Tabyuie B CTPOKax yKa3aHbl OCTATKA OT JIEJIEHUS
Ha b, B CTOJIOIAX —HA 7, a B KJIETKAX — COOTBETCTBYIOIINE TUCA I:

0O|1|2|3|4|5 |6
0 15|30 10]25| 5 |20
2111 1631|1126 6
71222 |17 32|12 27
281 8 |23 3 |18]33 |13
1412919 |24 4 |19 34

_lWiN =IO

Kaxk naiitu x, 3uasg y = £ mod a u z = x mod b? Camoe 11pocTroe — paccMOTPeTh Yucia ¥y, y+a, y+ 2a,
y+3a, y+4a, ..., IMeIONe OCTATOK Y OT JIeJIEHUSI Ha a, M HAUTH Cpeu HUX TO, KOTOPOe MMeeT OCTATOK
z OT JiejieHus Ha b. DTo yJacres caenarh He OoJiee 4eM 3a b MaroB, Tak Kak IepBoe YUC/IO0 C MPABUIBHBIM
OCTAaTKOM OT Jejienust Ha b Oyner He Oosibite, dem y + b - a. Hanpumep, ecoim x mod 5 = 3 u x mod 7 = 4,
TO MBI paccMaTpuBaeM duciaa 3, 8, 13, 18, 23, 28, 33, u umeM To U3 HUX, y KOTOPOTO OCTATOK OT JI€JIEHUS
Ha 7 paBeH 4: 310 yncjo 18.

Ecrs u 6osiee ObiCTpble METOJIBI, HAIIPUMED, PACIIMPEHHBIH ajaroputMm EBkimga, paboratonuii 3a
log(a + b) maros, HO B 3ajaUe OHU He TPEOGOBAJIUCH.

Kaxk ke BoCIOJIb30BaThCsI B HaIllel 3a/ade KUTaiCcKol TeopeMoit 00 octaTrkax! Pemmm ¢ eé moMorbio
MIOCJIETHIONIO TTOJ3aIady.

Bynem paccmarpuBaTh CTPOKHM U3 aHIVIMACKUX OyKB KaK YHC/Ia B HMO3UIMOHHON CHCTEME CUUCJIEHUS C
ocHOBaHUeM 26: OykBa «a» Oymer coorBercTBoBaTh dmciy 0, «by —uuciay 1, u Tak jajee 10 OYKBBI «Z»,
KoTOpasi OyJIeT COOTBETCTBOBATDL YUCITY 25.

Hanpumep, cTpoka «cats 6yaer cooTBercTBoBaTh uncay 2 - 262 4+ 0 - 261 + 19 - 260 = 1371.

I[Ipu TakoM moOmXOMIE JE€BATHOYKBEHHBIN IMMAPOJb —3TO MPocTo 1ejoe ducjao or 0 1o
267 — 1 = 5429503678975, a MHIUBHIyATIbHBIC YETHIPEXOYKBCHHBIC IAPOJIH — Iejable ducaa or 0
710 26 — 1 = 456 975.

Bribepem kakme-HUOYIb CEMb YUCENT TaK, YTOOBI OHU OBLIM IOIIAPHO B3aUMHO IIPOCTHI, & IPOU3BeIeHIe
JTIOOBIX YeTBIPEX U3 HUX ObLI0 He Menbire 267, HampumMep, MOKHO B34Th CJIEIyIONIIE CeMb IPOCTBIX THUCEJT
3a 263 = 17576: sro ancna ag = 17579, a; = 17581, as = 17597, az = 17599, as = 17609, a5 = 17623
n ag = 17627.

Nmest neBaTUOYKBEHHBIH 11APOJIb — YUCJIO T — CEHEPUPYEM CeMb WHIMBU/IYAJTbHBIX YeThIPEXOYKBEH-
HbIX mapovieii. Kaxxprit Oyjier xpanuTsb ¢Boit HoMep — 1ucjio ot 0 710 6 — a Tak2Ke OCTATOK 110 COOTBETCTBY-
OITEMY MOJTYJTIO M3 CEMU UNCeJT, BHIOPAHHBIX BBIMIE. A IMEHHO, 3aIUIIeM CeMb TICeT Buaa m-i+x mod a;,
rIe m = ag — MaKCUMAaJILHOE U3 a;:

yo = 17627 -0 4+ x mod 17579,
y1 = 17627 -1+ z mod 17581,
y2 = 17627 - 2 + z mod 17 597,
ys = 17627 - 3 + £ mod 17599,
ys = 17627 - 4 + z mod 17609,
ys = 17627 -5+ £ mod 17623,
Yy = 17627 -6 + 2 mod 17627.
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D1n uncia Menbine 17627 -7 = 123389, uro B cBOIO Ouepeib MeHbIne, YeM 264 = 456 976. A 3HaunT,
KazKJI0€ M3 HUX HOJIYYUTCS 3alliCATh YeThIpbMs OyKBaAMU.

YT1006bI BOCCTAHOBUTD MCXOMHBIN JIEBITHOYKBEHHBIN TAPOJIb, MOCMOTPUM Ha KAXKJI0€ U3 ITOJIyIeHHDBIX
qucen y,. Pazobbém ero Ha aBe dactu: u = [y«/m| u v = y, mod m. IlepBast 4acTb — 3TO MPOCTO HOMED
KJIIOYA: Yy = Y. LlOCIE 3TOTO MBI 3HAEM, UTO & mod a, = v.

Urak, Mbl 3HaeM duciaa ¢ mod a;, * mod aj,  mod ay 1 x mod a; st KAKUX-TO YETBHIPEX PABIUIHBIX
HHZIEKCOB i, j, k u [. CHavasa, nmonbsyschk (z mod a;) u (z mod a;), mo KuTaiickoii Teopeme 06 OCTATKAX
Haitném ¢’ = = mod (a; - a;). Hanee, noms3sysics ' u (z mod ay), naitném & = x mod (a; - a; - ai,). Hakomer,
nob3ysich & u (z mod a;), naiigém = x mod (a; - a; - ay - ;). IlockoubKy a; - a; - a - a; = 269, Mbl MozkeM
3aKJIIOYUTD, 9TO HAlJICHHOE 3HAYEHUE T — 3TO U €CTh CAMO 9HCJIO .

Hamocie 1ok 3aMeTHM, 9TO 3TO PelleHre MOXKHO aJalTHPOBaTh U JJId IePBLIX JABYX Hoazanad. Hy»KHo
JIMIIb BBIOPAThL APYTHE YUCJIA (; B COOTBETCTBHU C WX OTPAHUYCHUSIMI.

Pa3bop 3apgaun «JlasepHbiii ny4d»

Aprop 3amaun: Muxann Banos

[ToxroroBka tectoB u pernennit: Mwuxann VBanos

Asrop pasbopa: Muxann Banos
Hamomunm, 3aa4a 3ak/odajach B CIEIyIOMEM: Ha IIocKocTH BbiOupasuch Touku Ci,Cy, ..., Cp,
KPACWINCh B N PA3HBIX [[BETOB (MBI IIPOHYMEPYeM 3THU IIBeTa Tak Ke, Kak u Touku C;), U JaJblie KaxKiast
U3 OCTAJbHBIX TOYeK X ILUIOCKOCTH Kpacwjiach Tak: BbiOMpajach Takas u3 touek C1,..., ), Koropas

pacnoJiarajiach ojuxke Bcero B X, u eciau 3to Oblia Todka C;, To X Kpacunach B nser i. Hekoropble
TOUKM (HAIIPUMED, CEPEJIMHbI OTPE3KOB MeXK/Iy HeKoTopbiMu mapamu C;) IpHU 9TOM He TOJIydaju IBeTa,
TaK Kak ObLIM PABHOYJAJIEHBI OT HECKOJbKIX OJIMKANIINX TOUEK, a He OT OJHOM-eiuHCcTBeHHOI. Hakowerr,
Ha IJIOCKOCTH BbIOupaJsicsd Jjiya PQ, m Hago ObLIO OIpele/nTb, B KAKOW IBET OKpalleHa OeCKOHEeTHast
JacTh 9TOro Jiyvda. Huke Ha KapTUHKe HApPUCOBaH IIPUMEpP: HECKOJbKO Touek C; W 3ajaBaeMast IPU HUX
packKpacka IJI0cKocTr. BumHo, 9To oHa pa3buiach Ha HECKOJIBKO MHOTOYTOJIBHBIX 001acTeil, HEKOTOPBIE U3
KOTOPBIX OeCKOHEUHBI. JloMaHbIe, pa3iesionue pa3ubie 00/1aCTH, He IIOKPAIIeHbI HU B KaKoit Bet. Jlannast
pacKpacka IJIOCKOCTH Has3blBaeTca duazpammoti Boponozo. BbicTpoe mocTpoeHme Takoil auarpamMMbl —
JIOBOJIBHO HEIIPOCTOE JeJI0, OJHAKO B JTAHHON 3aJade CTPOUTH AuarpaMmy Boponoro me TpeboBajoCh u
Jaxke ObLIO M3JIUIIHE.
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JIroboit siyd 3aaéT HA IUIOCKOCTH Koopdunamy — crelpajibayo dyHKuuio f(X), comocTaBisionyo
BEIIECTBEHHOE YHCJIO KaxKJIOi ToUKe IockocTr. Mbl ceituac onpegenmm f(X) st namero styda PQ. A
MMEHHO, BO3bMEM TOukKy X Ha HaIllell IJIOCKOCTH U cIpoerupyeMm eé Ha npsimyio PQ. OcHoBaHue mep-
MeHIUKYJIsipa Y oKaxKercst aubo Ha caMoM Jiyde P(Q), mmbo Ha ero mpojo/ikeHnn 3a TouKy P. B mepBom
cJlydae KOOPJAUHATON cunTaeTcs paccrosuue PY | a BO BTOPOM — TO K€ PACCTOSTHUE, HO B3sITOE CO 3HAKOM
munyc: —PY . Kpome Toro, y KaxKmoit TOUKH ecTh paccmoarnue h 1o P —3T0 jUinHa TepHeHIuKY/Isipa
XY. Huxe Ha KapTWHKE MMOKA3aHBI YETHhIPE PA3HBIX MOJIOYKEHHS TOYKU X W COOTBETCTBYIOIIHE UM Y,

f(X) u h.
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f(X3)=0
9X3
ths = 2,5
Y, L f(Xy = Y
————-?_—l———-o————+————|————4_-‘—o—o_—o—o—o—t,—>
: *Aq
tho =25
f(X1)=6
o X,
f(X2) =—4

Takum 06pazom, KoopauHaTa Kak Obl IOKA3bIBAET HAaM, HACKOJBKO JAJIEKO TOUYKa HaXomquTca oT P B
CMBICJIE JIBUKEHNUS BJIOJTb HapaBienus: P(Q) (To, HACKOIBKO JAJI€KO DU ITOM TOUKA OT HpsMoii P(Q), Koop-
JuHaTHAsE (DYHKIMS TOJIHOCTBIO urHopupyet) [Ipeanosoxum jyist Hadasa, 910 y Beex Touek C; pasindHble
koopanHnaTel. Hac mHTEpecyeT, Kakas TOYKaA IpHU TOM OymaeT OmzKaiiiieil K O9eHb JAJTEKUM TOYKAM Ha
ayde. Ilycrb Ha jiyde B3sita TOUKa A ¢ KOOpAuHATOl a, a y Touku C; koopaunata f (C;) u paccrosiaue h;
J10 siyda. Torma mo reopeme Iludaropa, arods! HaliTu paccrossaue AC;, Ha0 MOHATH, HACKOJIBKO JTaJIeKH
TOYKH JIPYT OT JAPYTra IO JABYM HEePHEHINKYISPHBIM HAIIPABIECHUAM, CJIOXKUTH IBa KBAIPaTa IOy Y€HHBIX
paccTostHUil U W3BJeYb U3 CYMMbI KOpeHb. 1o Hampasenuto P() paccTosiHre MEXJy TOYKAMU, TO €CTh
pasHocTh ux Koopauuat, pasHo |a — f (C;)|. Ilo manpasnenuto, nepnenaukynsippomy PQ), onHa u3 To-
YeK JICKUT Ha JIyde, a APyras HAXOMUTCS Ha PACCTOAHUU h; OT cofepxkaieil 3Toit jiy4 mpsamoit. Taxkum

00pa30M, paccTosiHUe PaBHO \/ (a—f (Ci))2 + h2. Hac uHTepecyeT IOBeJieHHe 3TOTO YHC/IA, HABOASIIETO
cTpax, IpH Beex JocTarodno Gosbmux a. Hy, Bozpmém ase touku C; u Cj, mycTh A OLPEIEIEHHOCTH
f(C;) < f(C). Kakoe u3 9THX IByX DPACCTOSHHUI TOIJA OKAXKETCS MEHBIINM [[Isl OECKOHEYHON YacTu
sny4da? Bynem cpaBHEUBaTH 9THU [IBa BBIPAXKEHUs, a 3HAKOM ! OyIeT 0003HaYaThCsI 3HAK > WU <, KOTOPDIH
OyeT OMHAKOBBIM Ha IPOTIXKEHUU BCexX ITpeoOpa3oBanmii. Mbl mbITaeMCsi CDABHUTD

Va— @) +n2 7 \Jla— ()2 +n

Boseeném obe gactu B KBajpar. I1ocKoIbKy OHE 0Oe HEOTpHIATEIbHBI, 9TO HE IOBJIUSET Ha pPe3yJILTAT
CPaBHEHUS.

(a=f(C))*+hi 7 (a—f(Cy)°+h3.
Packpoem ckoOKu.
a® —2af (Ci) + f(Ci)2 +h? 7 a® —2af (C) + f (C))* + h3.

2

Brerarem a” n3 obeux yacreii.

~2af (Ci) + f(C)* +h2 7 —2af (C;) + f(C;)* + h2.

Ileperpynnupyem djieHbl cpaBHeHUs], YTOOBI B JIEBOH YaCTH OKA3aJI0Ch BCE C @, a B IIPaBOil — BCE 6e3 3TOro
MHOXKUTEJIS.

2af (Cj) —2af (Ci) 7 f(C))°+h%—f(Ci)*—hi.
BbIHeceM MHOZKHUTEJIb HpI/I a 3a CKO6Ky.
2(f(Cj) — f(C))a T f(CH)*+h%— f(Ci)* —h.

B Takoii 3ammcu yzke CoBCeM sICHO, YTO IIpaBasl 9acTh BOOOIIE He 3aBUCUT OT @, a JieBasl HeOrDAHUIEHHO
Bo3pacraer ¢ poctoM a (mockoibky f (Cj) — f(C;) > 0). Ilosromy npu mocrarodno Gosbmmx a (To ecTh
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JUIT BCeX TO4YeK A Jiyda, JOCTATOYHO NAJEKHX OT €ro Hadasa) B 9TOM HEDABEHCTBE CTOUT 3HAK >, UTO
3HAYHT, YTO B CAMOM IIEPBOM HEPABEHCTBE CTOMT 3HAaK > — TaKUM obpa3oM, Touka C; ommke K A, yem C;.

MBI TOJIBKO YTO MOHSJIM, YTO €CJIM BCE KOOPJIMHATHI PA3JIMYHbBI, TO 00JIACTHIO cojieprKalleil OecKoHed-
HYIO 9acThb Jiy4a, Oyjer Ta, Kkoropas comepkut Touky C; ¢ Hambosbieit koopauaaToit. YTo xe jenars,
€CJI Cpelid KOOPJUHAT eCTh papHble? UTOOBI TOHSITH, BEpHEMCS K Haleil (popmyJie.

2(f(Cy) = f(C))a 7 f(C)*+h2—f(Ci)* —h.

[ToHsiTHO, YTO ecim y JBYX TOYEK PA3HbIE KOOPAMHATLI, TO y TOi, KOTOpasi NMEET MEHbIIYIO0 KOOD/MHATY,
TOYHO HET HUKAKUX IIAHCOB OBITH orBeToM. [TosTOMy HpMHHMATH pellleHne HaJO JIMIIb O TeX TOYKAX,
KOTOPBIE IMEIOT MaKCUMAJIBHY0 KOOpAnHATY 13 Beex Cj (ecim TaKuX TOYEK ¢ MAKCUMAJIBHON KOOPIHHATOMN
Goutbiie ofnoit). Ho ecim y Todex C; n Cj omunaxossl koopausars! f (C;) u f (C}), T0o BeIpaXkKeHne CHILHO
YIPOIIAECTCSL:

0 ? hi—hi
2 2
hi 7 b

Tax xax paccrosHus h; u h; HeoTpulaTe/IbHBI, KOPEHb U3 HEPABEHCTBA MOYKHO HM3BJIEYb, U IOJIyYaTCsd
OOBIYHBIE PACCTOSHUSI.

hi 7 hj.

DTO HEPABEHCTBO y2Ke He 3aBUCHUT OT . Kcn y HeCKOIbKUX TOYEK OJNHAKOBas KOOPAWHATA, TO Ta U3 HUX,
KOTOpasl UMeeT MEHbIIIee PAcCTOsiHNE 110 mpsaAMoii P(), Oymer uMeTh MEHbIIIee PACCTOsIHIAE, YeM JIPyras u3
HUX, 10 kKaotcdol Touku jyda PQ (u naxe nupsmoii PQ). TlosTromy HaI0 IPOCTO CPABHUTDH BCE PACCTOSIHUST
h; 1 B3aTh MUHUMaJIbHOE. HO 4TO0, eciin Taknx TO4YeK HECKOJIbKO? JIpyruMmu ciioBaMu, KaKoil J0/2KeH ObITh
OTBET, €CJIM HAIJIOCh HECKOJBKO TOUYEK, Y KOTOPBIX OJMHAKOBasl KOOPJAMHATA U PACCTOSHHUE JO IPSIMOI
PQ, a y ocTaJlbHBIX MM KOOpAMHATA MEHbIIe, UId KOOPAMHATA TaKas Ke, a paccrosgaue 10 P() 6obine?
[ToHsITHO, YTO TAKMX TOYEK MOMKET OBITH MAaKCHMyM JiBe — C KaXKJ0ii cTopoHbl oT upsiMoii PQ (a eciu
h =0, To u BoBce oana). Eciin ux jase, To TOrja HET OTBETA: JAJEKUE TOUKH JIyda He OY/yT TOKPAIICHbI
HHI B KakKol OBeT, TaK KakK JIYY9 JIA2KET POBHO IIO I'PaHUILEe Memﬂy ABYM O6.H&CTHMI/I, COOTBeTCTByIOH_[I/IMI/I
stuM 1ByM ToukaMm Cj.

Ectb u apyroit, reomeTpuvecKuii, criocod moHSTh, ITO HAJIO B3ATh TOYKU C HAUOOIBITUMU KOOP/INHA~
TaMU, & U3 HUX — caMylo OJin3Kyo K npsamoit PQ). HecMoTpst Ha TO, 9TO COBCEM CTPOTO OOOCHOBBIBATH 9TOT
crrocob 3aTPYIHUTENIBHO, MBI BCE paBHO ero oopucyeM. Jljist 3Toro Mbl Oy/ieM MOJIb30BATHCS CJIELYOIIUM
nousTueM. Cepnep, MM CepeIuHHBIN IePIeHIUKYISIP K 0Tpe3Ky AB —3To npsiMast, KoTopasl IepIeH IH-
KyJIsIpHa OTpe3Ky AB 1 IpoxomuT yepes ero cepeauny. V3 reoMerpuiecKux coobparkeuuil MOXKHO IOHSTD,
9TO cepuep 0b6pa3yeT MHOXKECTBO BCEX TOUEK, KOTOPBIE PaBHOYIAJIEHBI OT KOHIIOB OTPE3Ka, U JACIUT ILJIOC-
KOCTb Ha JIBE TMOJIOBUHBI: T€ TOYKHU, KOTOPHIE HAXOMSITCS B TIOJOBUHE ¢ TOYKoi A, 6imke K A, yeM K B,
a Te TOYKU, KOTOPbIE HAXOIATCS B IOJIOBUHE ¢ TOUKOi B — naobopot. B muarpamme Boponoro rpanuiibt
MEXK Iy 00JIaCTIMHI COCTOAT UMEHHO M3 OTPE3KOB CEPIIEPOB K IapaM TOYEeK U3 KOHTAKTUPYIOMNX 00JracTelt.
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Teneps, 9T0OBI CPAaBHUTD, K Kakoii 3 1Byx Touek C; u Cj Oyer 6imxKe becKOHeIHasA JacThb JIyda, HaJ10
IIPOCTO Pa3OUTh IIJIOCKOCTD Ha JIBe IOJIOBUHKH ceplepoM K orpesky C;C) u IOCMOTPETh, B KaKOl U3 JBYX
IOJIOBUHOK OKaxKeTcs MovTH Bech ayd. Ecmm C; n Cj nMeioT pasHble IPOEKIUN 1, HAIIPIMep, KOOP/HATA y
C; menbe, yem y Cj, TO BUJIHO, UTO ceplep 00g3aTe/IbHO OKa3bIBACTC HAKIOHEH TaK OTHOCUTEILHO JIyda,
9TO 00sI3aTE/IbHO €ro MepecedéT, MPUIEM B OJIHOM MOJIOBUHE ¢ DECKOHETHON JacThIO JIyda OKaXKeTCsl TOUKA,
Cj. Ecom f (C;) = f(C}), To cepuep mapaJiiesien jiydy, U JIyd OKazKeTcsl IOJHOCTBIO B OJHON M3 JBYX
[IOJIOBUHOK (B TOii, B KOTOPOIl pacCTOsIHUE OT TOYKU JIO JIyda MEHBIIE) WM IIPOCTO COBHAJET C CEPIIEPOM
(ecom ou pasuoyasén or C; u Cj). Ha kapTuike HIZKe HOKa3aHO HECKOJIBLKO CepIEPOB K orpeskaM A;B;
U UX B3aUMOJIEHCTBHUE C JIyIOM.

Bl AQ .

v

Crpatuua 9 ns 14



Onnmnuaga wkonsHukos Cr6IY 2018-2019 no nHdopmatuke, dpuHan
Poccusi, 3 mapra 2019 roga

Ocrajoch HOHSTH, KaK peaju30BaTh MOMCK HyxKHOH Touku C;. Hampumep, cpeau moarpymni ObLIO
HECKOJIBKO, B KOTOPBIX OBLIO JIaHO, UTO JIyd TOpuU30HTajeH. B atoMm wacTHOM ciydae yHKIus f—3T0
IIPOCTO T-KOOPJIMHATA TOYKU, & PACCTOSHUE JI0 MPIMOIi, copepKarieil iy — Mo/1y/Ib y-kKoopauHaTol. Hamo
6bL10 B3Th Bece C; ¢ HambOJbIEll abCIuccoit U U3 HUX BBIOPATH OJHY WJIKA JIBE€ TOYKU C HAUMEHBIIUM
MOyJiIeM opauHaThl. Kcau 910 ABe TOYKHU, TO Jyd HE MPUHAIICKUT HUKOMY, a WHAYE OH NPUHAJICIKUT
CTpaHe CO CTOJIUIEH BOT B 3TON TOYKE.

B obmem ke ciiydae ecTb pasHble MOJAXOAbI K IMOUCKY TOUeK. MHOrme m3 3TUX IOJIXOJ0B KaXKyTCs
BEPHBIMI, HO HEKOTOPBIE YacTO paboTaioT HEIPABUILHO, 8 HEKOTOPbIE — TOJILKO B CHEIUAJIBLHO IMOI00paH-
HBIX TecTax. Hampumep, MOXKHO OBbLI0 ObI HAIPSIMYIO C TIOMOIIBIO BCTPOSCHHOTO THUIIA BEIECTBEHHBIX MCE/T
npoerupoBaTh TouKy C; Ha mpamyio, mo Teopeme [ludaropa HaxoauTh paccTosHHE MEXKIy TOYKOH P u
npoekmueit C; U CPABHUBATH, & €CJIM COBIAJIN — CPABHUBATH OISITh K€ BEIeCTBEeHHbIE paccTosiHus ot C; 710
npoeknnii. TyT ecThb 1Be pobsiembl. Bo-1iepBhIX, eciim Ha caMOM Jiejie KaKue-TO JIBe IPOEKITNN COBITAIAI0T,
porpaMMa UX HaflJET ¢ MOTPEITHOCTHI0, KOTOpast, XOThb U OYJIET JOBOJBHO MaJEHBKOW, TPUBEIET K TOMY,
9TO MPOrpaMMa MOXKeT CYeCThb IPOEKIINK Pa3/JIMIHbIMA. Torga oHa He Oy1eT CpaBHUBATDL PACCTOSIHUST OT
npoeknuii 10 P(Q), a mpocTo BhIOEpET U3 HUX Ty, KOTOPas Ha BEJUYHHY IIOIPENIHOCTH JaJjblile oT P, dem
Japyrasi. OBBITHO 3Ty IPOOJIEMY PEIIAOT TaK: BRIONPAIOT KaKoe-HUOYIb BelecTBeHHoe &€ > () 1, Korjia Ha1o0
CPaBHHTD JIB& YNCJIA, KOTOPbIE OTIMYAIOTCS MEHbINE, YeM Ha €, OHU CUUTAIOTCs coBHaaomumu. U 3aech
BO3HHUKAaET Bropast pobjiema. OObIIHO € GepyT OoJIbllle, 9eM OXKHUJaeMasl apupMETHIeCKasl TOTPEITHOCTb,
HO MEHbIIE, YeM TOYHOCTH, C KOTOPOil HeOOXOIMMO HAWTH OTBeT. B IaHHOi 3aade MOXKHO IPUIyMaTh Te-
CTBI, HA KOTOPBIX apudMeTnIecKasl MOrPEITHOCTb BCTPOEHHOTO THUIIA BEMIECTBEHHBIX UUCE OOJILIITMHCTBA
SI3BIKOB NPEeGOCTo0UM TOIHOCTh, KOTOPas TPeOyeTcsi, 9T00bI OTJINIUTD OJIMHAKOBBIE ITPOEKIINN OT PA3HBIX,
M3-3a Yero HUKaKoi € me momoitnér. Tem He MeHee, eciii HAKMCATHL COOCTBEHHYIO PeaM3aIlUI0 CTPYKTY-
PbI, CIIOCOBHYIO XPAHUTh ¥ ONEPUPOBATH BEIECTBEHHBIMU YnCIaMu ¢ To9HOCTHO 10 10710 mn 10711, To
JIOJIPKHO TIOJIYIUTHCS ¢ TIOMOIIBIO HEE CIATh 33/1ady.

ZKropu ke cuanraer npeouTUTebHbIM cJie Ly onmii Metoa. Byecro dyukiun f(X) BBeaéM dbyHKIMIO
9(X) = f(X) - PQ. Do npoekiust BeKTOpa ]7)_(> Ha ochb P(Q), yMHOXKeHHas Ha paccTosaue Mexay P u Q).
Ecnu a— yronm mex iy Bekropamu PQ) u P_)g, To f(X) = PX -cosa, u torna g(X) = PX - PQ - cos a.
Oyuxius g(X) HaxoauT npousseeHne JyimH BeKTopoB PX u P(Q) u kocuHyca yrya Mexiy HuMu. Takast
BEJINYMHA, HA3BIBAETCS CKAAAPHDIM NPOU3BeJeHUeM BEKTOPOB ﬁ u @ u 0603HAYAETCSI <P_Xt , fﬁ> Op-

HUM U3 HOHATHBIX cBoWcTB dbyHKinu ¢g(X) siBisiercss To, 9to ona orimdaercs or f(X) ymMHOXKeHueM Ha
HEKOTOPYIO [OJIOKUTEJIbHYI0 KOHCTAHTY; 9TO O3Ha4aeT, 4To pedynbrar cpasHenus f (X1) u f (X2) Takoii
x)e, Kak y ¢ (X1) u g(X2). Apyrum 3amedaTesbHBIM CBOHCTBOM CKAJISIPHOIO TIPOU3BEJICHUS JBYX BEKTO-
POB SIBJISIETCS TO, YTO OHO SIBJISIETCS TIEJIBIM, €CJM y ODOMX BEKTOPOB IejIble KOOpJAMHATHL. Bojee Toro,
eCJIM M3BECTHDBI KOOD/MHATHBIE TIPE/ICTABJICHUs BEKTOPOB 2] = (z1,y1) 2= (z2,Y2), TO UX CKAISPHOE
[IPOM3BEICHIE MOZKHO BBIMUC/IHTE C MOMOIIBIO OUCHb TPOCTOil hopMyabl: (1, 23) = 129 + y1y2. B nameii
3aj1aue Bce KOOPMHATHI 10 abCOIIOTHOMY 3HaueHmio He mpesocxomuan 10°, 4To 3HaunT, uTo CKaIApHOe
[IPOU3BEJICHNE JIBYX BEKTOPOB, COEAMHSIONIAX 110 Mape TOYEK C JOIMYCTUMBIMU KOODAMHATAMHU, He OOJIbIIEe
8- 108, [IO3TOMY €r0 MOYKHO BBIYUC/ISATH C ITOMOINBIO CTAHIAPTHOrO 64-OMTHOTO IEJI0YMC/IEHHOrO THUIIA.
Taxum 06pa3oM, MBI CMOKEM HailTH Bce Toukn ¢ HambosbmmM ¢(X) (a smaunt, n ¢ HanboabmuM f (X)),
TaK UTO OCTAJIOCh Hajitu Gikaiimue K npsivoit PQ). st sToro MoxkHO noBepuyTh PQ Ha 90° (B KO-
OpJiMHATAaX MOBOPOT HA HPSIMOil yroJi MIPOTUB YacOBOW CTPEJIKH OCYIIECTBIISAETCS TakK: u3 BekTopa (x,y)
nosyvaercss (—y,x)) U CKaJIsPHO yMHOXKHTH 9TOT HOBEpHYTbIi BekTOp Ha PC;. Ilosmyunrcs BesnmdnHa
+h;- PQ (3HaK OyJIeT IJII0COM, eCJIU TIOBEPHYTHIIi BEKTOP CMOTPHT B Ty YK HOJIYIIJIOCKOCTh OTHOCUTEIHHO
upsimoit PQ, uro u Bektop PC;, 1 MUHYCOM HHAYE), U HAJIO B3ATh HAMMEHBIINH MOJLY/Th TAKON BEJUINHBL.
ITo aHaIOrHIHBIM TPUIUHAM JIOCTATOUHO 64-OUTHBIX TEJIBIX YUCET, YUTOOBI BCE 9TO BHIYUCINTE. CKaIsIpHOE
IIPOU3BE/IeHIE BEKTOpa 21, MOBEpHYTOro Ha 90° MPOTUB YacOBOil CTPEJIKH, I BEKTOPa 23 HA3BIBACTCS Gek-

MOPHBIM NPOU3Eedenuem BEKTOPOB 2] = (x1,y1) n = (x2,Y2), 0bO3HAUAETCST [,z_l> X z_2>] U BBIYHUCJISAETCS

qtst rex Cj, KOTOpbIe

Kak T1Y2 — x2y1. CpaBHUBATL HAM B 3ajiade HEOOXOIUMO BEJIMIHUHDI P((j x P Z}

nmeror Hanbosbme 3uadenns g (C;).

CymrecTByeT Tak»Ke JIpyroe pelreHne, KOTOpoe ropaszio Jydille CaeyeT MEeTOJIUKe «CIejail POBHO TO,
9TO HpocsT B ycjoBums». Hamo Haditm Ty u3 C;, KoTOpas SIBJISIeTCsS caMoil OJIM3KOH KO BCeM IAJEKUM
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TOYKAM JIy4a. 3adeM Ke TPOBepATh Bee manaékne Toukn yda’ JlaBaiite BioepeM oHy TaKyio TOUKY A Ha
nayde PQ, nst Koropoit paccrosinue PA Benuko, n HaiiiéM u3 Beex C; bmmxkaiinyto Kk A. Yrobsr paborarh
TOJIBKO C TIEJIBIME IHCIAMHE (B 9TOM PEIeHIH TOTHOCTH OOBIMHOI BCTPOEHHOIT BEIECTBEHHOI apibMeTHKN
HEJIOCTATOYHO), CIeJaeM TOYKY A IeJ0YrCIeHHON Tak: BO3bMEM TOYKY P U OTJIOKHM OT Heé BEKTOD

kP@, rje k — J10cTarouHo GOJIbIIoe HATYpPaIbHOE YUCI0 (K MOYKET 3aBUCETH OT TOrO, KAKME KOODIUHATHI

y BekTopa P(Q)). Yrober cpasausars paccrosinuss AC; n AC;, 6yieM CpaBHUBATH UX KBAJPATHI — IeJIble
qucya. Hy n masbine Bcé, Kak MpocsT B YCJIOBUN: HafiéM HanMeHbIuil KBaapar Beandaunbl AC; 1 BbIBeeM
1, JIJIsl KOTOPOT'O JOCTUTAETCSI MUHUMYM, a €CJIM TaKUX XOTs Obl JiBa, TO BbiBejeM —1. OcTaérest BOIpoc:
HACKOJIBKO JaJIeKO Ha JIyde HaJI0 OpaTh TOUKy A, B KAKUX mpejesax OyIyT BCe BHITUCIsIEMbIe 3HAUCHUS !
HempusiTHast HOBOCTB 3aKJIIOUAETCsI B TOM, YTO (KaK HOHSTHO M3 PEIIeHUsI) TOUYKa Ha JIyde, KOTOPYIO MBI
Oepém, JIo/KHA OBITH JaJIbIlle, YeM BCE TOYKH IME€pecevenus Jyda ¢ ceprepamu K napam todek Cj, nnade
(KaK sICHO M3 reOMETPUYECKUX PACCYZKJICHUIT paHee) OTBET MOXKET ObITh HEIPABUILHBIM: HAIIPUMED, €CJIH
MPaBWIBHBIN OTBET 1, & MBI BO3BMEM TOUKY A, y KOTOPOi KoOpAWHATA OyJIeT MEHBINe, 9eM Y TOYKH
nepecedennsi PQ ¢ cepuepom k orpesky C1Ch, To mporpamMma TOYHO He BeIBeJeT 1.

Hackombko ke 7aeKo OT Hadaja KOOPAWHAT MOYKeT ObITh TOUKA MEepecedeHus Jayda ¢ ceprepom?
JIOBOJIBHO CJIOZKHO 9TO OIEHHTH TOUHO, OJ[HAKO 3TO PACCTOSHHE MOKeT ObiTh mopsyka C - M3, rne M —
MaKCHMAJIbHBIN pa3peméHHblil MomLyib KoopauHaat, a C — Kakas-To MoJIOXKUTeIbHast KoHcTanTa. C 3ama-
COM MOYKHO CKa3aTb, UTO caMas JAJIEKas TOUYKA IePecedeHus HAXOJUTCs Ha PACCTOSHUM, Menbiem 1029,
OT Hadaja KOOPJUHAT, [TOITOMY JIOCTATOYHO BHIOPATH TaKyk TOUKY A, y KOTOPOIl XOTsi ObI OfHA U3 KO-
opaunar e menbire 1027 mo momymo. Haxoxk/enue KBaJIpaToB U ONEPAIME CJIOMKEHHS T'OBOPAT HAM O
TOM, UTO HY’KHO yMeTh paboTarh ¢ uncjaaMu 10 10°8, mosromy B 5TOM perrenun norpebyercs pean3aius
JUTMHHOM apudmeTnkn (BCTpOEHHAs WM BPYYHYIO HamucaHHasi). OrpaHndeHus B 3a/ade MO3BOJISIIA Ta-
KOMY PEIEeHUI0 YJIOXKUTHCS B OTPaHUUIEHUE 110 BPEeMeHU, eCJIu JIINHHAsT apudMeTuKa He paboTaeT coBCeM
yK Mezgenno. ObpaTnTe BHUMAHUE, YTO B MOATPYIINAX, T/I€ KOOPAUHATH MAJCHHKUE TO abCOTIOTHOMY
3HAYEHUIO, MOXKHO OBLIO Peaju30BaTh 3TO PEIIeHUE U IIPU STOM 0O0HTHCH 6e3 JJINHHOI apudMETUKH.

Pa36op 3apgaun «lMoHuYnkun>»

Pentenne ua 7 6aJ1y108

3aMeTnM, 9TO CyIIeCTBYeT Bcero 2" BapuaHTOB BBIIEYKN TOHIUKOB. PAcCMOTPUM HX BCE U IIPOMOJIEINPYEM
nporiecc 3a JinHeliHoe BpeMsi. Obiee BpeMst paboThl B TakoM ciry4dae cocraur O(n - 2™).

Pemenue Ha 24 6aJiia

CKazkeM, 9TO KasKJblil JeHb IPUHOCUT HAM OJIUH 3apA0 HOHYMKOB, KOTOPBIA MOXKHO HCIIOJIbL30BAThL JTHOO
B 9TOT JI€Hb, JIMOO T03/1Hee (MHBIMU CJIOBAMHU, OJIMH CBOGOIHBIN 3aps)] MOXKHO B JIOOOH MOMEHT CKOH-
BEPTHPOBATH B k MOHYMKOB JTIOGOTO 1BeTa). PacCMOTPUM OOBIMHOE KAJIHOE PEIIEHHE U MOIBITAEMCsT €0
YLy UIIHUTh.

[TycThb B HagaJle i-Io JiHs y HAC OCTAJIOCH & HEMCIOIb30BAHHBLIX HOHYNKOB KPACHOIO 1IBETA, i HeUCIIOJb-
30BAHHBIX MOHYNKOB CHHETO MBETa (MMEIOTCS B BUJLY TIOHYUKH, KOTOPbIE ObLIN BBIIEYEHBI B IIPEJILILYIIUE
JIHU) W ¢ CBOGOJMHBIX 3apsoB. [IpejcraBuM, 9To B i-if JeHb r NOKyNATeseil MPUILIN 38 KPACHBIMEU H b
3a CHHMMHU HOHYMKAMU. BHadaje BLITOJHO OTJATh UM KaK MOKHO GOJIbIe IOHYMKOB M3 x u ¥y. Terepb
3aMeTUM, 9TO eCJU Mbl MOYKEM HPSMO ceifdac OTJaTh XOTsl Obl k MOHYMKOB OJHOTO IIBETA, TO BBIIOIHO
UCIIOJIb30BATh 3apsj, U Bbllledb k MOHYUKOB. TaKzKe CTOUT 0OpaTHTh BHUMAHUE, YTO IIOKA MOYKHO IPOJa-
BaTh 1O k IOHYKMKOB 33 Pa3, HAM CTOUT 3TO JeJaTh, IOTOMY YTO IIBET He nMeeT 3HadeHus. CKazkeM, 9TO
nocje Beex TpancdopMaluii KoJIMdecTBO IOHYUKOB Ipespainaercd B 1’ 1 b cOOTBETCTBEHHO, KOJIMYECTBO
CBOGOIHBIX 3apaI0B paBHseTcsd ¢, a ocTaTKu papHseoTca ' u 3. Terepb BO3MOXKHEBI JiBa BapUaHTA:

1. maz(r',b") = 0. Torga MOXKHO TIEpeifiTH K CIIEAYIONIEMY JIHIO U HE O YeM HE JIyMaTb.

2. max(r',b’) > 0. 910 UMEHHO TOT CJIy4Yail, KOTJa YKaIHbI aJrOpUTM JIOMAETCs, IOTOMY YTO COBEP-
IIIEHHO HENOHSITHO, CTOUT JIM MCIIOJIb30BaTh 3aps]l ceifidac, U ecyu Jia, TO KaKOi IIBET IPEIINOIeCTb.
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ITompobyem 1moUKCATEL 9TOT HEJJOCTATOK KaJIHOTO pelenus ¢ nomomnio gunamuku. Ilycrs dp; ., o3na-
YaeT MUHUMAJIBHOE KOJMYECTBO CBOOOHBIX 3apsOB B HaYaJe (-ro JHs (B YACTHOCTH, 9TO O3HAYAET, UTO
BCE OCTaJIbHBIE 3apsi/Ibl UCIIOIB30BaHbI ). [lonpobyem MmoHsATh, KaK JUHAMUKA [IOMOTAET CIeIaTh BBIOOD IpH
mazx(r’,b’) > 0. 31ech TOKe BO3MOKHBI BADHAHTHIL:

1. ¢ =0. B rakoM ciry4ae 1mepexof; IPOUCXOIHAT B dPjt1 57 ,4/C .

2. ¢ = 1. B TakoM cilydae coOBepIIaloTCs JOIOJIHUTE/IbHBIE TIepexo/Ibl Bijia "UCIoIb30BaTh OJIUH 3apsi/l
HY?KHOT'O I[BETA"B COCTOSHUS AD;t1 o/ +k—r' 3 ADit 1,2/ o/ +k—b CO 3HadeHneM ¢ — 1.

3. ¢ > 1. B TakoM cirydae K TpPeM NpeIblIyIM IIepexoaM JT00aBIaeTCs Tepexo/] ¢ OJHOBPEMEHHbBIM
MCIOJIb30BAHUEM JIBYX 3apsAJI0B Pa3HBIX IIBETOB, T.€ dP;i1 /4 k—r' y +k—b CO 3HAIEHHEM d —2.

ITocsie Bcero orerom Oyer max; ;(k-(n—dpy i ;) —i—j) O BCeM IIOCENEHHBIM COCTOSHIAM IIHAMHIKH.
Taxoe pemenne pabotaet 3a O(n? - k?).

Pentenne na 50 6aJjioB

HeC.HO)KHO 3aMETUTDH, 9YTO OCTAaTOK IIOHYMKOB B Ha4aJIe JHA 10 KazKJIO0OMY N3 IIBETOB HE ITPEBOCXOIUT k —_ 1
(uHave k MOHYMKOB MOXKHO OBLIO OBI IIPEBPATUTH B CBOOOIHBINA 3apsijl, UTO ANPHUOPH BBITOIHEE). DTO
Ha6/IO/ICHIE TOMOraeT COKPATUTEH KOJMYECTBO COCTOAHMI 1 BpeMs pabore! g0 O(n - k?).

Pentenue ua 72 daJuia

[TonpobyeM yIydImIMTh penreHne n3 NPEJBIAYIIEro MyHKTa. 3aUKCUPyeM HEKOTOPBId T M PacCMOTPHAM
Bce dp;py npu y > 0. Ilycrs mingso(dp;zy) = ¢ gocruraercss B Touke y = yo. Hecioxuo Buzers,
ITO 3HAYEHUS dPj gzy>0 > C HE SBJISIOTCS ONTUMATIBHBIMU (ITOOBI 9TO IMOHSATD, JOCTATOYHO IIOCMOTPETDH
Ha bOpMyJy IIoJCcUeTa OTBeTa, T.K OJMH 3aps]l MO3BOJSET IIOJYyYduTh k HOKymnaTeneil, B TO BpeMs Kak
pasHOCTb MeXKly ¥ u Y Becerya crporo Menblne k). 3uadenne y = 0 Bce pABHO IPUXOUTCS PACCMATPUBATD
OTJEJLHO, TaK KaK MOYKET CJIyYUThCA CUTyalldsl, KOTJa Mbl HUKAK HE CMOYXKEM IIpOJaTh OCTABIINECS Y,
T.e KOTJia BBITOJHEE ObLIO COXPAHUTD 3apsi/i Ha OJHOM M3 NPEIBIAYINAX IIAroB. B OCTAJIBHOM MEpeXoIbl
SIBJISIFOTCSL IPAKTUYECKH TakuMu 2Ke. KomaecTBo cocTosiuuii u cjioxuocts ymenbmmres 10 O(n - k).

AnbpTepHaTUBHOE pellleHre Ha 72 OaJia

Yrobbr syure nmonaTh pemrenne Ha 100 6as1oB, criepBa OmUINEM €ro 00Jiee IPOCTYI0 BEPCHIO C aCHUMII-
ToTuyecKuM BpemereM paborer O(n - k), KOTOpoe, TeM He MeHee, COJEP:KUT IOYTU BCe UIEHHO BarKHbIE
JIeTaJjIi IIOJIHOTO PEIEHHsI. DTO PElIeHne MbITAeTCs MUHIMI3UPOBATH KOJIMIECTBO NOMEPAHHbIL TTOHINKOB.
A 1MeHHO, MBI 00sI3aHbI IIPOU3BECTU POBHO Nk MOHUYMKOB, HO KAKOE-TO KOJMYECTBO MbI HE CMOXKEM IIPO-
JIaTh — 3TU MOHYUKHU MBI nomepasu. OTBeT Ha 3a7ady paBeH Pa3HOCTHU N - k ¥ MUHUMAJBLHOTO KOJIMIECTBA
[TOTEPSIHHBIX ITOHYUKOB.

[Tycrs R; — oblriee KOJMYIECTBO HOKyNaTeseii KpacHbIX MOHYNKOB B 1ocseanue ¢ jueii (0 < i < n),
B; — aHaJIoru4HOE KOJIMIECTBO [JIsi CUHUX IIOHYMKOB. B wactaoctu, Ry = By = 0.

SadukcupyeM Kakoi-To Clocod BbIIIEKATh MOHYNKH, & UMEHHO IIOCJIEI0BATE/ILHOCTD IEJIbIX HEOTPUIIA-
TeJbHBIX YUCEJI ¢; — CKOJBKO pa3 Mbl BBIIEKAJN KpacHble MOHYUKN B mHocjemaue i jgHeil. B cuay ompe-
JIEJICHUs! ¢; JIOJIZKHBI YJI0BJIETBOPATE ycsoBusM ¢g = 0 u ¢i11 € {¢j,¢;+ 1} mua 0 < @ < n — 1. Ecim
C; YIIOBJIETBOPSIIOT 9TUM YCJIOBHSIM, TO CYIIECTBYET CIIOCOO BBIMTEKATD MOHYNKH, I9TOOBI ¢; OBLIO WMEHHO
TakuM. B 3TOM cjydyae Mbl BBIIIEKAJN CUHUE TOHYUKH ¢ — ¢; Pa3 3a IMOCJEIHUE ¢ JTHEI.

Hamre mepBoe nabiofeHne COCTOUT B TOM, UTO B TAKOM CJIydae MbI TOYHO IOTEPSIIA XOTS ObI

n n . -
max¢; - k — R; KpacHBIX IOHYMKOB M XOTst O6bI max(i — ¢;) - k — B; cuHuX HOH4YMKOB. JleficTBuTe/IBbHO,
=0 =0

B IIOCJIEHUE ¢ JHEW MBI UCIEKJIH ¢; - k KPacHBIX IMOHYUKOB, & IPOJATh MOLJIN TOJBKO R;, maxke ecind Ho
9TOrO y HAC He ObLIO HOHYUKOB, TO Mbl TOYHO IIOTEPSLIN XOTsI ObI ¢; -k — R; KpaCHBIX TOHYUKOB. AHAJIOTUIHO
C CUHUMU.
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OxkasbiBaeTcst, BepHO 1 obparHoe! A nMeHHO, ec/ii Mbl 3a(PUKCHPYEM BO3MOXKHYIO TOCJIEI0BATEHBHOE
n n .
Ci, TO MBI IOTEPSIEM POGHO MaxX ¢; -k — R; u poeho max(i —¢;) -k — B; cunux monunkoB. [IocKOIBKY MBI yKe
=0 =0

[TOKA3aJI1, 9TO MbI IIOTEPSIEM TOMA Ob, CMOALKO TOHIUKOB KarKJIO0TO I[BETa, TO HAM TEIepb JOCTATOTHO
[I0Ka3aTh, YTO MbI IOTEPAEM He 00AbWE, TIEM CTOJIHKO TOHIUKOB.

I[TocmoTpuM Ha TO, KaK MBI TpO/IaBaId KpacHbIe MOHYUKH. [lepes KaxKIbIM THEM Yy HAC €CTh KAKOe-TO
KOJIMIECTBO €IIE He TIPOJIAHHBIX KPACHBIX MOHYINKOB. IHOTr M8 oHO paBHO (), MHOTA HET; IIePeI IEPBLIM THEM
oHo Touno pasuo (. PaccMoTpuM mmocsie HIiT MOMEHT, KOTa 9TO KOJINIECTBO PABHSIJIOCH HYJIIO; ITYCTh OCJIE
9TOro Mbl paborasu emé £ jiHeli (KaK Mbl y2Ke TIOHSIIN BbILHe ¢ < n; Bo3MoxkHO, £ = 0, B TAKOM CJIy9Iae MbI

BOOOIIE HE TIOTEPSIJIA HU OJIHOTO KPACHOT'O IMIOHYUKA, & magc ck—R; >2cyg-k—Ryp=0-k—0=0, 10 ecThb B

9TOM CJIydae Mbl JeHCTBATEILHO TOTEPSIIN He O0JIbIINe, YeM ma8< ¢i-k— R; kpacHbIX mOHYIUKOB). [TockosbKy
B mocenaune £ aHeil paboThl MarasmHa KOJIMIECTBO OCT&BIH;/IXCH KPaCHBIX IMOHYUKOB HU pa3y He OOHYJIs-
JIOCh, B KaXKJbIil M3 9TUX JHEH Mbl CMOTJIM OOCIY>KATh BCEX HPHUIIEININX 38 KPACHBIMU IOHYMKAMHY ITOKY-
maresieit. [losTomy B KOHIIE y HAC OCTAIOCH ¢y -k — Ry KpacHBIX IIOHIMKOB — MBI UCIIEKJIN Cy -k KPACHBIX ITOH-
YHUKOB B rocjeanue £ JTHeif, poai Ry, a HEmpoIaHHBIX KPacHBIX MOHYUKOB B 3altace y Hac He 6bL10. [1o-
9TOMY MbI TOTepsiyin ¢¢-k— Ry < max ¢i-k— R; KpacHBIX IIOHYMKOB, UTO ¥ XOTEJIN [I0Ka3aTh (HECJI0KHO yOe-
JUTHCA HAIIPSIMYIO, 9TO B HOCJIG,ZLHGIQ/I HEPABCHCTEE HA CAMOM Je/Ie BBIIIOJIHACTCS PABCHCTEO] OHO I J10JIZKHO

9TO JIeJIaTh, TAK KAaK MHAYIE maxc;-k—R; < IOTEPsIHHbIE KPACHBIE MOHINKU = ¢p-k — Ry < maX ci-k—R;).
=0 =0

C cuHUME TOHIMKAMU AHAJOTHIHO.

Kakoe orrorenne sro umeer K pemrernto? Camoe mpsimoe! Ilepebepém 1 — CKOJIBKO KPaCHBIX TOHIHKOB
MBI TOTOBBI TIOTEPSATH U JIJTsT KAYKOTO 7 HAfiIEM MUHUMAILHOE KOJTUIECTBO MTOTEPSTHHBIX CHHIX TOHYUKOB,
[IpU YCJIOBUU, YTO MBI IIOTEPsJIN HE OOJIBbIE T KPACHBIX. BarkHoe 3aMedaHne COCTOUT B TOM, UTO I UMEET
CMBICJT TIepebnparh ToIbKo B oTpeske [0,k — 1]. eiicrBureabHo, 9T00BI 9TO MOHATH, BCIOMHUAM CTapoe
pellieHre ¢ JUHAMUKOM U 3apadamu. B HEM 0Ka3bIBAJIOCH, UTO B ONITUMAJIBLHOM OTBETE TOCJIE 1 JHEH y HAC
OCTaJIOCh KAKOE-TO KOJIMYECTBO HEIPOJIAHHBIX KPACHBIX MOHYUKOB oT () 110 k — 1, KAKOe-TO KOJIMIEeCTBO
HEIPOJIAHHBIX CHHUX MOHYUKOB OT 0 10 kK — 1 ¥ Kakoe-TO KOJUYIECTBO HEHCIIOJIb30BAHHBIX 3apsiioB. Ho
HEHMCIIOIHL30BAHHBIE 3aPsIIbl MBI MOYKEM KPACUTD KaK YTOJHO, B 9aCTHOCTU MBI MOYKEM TTOKPACUTH UX BCE B
cunnit nBet. [Ipu TakoM OIX0/1€ MBI IOy YUM ONITUMAJIBLHBIN OTBET, B KOTOPOM MOXKET OBITH MHOT'O CHHUX
[MOTEPSTHHBIX IIOHYUKOB, HO TOYHO He OOJIbIle, deM k — 1 KpacHBIM [TOTEPSTHHBIN [TOHIHK.

. n
IMonoxxum d; = LL};&J Hecnoxno Bumers, 9T0 yeaoBue r > max ¢; - k — R; B TOYHOCTH O3HAYAET, YTO
=0

¢ < d;i aost kaxkgoro @ € [0,n]. YrBep:xgaercs, 4ro npu (GUKCUPOBAHHOM I MbI IIOTEPSIEM B TOYHOCTH

n .
max (i — d;) - k — B; CMHUX NOHYHMKOB.
i=0

ITouemy? IToHATHO, YTO 3TO OLICHKA CHU3Y: TaK Kak ¢; < d;, TO m%x(z' —d;)-k—B; < magc(z —¢;)-k—B;
st JTroboro BeIOOpa ¢;. IlokarkeM, Kak BBIOPATH ¢; TAKUM o6pasoZM7 910 oHn OyayT 0Opa30BLIBATEL KOP-
PEKTHYIO TIOC/IE/I0BATELHOCT C-1IIEK U MaKCUMyMbl Bbipakenuil (i — d;) -k — B; u (i — ¢;) -k — B
JIOCTUTAJINCH TIPH OJHOM U TOM K€ 4 U COBIAJAJU. A UMEHHO, IOJOKUM ¢; = min(d;, ¢;—1 + 1). I'py6o
TOBODsI, ¢; TBITACTCS YTHATHCS 3a WHOT/A MPBITAIONMM CEMUMUIBHBIME Iaramu d; (Tak Kak Ry > R;,
TO dit1 = d;; 0lHAKO Pa3HOCTb djy] — d;j MOXKET OBITH CKOJIb YI'OJHO OOJIBINIOI U HE OrpaHUYeHa CBEPXY
9HCIOM 1) HACTOJIBKO OBICTPO, HACKOIBKO MOXKET (¢; MOXKET JIeJIaTh Iaru TOJbKO JauHbl 1 wmm 0).

[Tycrs makcumy™m (i — ¢;) - k — B; jocruraercst B 1epBblil pa3 nupu @ = £ (To ectb ¢ — HanMeHbIIee
YHCIIO 4, JJIsi KOTOPOro jocruraercs MakcumyMm). Torga 6o £ = 0wu (—c¢y)-k—Bp=0= ({—dy)-k— By
(TyT Baxkmo, uro do = || = 0, Tax kax r < k), mbo ¢; = cp_1.

JlelicTBUTENBHO, €CTh BCEro ABa BAPUAHTA: ¢y = C¢_1 WU ¢y = ¢y_1 + 1. Bo BTOpoMm ciaydae okasbiBa-
ercst, 910 ({—1) —cp—1)-k—Bp_1 = (£ —c¢)-k—By—1 = ({ —¢¢) -k — By, TO €CTb MAKCHUMYM BBIPDAYKEHUSI
gocrurajcs u nupu i = £ — 1 Toxe.

Paz rmak okasamoch, uro ¢ = ¢_1, To dy = ¢ unaue (ecm dp = ¢y + 1,
dy < ¢y HEBOBMOXKHO) Mbl Obl mosokwiu ¢y = min(dg,cp—1 + 1) = ¢—1 + 1. Ilosromy
m%gc(i —d) k=B > ({—dy)) - k—By > —¢) - k—By = m%gi(i — ¢;) - k — B;. Tomyumm ouen-
1= 1=

n . n .
Ky B JIDYI'YIO CTOPOHY, Kak 1 xoresiu. Bmecre obe ornenku jnaor max(i —d;) -k — B; = max(i — ¢;) - k — By,
=0 i=0
YTO MBI U XOTEJIH II0JIyUnTh.
V3 Bcero BBINIECKA3AHHOIO peIleHHue cjelyeT Jierko: mepebupaeM r or 0 mo k — 1, aja Kaxkjaoro r
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. n .
camtaem d; == | | g b, = magi(z —d;) -k — B;. Betbupaem r ¢ MuHEMaIbHBIM 7 + b,. OTBeT Ha 3a1aty
1=

6yaer paser n - k — (r + b,). B Takoii peanuzanun sam norpedyercst O(n - k) Bpemenn.

Pemnenune na 100 0aJiioB

ViKe nMest aJbTepHATHBHOE peleHne Ha 72 bGaJuia, J0BecTH ero Jo perrenust Ha 100 6ajioB HECIOXKHO. A
uMeHHO: 6yjieM mocreneHHo yBeauuusaTh r or 0 1o k — 1. Samerum, uaro kaxjoe d; (a, COOTBETCTBEHHO,
u b,) MeHsieT CBOE 3HAUYEHHe IIPU TaKOM M3MeHeHHe He OoJibllle, YeM OJMH pa3: 9TO M3MEHEHUE IIPOUC-
XOJAUT B TOYHOCTH IPH TAKOM 7, 4TO 1 + R; nenurca Ha k. IlockoibpKy oTBeT ecTb minf;é r + b,, TO B
KavuecTBe KAHJUJIATOB Ha I JIOCTATOYHO PACCMATPUBATH TOJIBKO TAKUE 7', B KOTOPBIX IMPOUCXOJST U3MEHe-
s u 7 = 0 (ocTaJgbHBIC T TOYHO HE SBISIIOTCS ONTHMAJIBHBIME, TaK KaK yCTyHawoT b,_j = by, OTKyIa
(r—1)+b—1 <r+b).

Bousee Toro, moka mbl yBemmausaem 1 or 0 mo k — 1 mpoucxomur Beero ne 6Gosbine, deM n + 1 (1o
ofiHOMY Jjist Kaxkoro ¢ or 0 70 n) cobbituii Buga “d; usmermaoch”. I1oaromy MOKHO MOJIEP:KUBATH
maccuB u3 unces (i — d;) - k — B; B jepeBe 0Tpe3koB 1 00pabarbiBaTh coObITUsI BHA “d; M3MEHUIOCH”
B IOpsiJIKe Bo3pacranus k, T0 HaM Hy>KHO Oyzer obpaborars O(n) 3ampocoB BuIa “IOMEHSTH YUCIO B
JAaHHON mo3uiuu’ U “CIPOCUTH MUHUMYM BO BCEM MaccuBe’.

Takoe pemenne paboraer 3a O(nlogn) u ¢ GOJBIIMM 3aMaCOM 110 BPEMEHH MPOXOJUT ITOCTIETHIOK
HOAIPYIIILY.

Tak2ke BO3MOXKHA peasin3alinsi, He UCIOIL3YIONas IPOJBUHYTHIX CTPYKTYD JAHHBIX BOODIIE U pabo-
ratomast 3a O(n) noce copruposku uucen (k — R;) mod k, HO oHa 4yTh WjEfHO CJIOXKHEe.

Crpanuua 14 ns 14



