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Bapunant 1

1.1. Kakoe naubosibiiiee KOJUIECTBO HATYPAJIbHBIX duces or 1 10 2020 MOXKHO MMOKPACUTH B

CHUHMI 1[BET Tak, 9TOObI I JIFOOOro cuHero n 4ucjao 20n He OLLIO CHHUM?
OTtBer: 1924.
Pemenue. Paccmorpum nabop uunces
6,7,...,100,101; 120, 140, ..., 2000, 2020.

Pazobbem ux na mapsl Buga (n,20n), e n € {6,7,...,101}. Ilo ycioBuio B KaxKJ0ii nape
XOTsI OBbI OJIHO M3 YHUCEJ He IOKPAaIlleHO, a Bcero Mbl nmMmeeM 96 Takux map. Takmm obpasom,
KOJIMYECTBO cuHUX uunces He mpeBocxoaut 2020 — 96 = 1924.

[Tokazkem, 910 TOJIyUeHHas olleHKa peasm3yercs. [lokpacum B cunmii 1iset uucia 1, 2, 3,4, 5,

a TakxKe Bce uncia, oéapmue 101. Mbr mosryanm
2020 — 101 + 5 = 1924

cunux qucia. llycrs gumcio n — cunee. IIposepum uto 20n me mokparieno. [Ipu n < 5 310

oveBUIHO, & ecqm n > 101, To 20n > 2020.

1.2. /lanbl yucia x,y, 2z € [O, g} Haiijiure MmakcuMasibHOE 3HAYEHUE BhIPAXKEHUs

. . 3/ .
A = {/sinzcosy + {/sinycos z + Vsin zcosx .

3
TBEeT:. -~—.
Otset: 47

ITepBoe pemenne. Bocnob3yenmcesa HepaBeHCTBOM
(a+b+0)?<9(a®+b*+¢*) upn a,bc>0.
TOI‘,Ha C y49€TOM HEpPpaBCEHCTBa KOH_H/I JJId CPpEAHNX

A3 9(sin 2 cos Y-+ sin y cos z + sin 2 cos SL’) <
< %(sin2 x4 cos® y + sin? y + cos? z + sin? z + cos? x) = 5.
orkyta A < 3%/5 PapencTBo peanmsyercsa npu © =y = z = 7.
Bropoe perntenne. 3amerum, 9To Jjis J1I000r0 ¢
sint + cost = V2 - sin(t + %) < V2.

B cuny mepasencrsa Komm s cpeinnx

<sinwu 4+ cosv + -5

|G

3 3/ . 3/ .
%-\/SIHU-COSU:?) Smmu - Cosv -

IIpuvenny o1y ouenky upn (u,v) € {(z,y),(y,2),(z,2)} n 3arem c10KuM 1OJIydHBIIIECS

HEpaBEHCTBa. TOF,ZLa

3A 3v2

— < sinx+cosa:+siny+cosy+sinz+cosz+T <3V2 +

3v2  9v2
\‘/5\ - )

2 2



orkyna A < -=. PaBeHCTBO peajm3yercst Ipu © =y = 2 = .
3% 1

1.3. Ha mumaronasum BD mapasienorpamyma ABC'D ormedena Touka P, He jiexkalasi Ha Tua-
ronasm AC. Ha siyge AP B3sra takas Touka (), uro AP = P(Q. Yepes Touky () mnposeyn
IPAMYIO, Tapasuiesbayio cropoue AB, ona nepeceksia cropony BC' B Touke R. 3arem [epes
TOYKY () TPOBEJH MPSAMYIO, Tapa/uiebHyo ctopore AD| ona mnepeceksa npsmyio C'D B ToUKe
S. Haiture yron PRS.

OTBeT: 180°.

ST

ITepBoe pernenmne. Ilycrs T — Touka mepecedenus: npssmbix AB u SQ), a npamas QR
nepecekaer orpesku AD u BD B toukax M m N coorBercrBerHo. Tak kak AMQT — mna-
paJutesiorpamMM, orpe3ok T'M mpoxoauT depe3 Touky P u JeuTcs B Hell morojiaM. 3HAJUT,
ATBP = AMNP, orkyna

MN =TB = QR.

O6o3naunm uepe3 K u L cepegunnt otpeskoB AM u T'Q) coorsercrBenno. Tpeyronbauku AP K

u (QPL paBubl 110 cTropone u JByM yriiaM, uto jaer PK = LP. B cuty nomobusi TpeyrojibHIKOB

DKP w DMN
LP PK MN QR

LS KD MD QS
[Tostomy Tpeyrosmbauku PLS u R(Q)S monobusl, u Mbl nonydaem ZLSP = ZQSR. Takum

obpazom, Touku S, R u P je;kar Ha OIHON IPSIMOIA.

Q S
B //SNE/
R C
9)
A D

Bropoe pemnenne. [Iycte O u N — TOUYKHU TepecedeHns guaroHajeil mapaJiesorpaMMoB

ABCD u RQSC coorsercrBenno. Tak kak AO = OC, orpesok OP — cpejiHss JTUHAS TPe-



yroibauka AQC. Tlosromy
OP|CQ u OP=3CQ=CN.

Torna gersipexyronbauk O PN C sBisiercst mapasutesiorpammom, otkyia PN || OC. Tpeyrosib-
nuku ABD u RQC' 110/100HbBI, TOCKOJIBKY UX COOTBETCTBYIOIIUE CTOPOHBI mapaJsiiebabl. Ciie-

A0BaTeE€J/IbHO,

CD AB RQ SC
AD AD RC RC"
[Tosromy tpeyronbaukun ADC u RCS takxke mogobubl u, snaunt, /DAC = ZCRS. Takum

obpazom, mpsimasi RS mapasiensaa AC, a 1o JIOKa3aHHOMY BbIIIe OHa TapasuieabHa u PN.

[Tockombky y npsambix RS u PN ectb obrmas Touka N, oHE coBIafaoT, otkyaa /PRS = 180°.

1.4. B BocbMmepuyuHoii cucreme x = 344 344 ... 344, rie 6s10k 344 nosropsiercs n pa3. Bocbme-
PUYHOE YUCJIO Y TOJIydaeTcs U3 & HEKOTOpOil mepectanoBkoil mudp. Okaz3aaoch, 9To BOChMe-

puunas 3amuch x -y paaa 2020 .. .20. [Ipn kakux n 370 BO3MOXKHO?
OrBet: n = 3.

Pemenwne. /loroBopumcst BOCbMEPUIHBIE UHCJIA [THCATH B CKOOKAX, 9TOOBI OTINYATh UX OT
JIECATUIHBIX. 3allUCh TY COAEPXKUT 3n 0J0KOB BHAa 20, IOITOMY
64 -1 _ . (8% —1) (8% + 1)

=16- (1 +64+64>+ ... +64>"1) =16
2y (1+64+64>+...+ ) 3 =9

Kpowme Toro, (344) = 228, oTky/a

8" —1 3-4-19
511 7-73

=228 (1+8 +8° +...+80 V) =228 (8% —1).

[Tonenus mepBoe paBEeHCTBO HA BTOPOE, MBI TIOJIYYUM
x 4.73 202 . (83" 4+ 1
y:—yzi.(gfm_'_l): ( )

r  27-19 513

Tak kax 292 u 513 BzauMHO HpOCTHI, Ha 513 10/KHO JeuTbes ducao 83 + 1, mosTomy n

HEYETHO. 3aMEeTUM, ITO
83n +1
513

ryie 6J10K 777 MOBTOpSeTCs % pas. [ockosbky 292 = (444) u

= (8371 — g3y 4 (85— 8%) + 1 = (777000... 777000 777001),

(777) - (444) = (1000) - (444) — (444) = (444000) — (444) = (443334),

MBI II0JIyd9aeM
y = (443334 ...443334 444),

re 6JIOK U3 TPOEK MOBTOPSAETCS "T_l pa3. Takum oOpa3oM, B BOCBMEPUYHYIO 3AITUCH §j BXOJIAT

3 " 3 _
5 (n—1) Tpoex. C apyroii CTOPOHEI, 3aIIUCH YUC/Ia T COAEPXKUT N Tpoek. Ilosromy 3 (n—1) = n,

orkyna n = 3. [lpu n = 3 mam moaxoaur uncyo y = (443334444).



1.5. B mkosie 2019 ydenukoB. B ojun npekpacHbIil JeHb HEKOTOPbIE U3 HUX I03/I0POBAJIICH
JIpYT € JIDYTOM 3a PYKY, IPUYeM U3 JI000H TPOHKU yUEHMKOB XOTs ObI JBOE HE 3JI0POBAJIUCH.
[Ipu kakoM HambosbIIIEM K MOIVIO OKa3aThCAd TaK, YTO JJis JIIOOOrO N, HE IMPEBOCXOJLIIEro k,

HaMIeTCsT TIKOJIBHUK, TO3/I0POBABIINICA POBHO C N YICHUKAMUT !
OtBet: k = 1346.

Pemmenne. [Ipeamosoxum, 910 MKOJIBHUK A T0370poBajics ¢ yaeHukamu By, ..., By. Ilo
YCJIOBHIO HH IIPHM KaKWX ¢ U j HMIKOJIBHUKHE B; u B; He 310poBasuch Apyr ¢ apyrom. Paccmor-
PUM BCeX yUYEHHKOB, KOTODPBIE HO3/I0POBAINChL MeHee k pa3, u BbIOEpeM Cpelin HUX TOro, KTO
37I0pOBAJICS HE MEHbIIe JIPYTUX. ByaeM 715 onpe/IeIeHHOCTH CYATAaTh, YTO 9TO [31 M YTO OH I0-
370poBaJicst m pa3. Torma Kpome A MIKOJIBHUK B MO3I0POBAJICH €Ille ¢ HEKOTOPBIME Y IYeHUKAMU
C1,Cs, ..., Cpy—q. BuaunT, B mrkose ue menee (k+ 1) 4+ (m — 1) = k + m y4ueHukos.

C [pyroit CTOPOHBI, 1O YCJIOBHUIO €CTh YIEHUKH, TTO30POBABIIHECS] POBHO C
m+1lm+2,....k—1
IMKOJIbHUKAMU, U OHU He HaxosaTcs cpen A, By, . .., By. IlosroMy y4eHNKOB B IIIKOJI€ HE MEHb-
e, Iem
(k+1)+(k—1—m)=2k—m.
Takum oOpa3oM, crpaBe/JIMBbI HEPABEHCTBA
2009 2 k+m, 2019 > 2k —m.
CKH&ILBIB&H uX, MbI IIOJTy49UM

4038 = (k4 m) + (2k —m) = 3k = k < 188 = 1346.

[Tokaxkem Tenepn, uro k = 1346 peanmsyercd. PazobbeM Bcex YYEHUKOB Ha JBE TI'PYIIIbI:
Ay, ..., Agrs 1 By, ..., Bygs. Ilycrs A; mosgoposasics ¢ B; npu ¢ < j, a ocTajbHBIE IIapbl
IIKOJIbHUKOB HE 3JI0POBaJUCh JpyT ¢ jipyrom. IIpoBepum, 4To Takoit mpuMep HaAM IOJIXOIUT.
[lepBoe ycioBue 3a/1a9m BBIIOJHEHO, TOCKOJBKY B JIIOOOW TPOWKe YYeHWKOB HailIyTcs JIBOE
U3 OJIHOW TPYIIIBI, a OHU MeXKJy coboil He 3popoBasuch. Bosbmem n € {1,...,1346}. Eciu
n > 673, To uncyo i = 1347 — n He npesocxoaut 673. Torya yuenuk A; mo3mopoBaics poBHO €
1346—i+1 = n mroabnukamu. Ecim xe n < 673, To yaeHuk B, 103/10poBaJICs CO TITKOJILHUKAMEI

Ai, ..., A,, KOTOpBIX PpoBHO n. TakuM 06pa30M, U BTOPOE yCJIOBHE 3aa9l BBIITOJHEHO.

1.6. /IBe npaBujIbHBIE TPEYTOJbLHBIE MUPAMUJIBI UMEIOT OOIIYI0 OOKOBYIO I'PaHb U HE HUMEIOT
Jipyrux obmux Tovuek. B mupamu bl Blincansl mapsl pajguyca r. Tperuit map pajguyca R kaca-
eTcs BHEITHUM 0Opa3oM 00enmx MUpaMuJ U BIHCAHHBIX B HUX mAapoB. Haiipure miockuit yroJ

[IpU BepIIuHe mupamMu, ecan R :r=2: 1.

OTBeT: ™ — arccos i .

Pemenne. [Iycts SABC — nepas nupamuia, BSC — ee ob1ast 00KoBast rpaHb CO BTOPOIi,
O u Oy — TEHTPHI IApOB, BIUCAHHLIX B rupamujpl, ) — IEHTp BHeIIHEero mapa. Beumy

paBeHCTBa IMPaMU/J BIIMCAHHBbIE B HUX MIAPbl Kacaiorcd rpann BSC B onnoit Touke K. Tak



/

kak O1K L BSC u OyK 1 BSC, Ttouka K nexur na orpeske O10,, mpuuem 010, = 2r.
[Iycrs M — Touka Kacauus ¢ rpanbio ASB 1mrapa, BIHCAHHOIO B IEpBYIO nupamuy. B sToit
ke Touke Kacaerca ASB u paemnnii map. [ostomy Touxka M jexxut Ha orpeske OO, npudeMm
001 = r 4+ R. Ananoruano nosygaercst, ato OOy = r+ R. Beibepem Touky N Ha orpeske OK

tak, aro NM L OOq, n nonoxum ¢ = ZMNK (cMm. nesblit pucynok). Torma

O1K =00, - cos ZOO1K <=1 =(r+ R)-cos(mr — ) <= R=—r (coigo + 1)

[To ycimoBuio R = 2r, oTKyJa cos ¢ = —é.
[Tokazkem, ato  — yros mexy rpaasgsmu ASB u BSC'. Jlefictreurensno, O1 K u O M — pa-
JINYCHI Mapa, BIIUCAHHOTO B repByto nupamuy, otkyia O1M | ASB u O1K 1 BSC. Bnaunr,

BS 1 MNK. Kpowme toro, ipsimast M N jexxut B miockoct ASB, a KN — B miockoctu BSC.
[ycrs o« = LASB, a = AB. Onycrum u3 touek A u C' neprenukyaapsl na peopo BS.
Onu tpuyT B ojiHy TOUKY L, Tak Kak Tpeyroibauku ASB u BSC pasubl. [lo jgokazanuHOMY

LALC = ¢. Bamernm, 910

2
1
AL2 = (AB -sin ZABL)® = a?sin (5 - 3) = acos? § = UL,

2 2 2
Torma 1o Teopeme KOCUHYCOB it TpeyrojibHuka ALC
1 2AL* — AC? @ (1 +cosa) — a?
—— = COS ()0 = = =
3 2AL2 a? (14 cosa)
COS (v 1 . 1 1
= &= cosy = —— « = arccos [ —— | = 7 — arccos — .
1+ cosa 4 4 4
Bapuant 2

2.1. Kakoe nanboJibiiiee KOJMIECTBO HATYPaIbHbIX unces oT 1 1o 2100 MOXKHO HOKpacuTh B

CHUHUI IIBET Tak, 9TOOBI JJIst JJI0OOIN0 CUHEro N YuCjIo 251 He ObLIO CHHUM?
OTseT: 2019.

Pemenue. Paccmorpum nabop uunces
4,5,...,83,84; 100,125, ...,2075,2100.

Pazobbem ux ma mapsl Buga (n,25n), e n € {4,5,...,84}. Tlo ycioBuio B Kaxkj0ii nape
XOTd OBl OJIHO M3 YMCE] He IIOKPAIIEHO, a Beero Mbl mMeeM 81 Takyio mapy. Takmm obpasom,

KOJIMYeCTBO CUHMX Yuces He npeBocxoauT 2100 — 81 = 2019.



[Tokazkem, 9TO TIOJTydYeHHAsT OlleHKa peasu3dyercsd. [lokpacum B cunuii 1iset uncia 1,2, 3, a

TakKe Bce uncia, 0éibinre 84. Mbr mosryanm
2100 — 84 + 3 = 2019

cunux yucia. llycrs amciao n — cunee. [Iposepum uto 25n me mokparmeno. [Ipu n < 3 3T0

0YeBHUIHO, & ecyim n > 84, To 25m > 2100.

2.2. Jlanb! yncia x,y, 2 € (O, g) Haiiiure MunumasibHOE 3HAYECHHUE BbIPAXKEHUS
1 1 1
_'_

A= .
(sin’x + cos?y)®  (sin’y + cos?2)3  (sin®z + cos? x)3

OTser: 3.
Pemenue. Bocronp3yemcst HepaBeHCTBOM
a®+b0+c=5(a+b+c)® npu abc>0.

Torna ¢ ygerom nepasencTBa Kormm Jijist cpe/inero rapMOHUYECKOr0 U CpeIHero apudmMernde-

CKOI'O

sl 1 N 1 N 1 ’ .
“ 9 \sin?x 4 cos?y  sin’y+4cos?z  sin’z+cos?z)
81
> - =3
(sin2 x + cos?y + sin? y + cos? z + sin? z + cos? x)

s

Pasencrso peanusyercss npu x =y = z = 7.

2.3. Ha croponax BC' u C'D napasnenorpamma ABC' D coOTBETCTBEHHO OTMEYEHBI TAKIE TOUKI
P u @, aro BP = DQ. Otpesku BQ u DP nepecekatorcs B Touke M. Kakoit u3 yrimos BAM
u DAM 6osbiie?

OTBeT: yriibl paBHBIL.

A D E

ITepBoe perienne. [lycte £ — Touka mnepecedenus: npsmbix AD u B(@Q). 3amernm, 910
10/100ub1 Tpeyrosbauku BPM uw EDM, a takxke tpeyrosbauku DQFE u ABE. Ilostomy
BM BP D@ AB
ME DE DE AE’
Buaunt, AM — 6uccekrpuca rpeyroibauka ABE, orkyna /BAM = ZDAM.




A

Bropoe pemenne. I[lycrs N — touka nmepecedennst npambix AM u BD. Otpesku BN u
DN orHosiTCS TaK Ke, Kak BbICOTHI Tpeyroyibaukos ABM u AD M, onymiennbie va AM. Torma

BN _ Sapam
DN Sapam

3ameTuMm, 9TO

-AB-BM -sin ZABM  AB-BM

SaBAM _ _
"DQ-QM -sinZDQM _ DQ-QM

D= o [~

SApom

Sapou _ DM - QM Sappy  BP-PM

Spppv BM-PM’  Sapay AD-DM’
[lepemuoxkasi 9TH TpHU paBeHCTBa U YIUTBIBag ycaosue BP = D@, Mbl TOJIydnM
BN  Sppam AB-BP AB

DN Sapam AD-DQ  AD’

Taxkum obpaszom, AN — Guccekrpuca tpeyroabanka BAD, orkyna /BAM = Z/DAM.

7, aHAJOTUYIHO,

E
BAP C
K/< M L
Q
A N D F

Tpetbe pemienue. [lycrs npsambie AB u DM mnepecekatorcs B Touke FE, a AD u BM —
B Touke F. IlpoBesem depes touky M npsmyio KL mapasiensao AD u npsamyio M N mapaJ-
JesbHo AB (eM. pucyHOK). 3aMeTM, 9To 10 JBYM yrjaaMm ojo0HbI Tpeyroibauku BK M un
QLM , a takxke tpeyroabaunku BEM u QDM. Torna
KB KB BM QL M@ QL
BE BM BE MQ DQ DQ
Kpowme Toro, uz nogobus rpeyrosbankos DQF u LQM
QL ML ND
DQ DF DF
Hostomy KB : BE=ND : DF,orkyna KE: BE=NF : DF n
KM KE NF NM
BP BE DF DQ’




[Tockomeky BP = D@, mut nonyaaem KM = NM, to ectb AKMN — pom6. 3uagur, AM —
buccekrpuca yria BAD.

2.4. B mectnamarepudnoit cucreme x = 788788 ... 788, rye 60K 788 mOBTOpsieTCS N Pas.
[[TecTHaAIIATEpUYIHOE 9HUCIO Y TOJIYYIAETCS U3 T HEKOTOPOil mepectanoBKoi nudp. OKa3aiocs,

YTO IIecTHaAIaTepuydHas 3anuch « -y pasaa 4040 . ..40. IIpu kakux n 970 BOZMOXKHO?
OTBeT: n = 3.

Pemenne. ,ZLOI‘OBOpI/IMCH HieCTHaJAllaTepUIHbIC Y1CJ/la ITUCATh B CKO6K&X, 4TOOBI OTJIMYATD

X OT JIECATUIHBIX. 3aIlUCh TY COAEPKUT 3n 00koB Bua 40, mosToMy

256" —1 _ ., (16°" — 1) (16°" +1)
255 3.5-17 '

zy = 64 - (1+ 256 + 256° + ...+ 256" ") = 64

Kpowme Toro, (788) = 1928, orky/a

16> —1  8-241
4095  5-7-9-13

r=1928 (1+16° + 16° + ... + 16*"~Y) = 1928 . - (16%" — 1),

[Tonenus mepBoe paBEeHCTBO HA BTOPOE, MBI TIOJIYYUM
3-7-8-13 2184 - (163" + 1

TN 1L 8 1 S TN (L E)

x 17241 4097

Tak kak 2184 u 4097 B3anMuO mpocTh, Ha 4097 TOMKHO AeiuThea auciao 163" + 1, mostomy n

HEYETHO. 3aMETHUM, 9TO

165" + 1
4097

n—1

rzie 610k FFF nosropsierca 7= pas. ITockonbky 2184 = (888) u

= (16*""1 —16%"2)) 4+ ...+ (16° — 16%) + 1 = (FFF000. .. FFF000 FFF001),

(FFF) - (888) = (1000) - (888) — (888) = (888 000) — (888) = (887778),

MBI TTOJTy9aeM

y = (887778...887778 888),

e 6JI0K U3 ceMepok nosTopserca =1 pasz. Takum o6pasoM, B MICCTHA/IIATEPUUHYIO 3AIIUCH Y

2
BXOJIUT % (n—1) cemepok. C apyroil CTOPOHBI, 3alUCh YHCTIA T COJEPKUT n ceMepok. [loaromy

2 (n—1) =n, orkyna n = 3. Ilpu n = 3 Ham noaxozur uucio y = (887778888).

2.5. B mkosne 2020 yuenukoB. B onuH mpeKpacHblii JIeHb HEKOTOPBIE M3 HUX I103/I0POBAJIUCH
JIPYT € IPYTOM 3a PYKY, IPUYeM U3 JIF000i TPOIKHN yIeHNKOB XOTs OBI /IBO€ He 3710poBaJinch. [Ipn
KaKOM HAmOOJIbIIEM Kk MOIJIO OKA3aThCsd TaK, UTO JIJIs JIIOOOr0 HEYETHOIO N, HE IIPEBOCXOJIAIIETIO

2k — 1, Haiitercs MKOJIBHUK, TO3I0POBABIIHUICST POBHO C 1 yICHUKAMUT !
OrBet: k = 758.

Pemmenne. [Ipemomoxnm, 910 MKOIBHUK A 1103/10poBaJics ¢ yaeHukamu By, . .., Bo._1. [1o
YCJIOBMIO HY IIPHM KaKHX % U j IKOJLHUKN B; 1 Bj He 3/10poBaJiuch JIpyr ¢ Ipyrom. Paccmorpum
BCEX YUEHUKOB, KOTOPBIE TI03/I0POBAJIUCH HEUETHOE YHC/I0 pa3, MeHbIlee 2k — 1. BeibepeMm cpenn
HUX TOT'O, KTO 3JI0POBAJICA HE MEHBIIE JAPYTuX. ByaeM Jiid onpee/IeHHOCTA CYUTATh, 9TO 3TO

By n uro on mozmoposasicss 2m — 1 pas. Torma kpome A mKoIBHUK B MO310pOBAJICS €IIe C



nekotopbiMu yaenukamu C, Cy, ... Csy, 5. 3HAYNT, B MIKOJIE HE MEHEe
2k + (2m — 2) = 2k +2m — 2

YYCHUKOB.

C ,prFOfI CTOPOHBI, II0 YCJIOBHUIO €CTb YYCHHKH, IIO3J0POBaBIINECA POBHO C
om—+1,2m+3,...,2k—1

IIKOJIbHUKAMU, W OHU He HaxXOoAdATcd cpeiu By, ..., Bog_1. [losToMy yu4eHUKOB B IIKOJIE HE MEHb-
e, Iem
(2k—1)+ (k—m) =3k —m — 1.
Takum obpa3oM, crpaBe/JIMBbI HEPABECHCTBA
2020 = 2k +2m —2, 2020 > 3k —m — 1.
JIoMHOZKMM BTOpPOE HEPABEHCTBO Ha 2 U CJIOXKHMM €ro C IepBbIM. MbI 110/ Ty Ium

6060 > (2k +2m — 2) 4 (6k — 2m — 2) = 8k — 4 = k < % = 758,

[Tokazkem Tenepsb, uTo peanusyercd k = 758, To ecth 2k—1 = 1515. Pazobbem Bcex yueHUKOB
Ha sBe rpynnsl: Ay, ..., Asos u By, ..., Bisi5. llycrs A; mosgoposasicsa ¢ B npu j > 2i — 1, a
oCTaJIbHBIE TIaphl IIKOJBLHUKOB HE 3JI0POBAJIMCH JAPYT ¢ ApyroM. I[IpoBepum, 9To Takoii mpumep
HaM ToaxoduT. IlepBoe yciioBHe 3aJl@9u BBINOJHEHO, MOCKOJIBKY B JIFOOOH TpO#Ke yYEeHHKOB

HaI./JI,HyTCH ABO€ U3 O,ZLHOP'I I'pylIibl, & OHU ME2KJIYy coboil He 310POBaJIUCh. BosbmeMm HeueTHOE

n—1

5— He npesocxogut 505. Torma

quesio n u3 {1,...,1515}. Eciau n > 507, To uuncio i = 758 —
2 —1=1516—(n—1)— 1 =1516 —n => n = 1515 — (2i — 1) + 1,

U TI0 TIOCTPOEHUIO YIeHUK Ao; 1 M03/10pPOBaJICsa POBHO ¢ N MKoJgbHUKaMu. Ecmn ke n < 505, To
y9IeHUK By, | MO30pOBaJCs CO MKOIbHUKAMHA Ay, . .., A,, KOTOPBIX poBHO n. Takum obpazom,
U BTOpPOE YCJIOBUE 3aJ1a9U BBIITOJIHEHO.

™

6
Onu umeror o0IIy0 OOKOBYIO I'Palb U HE UMEIOT JPYrux o0mux Touek. B nupamu/ibl Bliucanbt

2.6. ﬂaHbI AB€ IIPpaBUJIbHbIC 9E€TbIPEXYT'OJIbHbIC ITMPaMK/bl C IIJIOCKUM YIJVIOM IIPDW BEPHINHE

mapbl pajumyca r. Tpernii map pajuyca R KacaeTcd BHENTHUM 0Opa30oM 00enx MUpaMuj u

BIIMCAHHBIX B HUX mapoB. Haiiaure ornomenue R K r.

Otser: 6 + 41/3.

0,




Pemenne. [Iycte SABC — nepsas nupamuia, BSC — ee ob1ast 00KoBast rpaHb CO BTOPOIi,
O; u Oy — TEHTPBI MAPOB, BIUCAHHBIX B mupamujibl, () — I[EHTp BHEIIHero mapa. Beumy
pPaBEHCTBa MMHUPAMIEJI BIIMCAHHBIE B HUX IMapbl Kacaiorcd rpanu BSC B omnoit Touke K. Tak
kak O1K 1 BSC u OsK 1 BSC, touka K nexur na orpeske O10,, npuiem 010y = 2r.
[Iycrs M — touka Kacauus ¢ rpanbio ASB 1mapa, BINCAHHOIO B IEpBYIO nupamuiy. B sToi
ke Touke Kacaerca ASB u paemnnii map. [ostomy Touxka M jexxut Ha orpeske OO, npudeMm
00 = r + R. Anaiormano nogydaercs, aro OOy = r + R. Beibepem Touky N nHa oTpeske OK

tak, aro NM L OOq, n nonoxum ¢ = ZMNK (cMm. nesblit pucynok). Torma

O1K =00 - cos ZOO1K < r = (T+R>~COS(7T—(p)<:>R:—r< 1 _|_1>.
oS (P

[okaxkem, 1ato ¢ — yroa mex iy rpauavu ASB u BSC. Heiicrsurensno, O1 K u O; M — pa-
JINYCHI MIapa, BIUCAHHOTO B repByto nupamuy, otkyia O1M | ASB u O1K 1 BSC. Bnaunr,
BS 1L MNK. Kpowme toro, mpsamas M N nexur B mnockoctu ASB, a KN — B mtockoctu BSC.

[Iycrs o« = LASB, a = AB. Onycrum u3 touek A u C' neprenukyasapsl na peopo BS.
Onu tpuiayT B ojiHy TOUKY L, Tak Kak Tpeyroibauku ASB u BSC pasubl. [lo jgokazanuHOMY
LALC = ¢. 3amernm, 910

AL?* = (AB - sin AABL)2 =a? sin2(g — %) = a® cos® 5= M.

[To Teopeme KocuHycoB Jijist Tpeyrobauka ALC

2AL% — AC?  a®*(1+cosa) —2a®>  cosa—1
cos p = = = :
7 2AL? a? (1 + cos ) cosa + 1

[TosTomy

= = =6-+4v3.
l—cosa 2-—+/3 T4v3

R <Cosa+1+1) 2 cos o 23
”

cosa — 1

Bapnanr 3

3.1. Kakoe HanMeHbIllee KOJIUIECTBO HATYPAJIbHBIX dmces oT 1 70 320 Hy»KHO MOKPAaCUTH B
KpacHblil 1BeT, 4ToObl 1 1 320 ObLIM KpPAaCHBIMH, & TaKKe JiJIs JII0OOIo KPacHOro 4YHC/Ia d,

GosbIero 1, HAIIACH Takue Kpachble dnciaa b u ¢ (BO3MOXKHO, OMHAKOBLIE), ITO a = b+ ¢?
OTseT: 10.
Pemenne. Ilycrs okpamieno n dnces1. YHopsgo4uM UX 110 BO3pacTaHUIO:
l=a <ar < ... <a,=320.

Bamerum, aro Jyist jioboro k € {2,...,n} cupaBeiinBo HEPABEHCTBO ap < 2ax_1. eiicTBu-

TEJIbHO, B IPOTUBHOM CJIydae 1pu 4, j < k
ag > 2ap_1 = a; + aj,
U MBI HE CMOYKEM IIPEJICTABUTD (f B BHUJIE CYMMBI JIByX KpacHBIX duces. Torma

320 = a, < 2051 <4a,9<... <2V g =21



Buaunt, n — 1 > 9 u n > 10. Ocranocs npuBectn npumep mokpacku 10 gucesn:

1,2,4,5,10, 20,40, 80, 160, 320.

3.2. TlosioxkuTe/IbHbIE YUCTA X, Y, 2 TAKOBBI, 4TO Xy + Y2z + zx = 3. Haiiure MmakcumasbHoe

3HAYCHUE BBHIPAZKCHHUS
A 22 /yz + y3/zr + 2Ty

$8+y8+28

Orser: 1.

Pemntenune. 3amernm, 910
2 2, .2 _
Yy +2 oyt yz+ e =3,
iyttt 28
B cuny mepasencts Ko ancimrens A He mpeBocxoauT
%(x4+yz+y4+zx+z4+xy) = % (x4+y4+z4+3).
Kpowme Toro,
x8+y8+z8>%(x4+y4+z4)2>x4+y4+z4.
[TosTomy
1 2+t +24+3 1 3
Ag_.x+y tz 4o 1 NI S
2 4yt 2 ot oyt 21
PasencrBo peanuzyercs nipu z =y = z = 1.

3.3. Ha cropore AB tpeyronbanka ABC BeiOpana takas Touka P, aro 3AP = AB. B tpe-
yroibaukax APC u BPC nposejennl 6uccektpucbl PK u PL cOOTBETCTBEHHO, a B TPEYTOJIb-
nukax APK w BPL onymensl BoicoTbl AQ n BR. B xkakom orsortenuu npsmas C P jenut

oTpe3ok QR7?

OtBet: 1 : 2, cunras or TouKM ().

A0 P 0, B

Pemenne. Ilycrs N — touka nepecedenust orpeskoB C'P u QR, O; u Oy — 1EeHTPbI O1H-

CaHHBIX OKPYXKHOCTEN TpeyroJbHUKoB AQP u PRB cOOTBETCTBEHHO. 3aMETHM, UTO

/BPR=1(180°— ZAPC) = 90° — ZAPQ = ZPAQ.



SHaguT, npaMoyTro bHbie TpeyroabHuku AQ P u PR B 1107100HbI ¢ KO3 dUImeHToM % [Tockoub-

Ky
/PO,Q =2/PAQ = 2/BPR = /BPC,

Mol nostygaeM O1Q) || CP u, ananoruano, O2R || C'P. Torga no teopeme Paseca

QN O,P AP 1

NR PO, iPB 2’

3.4. Yucnosas 1mocae10BaTeIbHOCTD T, 3aJaeTCsI PaBEHCTBaMU
1 =1, x,41 =2x,+ /322 +1 upn HaTypaJbHBIX 7N.

Jlokaxkure, 9TO YUCIa X, IeJble, U HaliauTe Bce n, IPU KOTOPBIX T, KpaTHO 19.

OrBer: n : 5.

Pemnienne. Ilo yciosuio

(2np1 — 22,)" =322 + 1 = 22| — 4y p + 22 — 1 =0,
3aMeHsIsT B 9TUX PACCyKICHUSIX 1 Ha 1 + 1, MBI TIOJIYIHM
xi+2 —4dx, 0xn1 + xiﬂ —1=0.
Brrarem Tenepb U3 BTOPOTo ypaBHEHUS IIEPBOE:
0=a2,y— 22 — 421 (Tng2 — Tn) = (Tpso — Tn) (Tpgo + Tn — 4Tp11).
Tak KaK Ty 192 > Tpi1 > Ty, MBI IOJIyYaEM COOTHOIIIEHHE
Tpio = 4Ty 1 — X, TIPH JIIOOOM HATYPAJIHLHOM M.
[Tockouibky o1 = 1 1 x5 = 4, Bce unciia x,, uensie. Ilomoxum r, = x,, mod 19. Torma
Thio = (4rn+1 — rn) mod 19,

u r,, npuHIMaroT 3Havdenus 1,4, 15,18,0, ... (1amee 9TH OATH YHCEIT UKTHIECKH TOBTOPSIOTCS ).

SHAYUT, HYJIEBbIE OCTATKH MTOJIYyIalOTCs TP 1 & 5.

3.5. B crpane mmeercs HECKOJBLKO TOpo/ioB. HeKoTOpble M3 HUX CBA3aHbBI HMPSIMBIMHU JIBYCTO-
POHHUMU aBHAJMHUSAME TaK, ITO U3 JHOOOr0 ropoja MOXKHO J100paThes B J1060i 1pyroi (Bos3-
MOKHO, ¢ niepecajikamn). Obiree KoJMIecTBO aBuannuii pasuo 2n. [lapy aBuasnaumii, uymmx
U3 OJIHOTO TOPOJia, HAa30BeM mpan3umHot. Kakoe nHanbosibiiee KOJIUIECTBO HEIIEPECEKAIOTUXC S

TPAH3UTHBIX Iap aBUAJIUHNN MOYKHO BHIOpATH?
OTtsBer: n.

Pentenne. Tpan3utnbix map #e 00JIbIIE N, TAK KaK BCEI'O UMEETCS 1 HEIIEPEeCEKAIOIIXCS
map apuajunuii. [Tokazkem, 9TO Bcerjga MOXKHO 00eCIEYNTb 71 TPAH3UTHBLIX Iap. Beibepem B
CeTU aBUAJIMHUNI MAKCHUMAJILHO BO3MOYKHOE KOJIMYECTBO TPAH3UTHBIX MAP U JIOIYCTUM, YTO MX
menbIre n. HazoBem jmHuio c60600not, eciin ona He BXOJUT HU B OJHY TpaH3uTHYyIO napy. llo

[PEJIIIOIOKEHNIO HallyTcst cBoboHble jmann Ay By n Ay By. Samerum, aro napsl { Ay, B1} u



{As, By} He mepecekaroTcs, uHade depe3 OOIMI TOPOJI JMHUKM MOXKHO COEJUMHHUTDH B €IIe OJHY
TparsuTHyIo mapy. llo ycmoBuio cymecrsyer mapmpyr A; = Cp — C; — ... — Cy = As.
Jlunus CyC' He cBoboiHAST, MHAYE MOYKHO COCTABUTH elrle o1y Tpansutayio napy B1CyCy. Ecin
CoC7 — gactb TpansutHoii napbl DCyC1, To 3amennM ee napoit DCqyBy; npu stom juaust CyCh
craner cBobojHoit. Eciu ke CyCy — 4acts TpansutHoit nmapet CoC1D, To 3aMeHuM ee mnapoit
B, CyCy; ipu aToM cBobOHO# craner muana DC. B obonx ciydasx KOJIUIeCTBO TPAH3UTHBIX
map He MEeHSIeTCs U MOSABJIsIeTcs ¢BOOoHas JuHus, wiayiasa u3 C.

[Ipomo/kast  3TOT MHpoIecc, Mbl OyjeM MoJiydaTh CBOOOJHbIC JIMHUU, BEIyIIHe B
Cy,C5, ..., Cy = Ay, He MeHss dnca TpaH3UuTHLIX map. Ho, ecin ects cBoboHAs uHus D As,

MBI MOYKEM COCTaBUTBH eIle OJHY TPaH3UTHYIO napy DD AsBs, 9T0 1 JaeT MpOTHBOPEIHe.

3.6. /laHbl JiBe MIEeCTUYTOJIbHBIE TUPAMUJILI U OJIHA TPEYTOJIbHAA, IPUIeM OOKOBBIE I'DAHM BCEX
IUPaMUJT, OJMHAKOBBI. [[UpamMuibl yIa10Cch CKJIEUTb BHEIITHUM 00pa3oM «0e3 3a30pOB», TO €CTh
TaK, ITO JIOObIE JIBE MUPAMUJILI UMEIOT 00IyIo rpanb. Haiiiure miockuil yros mnpu BepIiuHe

TUPaMU/I.

OTBeT: arccos 1—71

A ' o) ' D

Pemmrenune. O6o3naumm oHy 13 mecTuyro/ibHbIX mupamud depe3 SABCDEF, toe S — Bep-
mmHa. [lo ycsoBuio Bee mupamuibl mMeror obriee 60KoBoe pedpo (MpeanoiokumM, 9ro 310 BS).
[IycTb ¢ m 1) — yruiel MeKTy OOKOBBIMU I'DAHSMU COOTBETCTBEHHO MIECTUYTOJIBHOM M TPEYTOJIb-
Hoii mmpamu. [lepecedem BCIO KOHCTPYKIMIO ILJIOCKOCTBIO, TEPIEHIUKYJIsIpHON pebpy BS. B
CeYeHNN TOJIydaTcs TPH IJIOCKUX YIJIa, PABHBIX yIJIaM MeXK1y OOKOBBIMH I'DAHSIMU ITHPaMU/I,

TO €CTh ¢, ¢ 1 Y. BBUIY OTCYTCTBUS «3a30POB» 2¢ + 1) = 27, OTKy/a COs 2¢ = cOS .

Haitnem yrint ¢ n ¢, [lycts a = LZASB, a = AB, O — nentp mectuyronbanka ABCDEF.
Onycrum u3 Touek A m C neprienaukyaspel Ha pebpo BS. Ouu mpumayTr B ojHYy TOUKy K,
npudem AK = C'K, tak kak tpeyroyibauku ASB u BSC paBubl. 3aMeTHM, 9TO TPEYTOJbHUK

OAB upasuibreii, a AC — ero yasoenHas Bbicota, To ectb AC = a+/3. Torma mo Teopenme

KOCHHYCOB
_ 2AK%*— AC?  2a’sin®(§—§) —3a® 2cos’§ -3  cosa—2
cosP = 2AK?2 N QaQSiHQ(g — %) N 2cos? § cosa+1
Anajiorudmbie BBIYACIECHUS JIJI TPEYTOJbHON ITHpaMUJIbl Jai0T
2a281n2(g — %) —a? B 2 cos? 53— 1 _ cosa

cos = - = = .
2a2 st(g — %) 2 cos? 5 cosa+ 1



[TosTomy

2(cos v — 2)? cos a
2 = cost) = ot 2 S
Cos2p = cosy (cosa+ 1)? cosa + 1

<= cos’a —10cosa + 7 = cos> o + cos a,

e

OTKyJla COS (X = {7-

Bapunant 4

4.1. Kakoe HamMeHbIllee KOJMIECTBO HATYPAJIbHBIX Yuces OT 1 /10 H44 HYKHO MOKPACHTH B
KpacHbIil 1BeT, 4ToObl 1 1 544 ObLIM KpPAaCHBIMH, & TaKKe JijIs JII0OOIo KPacHOro 4HC/Ia d,

GoJtbIrero 1, HAIUIKCH TaKie KpacHble dncia b u ¢ (BO3MOXKHO, OJIMHAKOBBIE), 9T0 @ = b + ¢7
OrBer: 11.
Pentenmne. [lycrs okparteno n quces. YHopsA0uuM UX 110 BO3PACTAHUIO:
l=ag1<ay <...<a,=>544.

Bamernm, uro mis joboro k € {2,...,n} cupaBemmBo HepaBeHCTBO ar < 2ay_1. JleiicTBu-

TEJIbHO, B IPOTUBHOM cCJIydae 1pu 4, j < k
ag > 2ap_1 = a; + aj,
U MBI HE CMOYKEM IIPEJICTABUTD (f B BHJIE CYMMBI JIByX KpacHbIX duces. Tormaa
544 = a, < 2a,_1 < 4da,_o < ... < 2% tay =277
Suaunt, n — 1 > 10 u n > 11. Ocraaoch mpuBecTH mpuMep MOKpacku 11 umcert:

1,2,4,8,9,17, 34, 68,136, 272, 544.

4.2. TlonoxureapbHble YHUCIa X, Y, 2 TAKOBBI, 9TO xy + yz + zx = 3. Haiijiure MunmMAabHOE

SHAQYEHUE BbIPpazKCHUA
4 4 4
T4y +z

A= :
T\YZ +yNzr+ 2Ty

Otser: 1.
Pemntenune. 3amernm, 910
2 .2, 2 _
Yy +2 oyt yz+ ze = 3.
B cuny nepasencrs Ko snamenaresib A He IIPEBOCXOIUT
1@ +yz+y’+za+ 2 +ay) =1 (P + v +22+3).

IipOMe Toro,
2
.I’4 y4 4 > % (IL‘2 y2 2) > $‘2 y2 2'



[TosTomy

2 (22 4+ y? + 22
A> (e’ +2) () 3 Sof1- -3 V-1
22+ y?4+22+3 2?2 +y*+ 22 +3 3+3
PagencrBo peanuzyerca npu z =y = z = 1.

4.3. Buyrpu napasienorpamma ABCD B3sta takas Touka E, uro AE = BC. Touku M u N

— cepeunbl oTpe3koB AB u C'E coorBercrBenno. Haiiure yrosr mex ity upsimbivu DE u M N.

OTBeT: 90°.

A

ITepBoe pemienune. Ilycrs K— cepemnna orpeska C'D, a O — cepemuaa M K. Otpe3ok
NK — cpenusist muaus tpeyroibauka CDE. Torna
NK 1 OK
KN || DE K | AD — ===
| DE, OK || 1 S5E =5 D
Buaunt, Z/OKN = ZADE un tpeyronbauku OKN u ADFE 1onobubr ¢ KoahduimenTom
Bamernm, ato OK = OM n

1
T

ON =1 AE =1BC =1 MK = OM.

[Hosromy O — nentp omnucanuoit okpyzxnoctu tpeyroibuuka K MN. Torna ZMNK = 90°, a

9TO U €CTb UCKOMBIIA yIoJI.

B C

A D

Bropoe pemenne. [lycrs L — cepequna orpeska DFE. Torna LN — cpejindas JIMHUS B

tpeyrosibanke FC D, oTkyna
LN|CD|AM u LN =3iCD=1AB=AM.

CuenoBaresibio, 4deTbipexyroibHuk  AMNL — sgBisgercs mapa/ieJlorpaMMOM —©  [TOTOMY
AL || MN. Memuana AL pasHOGeIpeHHOTO TpeyroibHuka AED siBIsgeTcs TakyKe U ero Bbl-

coroit. Takum obpazom, npsvbie AL u DE neprenukyisapubl, a 3aaqut, MN 1 DE.



4.4. YucoBas 110CJI€10BATEILHOCTD X, 38/1a€TCsI paBeHCTBAMU
Ty =2, Tpi1=3T,+ /822 +4 upu HATYPATBHBIX M.
Jlokazkure, 9TO YNCIa X, Iejble, U HaliauTe Bce n, IPU KOTOPBIX T, KpaTHO 17.
OtBert: n : 4.
Pemntenmne. Ilo yciosuio
(xn+1 — 3xn)2 = Sxi + 4 <— xiﬂ — 6241 Ty + xi —4=0.

SaMeHsst B 9TUX PACCyKJICHUAX 1 HA N + 1, MBI ITOJIy UM

2 2
Ty — 06Tp0Tpir +2,,, —4=0.

Borarem Tenepb n3 BTOPOro ypaBHEHHS IIEPBOE:
0=a0,y— 20 — 6231 (Tng2 — Tn) = (Tpso — Tn) (Tpg2 + Tn — 6Tp11).
Tak KaK T, 19 > Tyy1 > Ty, MBI IOJIy9aeM COOTHOIIECHUE
Tpio = 6,1 — X, [PH JIOOOM HATYPAJIHLHOM N.
[Tockouibky o1 = 2 1 x5 = 12, Bce uucaa x, neasie. [lomoxum r, = x, mod 17. Torma
Thio = (6rn+1 — rn) mod 17,

u 7, TpuHEMaIOT 3HadeHus 2, 12,2, 0,15,5,15,0,... (jasee 3Tu BoceMb IHCEJT MIUKJINIECKU T10-

BTODSIOTCS). SHAYNT, HYJIEBbIE OCTATKHU MOJIyJatoTCst Ipu n * 4.

4.5. B crpane nmeercss HECKOJILKO TOpojioB. HekoTopble n3 HUX CBS3aHBI MPSIMBIMU JIBYCTO-
POHHUMHM ABUAJUHUSIMHE, C TIOMOIIBIO KOTOPBIX MOXKHO JI0OpaThed U3 JIIOOOr0 Topoja B JII00Oi
JIPYTOii, cienaB He OoJiee N Iepecajiok. B Kakoil-To MOMEHT OJIHY U3 aBHAJIMHHUI 3aKPbLIH,
HO BO3/IYIITHOE COODIIEHUE MEKJLy BCEMU MOPOJIAMU COXPAHUIIOCH (BO3MOYKHO, C TIEPECAIKAM).
[Ipu KakOM HaMMEHBIIIEM k MOXKHO YTBEPKJIATH, YTO TelEPh U3 JIIOOOT0 ropojia B JTI000I JIpyToii

MOXKHO J100paThes, c¢aeaaB He Oosiee k mepecaiok?
OtrBer: kK =2n + 1.

Pemmrenue. Hazosem dauroti aBuamepesiera KOJMIeCTBO JIMHUM, 3a/1efiICTBOBAHHBIX B HEM.
[Iycrs ObL1a 3aKkpbiTa aBUAJMHAST MEXKTy ropojamu A u B, p — kpardaifmmii MmapmpyT u3 A
B B mocse 3akpbiTus roit guann. O6o3HadmM JyHY p depe3 m. Boeibepem Ha p ropox C' Tak,
gro jgiauHa A — C' paBHa [%} Torpa nnuna B — C' paBHa [%} I [%} + 1. 3amerum, 4TO
kpardaifmuit MmapmpyT u3 A B C' umeer iy [%}, MHAYE CYIIEeCTBOBAJ Obl O0Jiee KOPOTKUit
nyTth u3 A B B.

[Tokazkem Terepb, 9TO 1ocie 3akpbiThs Juauu A B u3 j1io60ro ropojga D Haiijgercs MapiipyT
B C mmuOil He Gostee n + 1. Bosbmem kpargaiimuit mapmpyT ¢, coenunaspmmit C' u D 10
sakpbitus juann AB. Tlo ycmoBuio ero jgmua He npeBocxomuT n + 1. Ecim mapmpyr ¢ mHe
BKJITOUAJT B cebst TIUHUIO A B, TO OH COXPAHUTCS MOCTIE YIAJIEHUS STOW JTMHAN 1, 3HAYUT, [IOJI0N/IET

HaMm. B mporuBrHOoM ciiydae g mmeer Bug D — B — A — (. JleficTBUTEIbHO, aIbT€PHATUBHBIN



Bapuant D — A — B — C ue rogurcs, mockoyibKy 1myth A — C ue jgunnee B — C' u cTporo
kopoue A — B — (. Ho mapmpyr B — C' jymnnee A — C' #e 60siee yem Ha 1 u, 3HAUNT, HE
mmaaee B — A — C. Takum obpazowm, jymmHa nytu D — B — C' He upeBocxogut n + 1, u
9TOT IIyTh HE UCHOJB3YyeT JuHuio AB.

[To mokazanHoMy u3 J100OBIX TOPOsoB D u D' Moxkuo npoexarb B C, ucnob3ys He GoJiee
n + 1 muanit u He ucnons3ys AB. O0beauHsis 9TH 1yTH, MbI CMOXKeM jobparbest w3 D B D’
10 MapHIPyTy JJINHOI He Oosiee 2n + 2, 4ncio mepecajioK Ha KOTOPOM He IPEBOCXOIUT 2n + 1.
Taxkum obpazom, k = 2n + 1 yoB/ieTBOpseT YCIOBUIO 3a/a4N.

Ocrasiock mokazath, 910 k < 2n + 1 HaM He moaxonaT. BoseMmem crpany ¢ 2n + 3 ropogamu
U COCJIMHUM 3TU TOPOJa ABUAJMHUAAMU IHUKJIn4decKd. [lociie 3aKpBITHA JIMHUU MEXK/y JIBYMs
ropojiaMu Jijisi IIpoe3jia MeK/ly HUMU HPUJIETCH HMCIOIb30BATH OCTAJIbHbIE 21 + 2 JIMHUHU, TO

eCcTb cJlesiaTh 2n + 1 mepecajox.

4.6. Jlanbl gBe MeCTUYTOJIbHBIE MUPAMUIILI U OJIHA YeThIPEXYToJbHasd, IprudeM OOKOBbIE I'DAHHI
BCEX MUPaAMU/JL OJIMHAKOBDI. [IMpaMuIbl yaa/I0ch CKIENTh BHEITHUM 00pa3oM «6e3 3a30POB», TO
€CTh TaK, UYTO Yy HUX €CThb 0011ee pedpo u JIoObIe JABe MIPaMUIbl UMEIOT 001yIo rpanb. Haiinre

IUIOCKMIT yIOJI IPU BEePIINHE [TUPAMU/I.

OTBeT: arccos %.

S
4

B A A ' (0] ' D

Pemenane. Obo3natum ojiy u3 mectuyroibubix nupamul depes SABCDEF,| toe S —
BeprmHa. [lo ycioBuio Bce nmupaMuibl uMeroT obinee 60KoBoe PeOPO (MIPEIIOIOKIM, YTO ITO
BS). Ilycts ¢ u ¥ — yribl Mexkjy OOKOBBIMU I'DAHSIMU COOTBETCTBEHHO IIECTHYTOJIbHON U
JeThIpexyroibuoit nmupamui. [lepecedeM BCIO KOHCTPYKIUIO ILJIOCKOCTBIO, TEPIEH UK YISPHOIM
pebpy BS. B cedennn mosydarcs TP IJIOCKUX yIJIa, PABHBIX YIJIaM MeXK1y OOKOBBIMU IPAHSAMMU

IUPaMHUJL, TO €CTh , ¢ U 1. BBUIy OTCYTCTBUSA «3a30POB» 20+ 1) = 27, OTKyHa oS 2¢ = cos 1.

Haitiem yriist ¢ u . [lyers a« = LZASB, a = AB, O — nentp mecruyroibiuka ABCDEF.
Onycrum u3 Touek A m C neprienaukyaspel Ha pebpo BS. Ouu mpumayT B ojHY TOUKy K,
npudem AK = CK, tak Kak tpeyroyibauku ASB u BSC paBbl. 3aMeTHM, 9TO TPEYTOJbHUK
OAB npasuibuerii, a AC — ero ynsoennas Bbicota, T0 ectb AC = a+/3. Torma 1o Teopene

KOCUHYCOB

2AK? — AC?  2d’sin*(3 —§) —3a®> 2cos®?$—3  cosa —2
Cos = = = =
4 2AK? 2a2sin*(3 — %) 2 cos?

cosa+ 1

|



Anajlorn4yHble BEIYUC/ICHAA JJIA qupreXyFOHbHOfI nupaMuabl Jar0T

2 n2(m a 2 2 a
cosw:2a 511;1 '(52—7?);2& :2005 52; :cosoz—ll
202 sin*(3 — %) 2cos? & cosa + 1
[TosTomy
2(cos v — 2)? cosa — 1
2p = —_ =
cos 2 = cosy (cosa+1)2 cosa + 1

<= cos’a —10cosa + 7 = cos®>a — 1,

— 4
OTKyJla COS & = 3.

Bapuanr 5

5.1. /lanbl natypasbabie yucaa or 1 jgo 2040, npudem n 4duces MOKpAIIeHbl B 3€JI€HBII IIBET.
[Ipu kKaKOM HAMOOJIBITIEM N MOYKET OKa3aThCd TaK, YTO HU OJIHA CTEIEeHb JIBOMKHU He MOKpaIlieHa

U He IPeJCTaBUMa B BUIE CYMMBI JIBYX 3€JIEHBIX UHUCEsI’
Otset: 1019.

Pemenne. Paccvorpum maper Buga (1024 — k, 1024 + k), rae k € {1,...,1016}. B kaxmoii

I1ape UMeeTCA XOTAd OBl O/THO HEIIOKpPalll€eHHOE YUCJIO, ITOCKOJIbKY
(1024 — k) + (1024 + k) = 2'1.

AnanornaneiM 06pazoM nosydaercd, aro napsl (1,7), (2,6), (3,5) comep:kar He MeHee TPex
HernokparreHubrx guces. Hakownerr, gucia 4 u 1024, ne nonasiime HUA B OJIHY U3 1ap, MO YCJIOBUIO
TOKe He okparenbl. TakuMm obpazom, umeercs ne meree 1021 HelmOKpaIeHHBIX YHUCET, OTKY/IA
n < 1019.

[Tokazkem, 4TO TOJIydeHHas orieHKa peasusyercsd. [lokpacum dmcia 5, 6, 7, a Takxke Bce
gucaa or 1025 go 2040. Ilycre m m n — 3esenble ynciaa. Ham jocTtaTrodHo mpoBepuThb, 9TO
m +n He gBJIAeTCd CTeneHblo JiBoiiku. Ecau m,n < 8, To 310 oueBumno. B ciaydae m,n > 1024
MBI TIOJTyJaeM

21 = 2048 < m + n < 2040 + 2040 = 4080 < 4096 = 2'2.

Hakomner, ecotm m < 8 u n > 1024, To 1024 < m +n < 2048.

5.2. HeorpunareabHble 4ucia T,1, 2 Takosbl, uTo o> + y* + 23 = 1. Haifigure MakcuMmaibHOE

3HaYeHUE BbIpazKCHMNA

A= vy +yz+z2x.
Otser: V9.

Pemnrenue. 3amerum, 9To

AL V3ay+yz+ze) <V +y+22=ac+y+z

Kpowme Ttoro,
1=’ +y° +2° > §(z+y+2)°,



OTKYyJa
4y +2 < V.

Taxum obpazom, A < v/9. Papencrso peasmsyercs npu r =y = z = R

5.3. Bre napastenorpamma ABC D BeiOpana takas touka M, aro ZBAM = ZBCM. Toukn
D u M nexar 1o pasubie ctoponbl or npsiMbix AB u BC'. Kakoit u3 yrimos AMB u CM D

oosbIe?

OTBeT: yribl paBHBL

Permtenne. /locrpoum tpeyrosbank ABM o napasienorpamyva ABMN (M. PHCYHOK).
Bamerum, auro AC'BM nonydaercs mapasuieabHbiM meperocom ADAN Ha BEKTOD f@ . 3HAYUT,

o1 Tpeyroybauku pasubl u DN || CM. Torma
/ZADN = /BCM = /BAM = ZAMN,
TO ecTh YeThIpexyrojbuuk ADM N Buucanubiii. [Tosromy

LAMB = ZNAM = ZNDM = ZCMD.

5.4. Jlano narypaJsbHoe dnc/io z. K aemy nmpubaBuin HEOTPHUIATEIBHYIO IEJIYIO CTEIIeHb JIBONKN

u nosryanan aucio y. Oxazanocs, ato 3322 — 31y% = 2. Haiiyure Bce Takue mapsl @ I 4.
OtBet: © = 63, y = 65 wm = = 4031, y = 4159.

Pemenne. [lycts y = x + 2". Samernm, aro n > 0, Tak Kak & U Yy UMEIOT OJNHAKOBYIO

JeTHOCTDh. Torma

2 —31-2"2 =312 —1=04=2=31-2"""++31-33 .22 24+ 1.
[ToaKopeHHOe BbIpazKeHue J0JKHO UMETh BUJL p? IIPH HEKOTOPOM HATypPaJIbHOM P, OTKYyIa
31-33-22 41 =p? «<=31-33-22 2= (p—1)(p+1).
Ecomn =1, 10 p =32, v =63 uy = 65, 9To 7aeT 1epBbIil OTBET. B ciiydae n = 2 MbI OJIy4UM
4-31-33=(p—1)(p+1),

YTO HEBO3MOXKHO, IIOCKOJIbKY IIpaBad 9aCTb ACJIUTCA Ha 8, a JieBad — HET.



[Iycts n > 3. OmHo u3 dncen p £ 1 sBjsieTcs HEIYETHBIM KPATHBIM 2, & APYroe — HeIeTHBIM
KpaTHbIM 22773, O603HAUUM 9TH YHC/Ia COOTBETCTBEHHO Yepes b 1 a. 3aMeTuM, 4To a He JeIUTCs

Ha 31, unaue
a>31-2""3>31-8>34-2>b+2.

Amnastornvno mposepsiercs, 9To a He jgeyanTcd Ha 33. OcTasoch pacCMOTPETh TPH CJIy4asd.

1) a=11-2?"73 b = 2-93. Torma b mod 11 = 10. Buauur, uncaa b + 2 we kparuot 11 u

IIOTOMY H€ PaBHBbI a.

2)a=3-22""3 b =2-341. Tak xax b mod 9 = 7, uncyo b+ 2 xkparno 9, a b — 2 He jenurcs

na 3. [fosToMy HU OJIHO U3 STUX YKCE/I HE PABHO d.

3) a= 2203 b =2.31-33. Torma 2274 =31-33+1=2322—1+1, orkyzna
24 =392 =7 p=b+1=2047,
x=231-204+p=4031, y=ux+2" =4159.

DTO JaeT HaM BTOPOI OTBET.

5.5. B crpane umeercst n ropojios (n > 6). Hekoropble 13 HUX CBsi3aHbI IPSIMBIME JIBYCTOPOHHU-
MU aBHAJIMHUSIME TaK, 9TO U3 JIIOOOr0 ropojia MOYKHO JI00paThcs B JIF000iT Ipyroii (BO3MOXKHO, ¢
nepecajikamn). B crosuity BesieT He MeHbIIIe aBUAIMHUIA, YeM B JTI060i 1pyToit ropo. Jloburesnb
aBUalNU JIJId KaKJI0 YeTBEPKU I'OPOJIOB COCTABUJI CXEMY aBUAJIMHUN MEXKJYy STUMU IOPOJAMU.
OjtHa U3 cxeM TOTepsiiach, a n3ydasi OCTaJbHbIe, OH OOHAPYKUJI, UTO HUKAKas CXeMa He IPe/I-
cTaB/IsieT cOOOM MUKJIMIECKUI MaPIIPYT, IPOXOIAIINI Yepe3 Bce 3TU YeThIpe ropo/ia, U HUKAKas
cxeMa He TIpejicTaBiisieT co00il MapIIpyT U3 TPeX JIMHUM, MOC/Ie0BATEILHO COEIMHSIONTUN STU

ropojia Apyr ¢ apyroM. CKOJBKO aBUAJTHMHII MOXKET BECTH B CTOJIUILY !
OrBer: n — 1 wu n — 2.

ITepBoe pernitenane. Obosnaanm crosuiy depes A. [lycrs B A Beser k muauit. Y1obb! mosry-
quTh k = n — 1, J0CTATOYHO MMONAPHO COEINHATH aBUAJIMHUSIME BCe TOpoa crpanbl. [locTponm
npumep it k = n — 2. Ilycts crouia coegunena JMHUAMU ¢ ropojgamu By, Bo, ..., B, o 1 He
coequuera ¢ C'. CBszkeM JIMHUSIMU BCe TTApbl TOPOJIOB U3 MHOXKecTBa Bi, B, ..., B, o, KpoMe
B1B,, a takxe napy BiC. Torma B crosmity BejeT n — 2 JIMHUHU, B OCTAJbHBIE TOPOJa — HE
bosiee n — 2 qunuit. Eciim B geTBepKy ropojos He BxoauT C', TO B Hell HailyTcst TpU ropoja,
[IOTIAPHO CBSI3aHHBbIE JIMHUAMEI. DTO BEPHO U I 9eTBepOK, cojepxkarmux C', kpome AB;BsyC'.
Taxum oOpa3oM, 9Ta ceThb JIMHUNA YI0BJIETBOPSIET YCIOBHIO.

[Tokaxkem Tenepb, 9TO MeHbIE 7 — 2 JIMHUI B CTOJUAIY HATH He MoxkeT. [lycrhb
k < n — 2. Obosnaunm uepe3 By, By, ..., B, ropoja, ¢ KOTOPLIMI CTOJIAIIA COEJINHEHA, a te-
pe3 C1,Cy, ..., C,_k_1 — ropojia, ¢ KOTOPbIME OHa He coeanHeHa. ObOa MHOXKECTBa HEITYCThI,
npuveM ropo1oB C; 1o KpaitHeir Mepe jiBa. JlokarkeM CIIeayonyo JeMMy: eCAU ECMb A8UAANUHUAL
meorcdy B; u O, mo ymepana cxema odnoti us wemesepox AB;B,,C;, 2de m # i. JleficTBuTe B
HO, IIycTb 9TO He Tak. B soboit yerBepke AB;B,,C; nmetorca asuasmunuu AD;, AB,,, B;C};,

a smann AC; mer. Torma 1o ycmosuio JomkHa ObITh gunHuA B; B,,. TakuMm obpasom, ropon B;



nMeeT BozymHoe coobmenne ¢ A, C; n By, mpu m # i, To ectb ¢ k + 1 ropomamu. Ho sro
HEBO3MOKHO, IIOCKOJIBKY B CTOJIUILY BeJeT JIMIIb &k JIMHUIA.
ITo ycnoBuio Haiigyrcsa ropoga B; m C), MexKIy KOTOPBIMH €CTb BO3JYIIHOE COOOIIEHUE

(mycrb muis onpenesierHoctn 310 By u Ch). Pacemorpum Ba ciydasi.

1) Umeemca asuarunus uz Cy 6 nexomopoudi 2opod C;. Ilycrs mst mpocrorsr j = 2. Ilo
JleMMe yTepsiHa cxema derBepku Buia ABpB,,Ci. Torma cxema dersBepku AB;C1Cy mpucyt-
crByer. B Heit umerorcs apuajuaun ABy, B1C, C1Cy, a munuit ACT nu AC, mer. 3uaqut, 110
YCJIOBUIO JIOJIZKHA CYIIecTBOBaTh Jimausa B1Ch, W 10 jleMMe CXeMa OJHOW W3 9eTBEPOK BHUA
AB;B;C5 yrepsana. Ho sra derBepka orimuaerca ot AByB,,(Cy, mosToMy ee cxeMa He MOXKeT

OBITH yTepsHA.

2) Topod Cy me ceasan asuasunuamu nu ¢ 0onum 2opodom C; npu j > 1. Torma maiinercs
eme onHa JuHUA Buga B,C,, rne ¢ > 1. Ilo 1eMme 10/KHBI OBITH YTEPSHBI CXEMBI Y€TBEPOK

AB,B;Cy u AB,B;C,, 9T0 HEBO3MOKHO, IIOCKOJIbKY 9TH Y€TBEPKH Pa3/INIHBL.

Bropoe pemenne. O6oznauanm crosuiry depe3 A. [Iycrs B A Bener k smauit. Y1obb! mosty-
auTh k = n — 1, IOCTATOYHO TONMAPHO COEIMHUTH aBUAJTUHUSMHI BCe TOPoOjia cTpanbl. [locTponm
upumep it k = n — 2. O6o3naunm yepes B, A', B’ u C1,...,C,_4 Bce ropoja, OTJIMIHBIE OT
A. Coequanm A n B jmuHugMu Mex 1y coboit m co Bcemu ropogamu C;. Kpome toro, mobaBum
muanun AA" u BB'. Ilycre yrepsina cxema jijist yersepku ropojos AA'BB’. Tlokaxkem, 910 cxe-
Ma JIJIst JII0OOi JIPYroii 9eTBEepPKHU YJIOBJIETBOPSET YCIOBUIO. e B yerBepky Bxomar A u B,
TO OJIMH U3 HUX CBA3aH JIMHUSIMUA C OCTAJIBHBIMU TPEMs NOPOJIAMHU, & €CJIN B Hee He BXOJAT HU
A, Hu B, To ropoja YeTBepKH BOOOIIE He CBA3aHBI JAPYT ¢ Apyrom. IlycTh B 4eTBepKy BXOIUT
TOJIBKO OfnH 13 ropojoB A u B (mampumep, A). Torma ocrajbHble TOPOIA Y€TBEPKH MOTYT
OBITH CBSI3aHBI TOJIBKO C A, U Takasi cxeMa HacC TOYKe yCTPANBAeT.

[Tokaxkem Tenepb, YTO MeHbIE N — 2 JIMHUI B CTOJUIY HATH He MoxkeT. [lycrhb
k < n — 2. Obosnaunm uepe3 By, By, ..., By ropoja, ¢ KOTOPBIMI CTOJIAIIA COEJIMHEHA, a te-
pe3 C1,Cy,...,C,_1_1 — TOpOJIA, C KOTOPBIME OHa He coeaunHeHa. Oba MHOXKECTBA HEIYCTHI,
upudeM ropozos C; 1o Kpaifneil Mepe JiBa. 3aMeTHM, YTO €CJIH €CTh aBHAIMHUA MeXKIy B, u
C, n Her aBuaauHuu Mexxay B, u By, (m # p), To yrepsana cxema s dersepku AB,B,,C,.
HeiicrBuresnbno, B yersepke AB,B,,C, nmetorca apnaimuuu AB,, AB,,, B,C,, a muunit AC, n
B,B,, ner. Kpome Toro, B, He coeiuHen jimHueil XoTd ObI ¢ OJHIM U3 OCTaJbHBIX IOPOJIOB B;,
nHavde B B, BemeT Oosiblle JUHUI, 9eM B CTOJHILY. JHAYUT, Kakas-To u3 cxeM AB,B,,C, npn
m # p 06sI3aTeILHO yTepsHA.

ITo ycioButo HaitmyTesa ropoga B, u C, MeXIy KOTOPBIMH €CTh BO3JYIIHOE COOOIIECHUE.
[Iycts myist onpenenennoctu 5to By u C, a ropon B He coeaunen quaueit ¢ By. Torga yrepsaa
cxema AByBC1, a Bce ocrajbHbIE CXeMbI UMEIOTCS.

Bamernm, 9T0 XOTsI OBl OJUH U3 TOpO0B By, B, ..., By, C] 101KeH ObITh CBsA3aH JIUHUEH
¢ KaknM-TO u3 ropoaos C; npu i > 2, nHade u3 A HeJIb3sl IONACTh HU B OAuH 13 ropogaoB (.
[Iycte ayist onpenenerHoctu gunug BejeT B Cs. OHaA HE MOXKET BBIXOJIUTH U3 Bp, IOCKOJIbKY B
9TOT TOPOJL Y2Ke BeayT k npyrux jmauit. He moxker sTa jimaug Beixouth u u3 B; npu 1 < 1 < k,

TaK KaK B IIPOTUBHOM CJIydae OKas3a/jach Obl yTepsiHa ele u HekoTopas cxema Buja AB;B,,Cs.



CrenoBarenbHo, sra guaus Beger w3 Cp wim u3 By (9Tu ciydanm pasbuparoTcesi OJMHAKOBO).
[Iycrs s onpenenernnoctu ona Beger u3 Cy. Torma ects uaun ABq,B1C, C1Cs n Her auHuii

AC: n B1C5. Ilostomy moskna ObITh yrepsHa eme u cxema AB;CiCy, 9T0 HEBO3MOXKHO.

5.6. 13 MeTasuia OTINTHI TPH OIHHAKOBbIE IIPABH/ILHBIE TPEYTOIbHBIE IIPAMIILL 00beMa 36/2.
Nx ynamoch pa3smMecTuTh Tak, UTO BCE IMUPAMUJIBI UMEIOT 00Iee HOKOBOE pedpPo U OOIIYI0 Bep-

HINHY. HaIU/IJII/ITe MaKCHUMaJIbHOEC 3HaYCHNE CTOPOHBLI OCHOBaHWA ITMPaMU/I.

Otser: 12.

Pemmenue. O6oznatinm ogay n3 nupamu depes SABC, tie SB — obiee 60KoBOE pedbpo
nupamu. [lycrs o = LASB, a = AB, ¢ — yroi Mexiy O0KOBbIMU T'paHsMu rnupamul. Orry-
ctuMm u3 Todek A u C' neprnenukyiapsl Ha pebpo BS. Ouu npuayTt B OjiHY TOUKY K, mpuiem
AK = CK, tak kak Tpeyroabauku ASB u BSC pasubl. [lo Teopeme Kocumycos

2AK? — AC?  2d’sin*(5— %) —a® 2cos’§—1  cosa

2AK? N 2a25in2(g—%)  2c0s22  cosa+1°

cosp =

[Tepecetuem BCIO KOHCTPYKIIUIO TIOCKOCTDIO, TIEPIeHIUKY IsApHOil pebpy BS. B cevenun xaxoit
nupamMuanel OysierT yros . IIocKoJbKYy 9TH yIVIbI He HaJeraroT Jpyr Ha JIpyra, Mbl HOJIYYIUM

3¢ < 27, OTKy1a
= cos & < cos s I CcosSox = —
3 = 14 cosa + 1 -

Beipasum o6bem upamubt. [Iyers S D — anmodema nupavuapr, SO — ee Boicota. Torma SD =

1
3

=gctgs, DO=a \/_ . [ockonbky dyukims f(z) = “j—i Bo3pacraeT Ha [—1, 1), MBI mojrydaem

(o2 0 1+ cos« ;
ctg? & — )
\/ g’ 2 \/ 1—cosa é 2\/6

Torna
1 a®V/3 1 1 a3
36V2 == Sapc-SO = - - S0 = d*- : = ,
otkyma a® < 72-24 = 33 20 m a < 12. PaBencrBo peaimsyercs, eCm cosa = —3x, TO €CTh B

Ccjly4dae, KOorla MeEXKJ/1y IMhnpaMuJaMi HET 3a30POB.



Bapuant 6

6.1. Jlanwr HaTypasbHble yncaa ot 1 10 720, mpuyem n U3 HUX TOKPAIEeHbl B 3ej1eHbli 11BeT. [Ipn
KaKOM HAMOOJIbIIIEM N MOXKET OKA3aThCs TaK, YTO HUKAKAS CTEIleHb TPOUKHU He IPEeJICTaBIISIeTCs

B BHUJIE CyMMBI JIBYX 3€JIEHBIX THCE]T!
Otset: 360.

Pemtenne. Paccmorpum maper Buga (9 + k, 720 — k), rme k € {0,1,...,355}. B kaxoii

I1ape UMeeTCA XOTA OBl O/THO HEIIOKpPallleHHOE YUCJIO, ITIOCKOJIbKY
(9+ k) + (720 — k) = 3°.

AnanormaneiM o6pasoM nostydaercs, ato napsl (1,8), (2,7), (3,6), (4,5) comepxkar ne MeHee
YeThbIpeX HeloKpalleHHbIX uuces. Takum obpasom, umeercs He menee 356 + 4 = 360 mHeokpa-
IMEHHBIX IUCET.

[Tokazkem, 4o mosyuennas orenka peajusyercd. [lokpacum gucna 5, 6, 7, 8, a TakxKe Bce
qnciia ot 365 j10 720. [Iycrs m u n — 3esenbie yncia. Ham goctaTodno npoBepuTh, 9To M + n
He sgBJIgeTcd crenenbio Tpoiiku. Eciu m,n < 8, To 3ro oueBuano. B ciyaae m,n = 365 MbI
[IOJTy YaeM

3% =729 < m+n < 720 + 720 = 1440 < 2187 = 3.

Haxomnerr, eciim m < 8 un > 365, To 243 < m +n < 729.

6.2. IlosoxKuTeabHbIe YUCIa T,1, 2 TaKOBBL, uTo 2° + y> + 22 = 1. HaitauTe MunuMaibHOe

3HaYeHUE BbIpazKCHMNA

1 1 1
A=—+—+—.
Yy Yz  2x

Otser: 3 V/9.

Pemenue. B cuty mepasencrsa Komu jiisi cpeinero rapMOHUYIECKOTO U CPEJIHEro apud-

METNYIECKOT'O
9 27
A> > .
ry+yz+ze  (v4+y+2)?

[To ycroBuro
1=+’ +22 > Lz +y+2)°
OTKY/1&
(x+y+2)* <93
1

Taxum o6pason, A > 3 +/9. PaBeHCTBO peasm3yeTcs Ipn & =y = 2 = E7E

6.3. B mapasienorpamme ABCD cropona AB pasna jquaronaiu AC. Buccekrpuca yria CAD

nepecekaer orpe3ok C'D B Touke P, a orpesku AC' u BP nepecekatorcs B Touke (). Haiinnre

yroi BC'D, eciin u3Bectro, uro AQ) = BQ).
OtseT: 108°.



IlepBoe pemnienmne. [lycrs LZCAD = 2a, Z/ZBAC = (. Ilo ycnosuio Tpeyronbauk AC D

paBHOOeIpennbIit. Torma
180° =2£LCAD + LZACD = 4o + S.
Kpowme Toro, Tpeyrosibank AQ) B paBHOOEIPEHHBIN, TTO9TOMY
/ABP = /BAC = ZACP.
Buaunt, gerbipexyroibank ABC P Brucanubriii, orkyia ZCBP = Z/CAP = an
180° = LABC + £ZBAD = 3a + 20.

Takum obpasom,
da+ =180 =3a+ 208 = a = [ = 36°.
B urore MbI mosrydaem

/ZBCD = /ZBAD =2a + = 108°.

Bropoe pemitenne. Ilomoxum LZCAD = 2a. lo yemoBuio Tpeyrossauk AC'D paBHOOE/I-
pennbrii, mosromy ZC' DA = 2a. Kpowme toro, Tpeyronbank AQ B paBHOOEIPEHHBINH, OTKY/Ia

/QPC = /ABP = /BAC = /QC'P.

CnenoBarenbuo, Tpeyrobauk C'Q) P pasaobeapennsiit n QC = Q) P. Torma Tpeyrosmsauku QAP
u (QBC paBHBI 110 JIBYM CTOPOHAM W YIVIy Mexkjy Humu, nmodromy AP = BC = AD. Takum

obpaszom, Tpeyroibuuk AD P paBHOOEIpEHHBIH 1
/ZAPD = ZADP = 2a.
SuaguT, yriael Tpeyroibanka AP D paBubl o, 200 1 2, oTKy1a o = 36° m

/ZBCD =180° — ZADP = 180° — 2ax = 108°.

6.4. /Tano narypasbaoe uucio x. K nemy npubdasusu 2 - 16", rjie n — HeOTpHUIIATE/ILHOE TIEJI0e,

u nosyunan uucio y. Oxazanock, uro 12922 — 127y* = 2. Haiigure Bce Takue napbl o 1 4.
OtBer: © = 255, y = 257 unu x = 65279, y = 65 791.

Pemenue. 3amumen y = z + 241, Torna

22— 12724y — 127 .98 _ 1 — ) = 2 = 127-2*" + /127129 - 28" + 1.



[Tonkopennoe BbIpaKeHHe JIOJIZKHO UMETh BHJT p2 IIPA HEKOTOPOM HaTypPaJbHOM P, OTKYJla
127-129-2%" 41 = p* <= 127-129-2°" = (p — 1)(p + 1).

Ecmm n =0, o p = 128, x = 255 u y = 257, uro maer nepssiii orset. [lycts n > 1. OxH0 13
quces1 p1 ABJIAETCS HeUETHBIM KPATHBIM 2, 8 JIpyroe — HedeTHbIM KpaTHbiM 2571 O6oznaunm

9TH YHUCJIa COOTBETCTBEHHO Y€PE3 bua. BaMeTI/IM, 9TO a HEe JCJINTCA Ha 43, nHavde
a>43-2""1>43.128 >2-(127-3+1) = b+ 2.

Anasiornano IIPpOBEPAECTCA, 9TO a HE AEJIUTCA Ha 127. Ocrajnoch pPacCcMOTPETDL JIBa CJIy4dasd.

1) a=3-28""1 b = 2.5461. 3amerum, uro b— 2 KparHno 5, a b+ 2 ne jenurca Ha 3. [TosTomy

HHX OJIHO M3 9TUX YHCEJI HE PABHO a.

2) a=2%""1 bp=2-127-129. Torma
282 — 127.1294+1 =128 — 141,

OTKYyJa
282 — 1282 n=2, p=0b+1=232767,

r=127-224+p=65279, y=a+2°=65791.

DTO JaeT HaM BTOPOI OTBET.

6.5. B crpane umeercs n roposios (n > 4). HekoTopblie n3 HUX CBA3aHBI IPSIMBIMU JIBYCTOPOHHU-
MU aBHAJUHUSME TaK, 9TO M3 JEOOOTO ropojia MOXKHO J06paThCs B JIEOOOM JIPYroil (BO3MOXKHO,
¢ mepecajkamu). Ha caiiTe MUHECTEpCTBa TPAHCIIOPTA €CTh CIHUCOK BCEX TOPOJOB B MOPsIJIKe
BO3pACTaHUs KOJMIECTBA aBUAJNHWN, BEJIYIIUX B HUX (B HEKOTOPbIE TOPOJIA MOYKET UJITHU OV
HAKOBOE KoJIM4uecTBO auasmuuit). Ha BTopoii ctpouke okaszascs ropos Jlyanren. Busuecmen
2Kan-7Kak nmopy4mi cBouM IMOMOIITHUKAM HAMTU TaKue YeThIPe ropojia U TaKue MapHIpyThl, CO-
eJmHAONUe (BO3MOYKHO, € TIEPECAIKAME) IIECTh I1ap 9TUX FOPOJIOB, YTO BCE MOPOJIA, B KOTOPBIX
HY?KHO JIeJIaTh TePecaJiKu, pa3andibl. [[OMOIHUKYA yCTaHOBUIIM, 9TO TAKON YE€TBEPKU T'OPOJIOB

He cymecrByeT. CKoJIbKO aBuajunuii Beger B JIyanren?
Orser: 1 wiu 2.

Pemenne. llokaxkem BHavajge, aro 1 u 2 gapigiorcs orBeramu. Ilyers Ajq, ..., A,
— ropoja crpanbl, npudem A; — Jlyamren. Torma ceru aBmayumuuit A; — ... —> A, u
Ay — ... — A, — Ay yIOBJIETBOPSIOT YCIOBUIO 3aJadi W JIAIOT OTBETHI 1 W 2 COOTBETCTBEH-
HO.

[Tokaxkem Ternepsb, uTo Oosiee aByX Junuii B JIyanren Bectu ne moxker. HazoBem wemeeprofi
2Kan- Kaxa 1abop TOPOJIOB, KOTOPBIN XOTeT HaiiTu 6uzHecMmeH. JlocTtarodno JIoka3aTh CJey-
IOIIYIO JIEMMY: ecAu no kpatineil mepe 6 n — 1 2opod eedem ne menee mpex asuasunull, Mo
yemeepka Han-2Kaxa cyuecmeyem. HelicrBurebao, 1o yeiosuio derBepku Kan-2Kaka Her,
U B CHJIy JIEMMBI B JiBa IIEPBBIX TOPO/Ia U3 CIKCKA (K KOTOPBIM OTHOCUTCs U JlyaHTeH) Bejer He
boJiee JIByX JIUHUI.

JlokazaTebecTBO JIeMMBI ITpoBeieM uHyKImeir mo n. Ciaydait n = 4 odeBujen. [lycrs mis

4,...,n TOpoJIOB YTBEp:K/leHne JJeMMbl cripaBemBo. [Iposepum ero g n+1 roposga. BosbMem



ropo/i, B KOTOPBIi BejleT HamMeHbIIee KOJIMIeCTBO JTMHI, 0003HaTIMM ero depe3 A, a KoJimaecTBo
UJIyIIX U3 HEero JIMHUNR — Yepe3 m.

1) m = 1. Ynamum A u Begymiyo B Hero jinaui0. OCTaHETCs 1 TOPOJIOB, YAOBIETBOPSIIONIIX
YCJIOBHIO JIEMMBbI, 1 B HUX €CTh deTBepka 2Kan-zKaka.

2) m = 2. llycrb u3 A junun Bepyr B B u C. I3 B u C' BBIXOIUT He MeHee TpeX JIMHWUIA,
U MOXKHO CYMTATh, YTO POBHO 1o 3 (mHaue ymaaum ropoi A c¢ suauamu AB u AC, yciosue
JIEMMBI COXPAHUTCS JJIsl OCTABIIUXCSA TOPOJIOB). MOXKHO Tak:Ke cuuTarh, uyro Mexiay B u C
ecThb TmpsiMoe coobrenne. /leficTBUTE/IbHO, B IPOTUBHOM cjiy4ae yaaaum A ¢ jmausmu AB u
AC n pobaum muaI0 BC'. Tlo MHIyKITMOHHOMY TPE/ITOIOKEHNIO CPETH OCTABIINXCST TOPO/IOB
ectb yeTBepka Kan-2Kaka. OHa mooiier u s HCXOHOTO HAOOpa, MOCKOJIBKY JT00aBIEHHYIO
quanio BC' moxHO 3amennTh myrem BAC.

[Iycrs Tperbst nmuaus u3 B Beger B roposx D, a uz C' — B E (eme B u C' coefiuHeHbl IPYyT ¢
apyrom u ¢ A). Ecin D u E coBniajiaior, To yaaaum ropojga A, B, C' u Bce ujiyiiue B HUX JINHHU.
[Tocne ynasienus ToJbKO ropoji D MoxKeT ObITH CBs3aH MeHee ueM ¢ TpeMs ropogamu. [losromy
YCJIOBHE JIEMMbI COXPAHUTCA, U CPEIU OCTABIIUXCA TOPOJOB ecTh YeTBepka Kan-zKaka. Ecym
D u E pazmuanbl, 1o yaaaum ropoja A, B, C' ¢ ux juausiMu, 106aBuM (DUKTHUBHBI TOpoa X 1
cBsizkeM ero ¢ D u E. [lo uHIyKITMOHHOMY ITPEJIIIOJIO?KEHUIO B HOBOM CETH aBHAJIMHUI UMEEeTCs
gerBepka 7Kan-7Kaka. Ona He MOKeT cojiep:karh ropog X (Tak Kak B HEro BEJyT JIUIIb J[BE
JIMHUY ), & MOTOMY IOJOM/IeT U I MCXOJHON CeTH.

3) m = 3. Ilycts u3 A sunanu Benyr B, C'u D. Eciu B, C; D nionapHO COeMHEHBI JAPYT C
npyrom, To A, B, C, D — gerepka 2Kan-2Kaxka. [Iycre muamm C'D wer. Torma yipaaum ropoa
A u D u Bce jmuaun, uiaymnme n3 A, a Bce jmHuu, Begyime B ropog D, nepeksiounm Ha C.
YesioBre JIeMMbI COXPAHUTCA, U B TIOJIy9IUBIIElcd ceTn HaiigeTca dyeTBepka 2Kan-zKaka. Eciu B
Heit 3ajeiicreoBana bUKTUBHAS JinHUA, uymas B C, TO ee MOXKHO 3aMeHUTH 1yTeMm B (' uepes
D. IlosTomy Takas deTBepKa IOJIUTCI ¥ JIJIsi UCXOIHON CEeTH.

4) m > 4. B 910M ciaydae yJIajauM HeCKOJIBKO aBUATMHUN TAK, 9TOObI TOJIYIUIOCh M = 3, 1

BOCIIOJIB3Y€TCsI IYHKTOM 3).

6.6. 13 jiepeBa BBHITOYEHBI TPU OJIMHAKOBDIE ITPABUIBHBIE TPEYTOIbHBIC TUPAMUJIBI CO CTOPOHO
ocroBanns 6v/2. VIX y1a10ch pasMecTHTh TaK, 9TO BCE MUPAMEIL UMEIOT 001ee GOKOBOE pebpo

u obiyio Bepriuny. Halijiure MunumasibHoe 3nadenne oobeMa mupamu.

OTBeT: 18.




Pemmenune. O6oznatinm ogay n3 nupamu depes SABC, tie SB — obiee 60kKoBOe pedbpo
mupamu. 1lyers o = ZASB, a = 6v/2, ¢ — yroa Mexay GOKOBBIMH I'DAHAME IIHPAMIIL.
Onycrum u3 Ttouek A u C' neprenukyisapbl Ha pebpo BS. Ouu npuayr B ofHy TOUKY K,

npuiem AK = CK, tak kak Tpeyroabanku ASB u BSC pasubl. [lo Teopeme Kocumycos
2AK? — AC?  20%sin*(5 — %) —a®  2cos®§ — oS a

2AK? a 2a25in2(g—%) N 2COSQ% :cosoz+1'

cos p =

[Tepecetiem BCIO KOHCTPYKIIMIO TJIOCKOCTBIO, TIEPIeHIUKY IsApHOil pebpy BS. B cevenun kaxoit
nupaMuInel Oyser yros . IIocKoJbKYy 9TH yIvIbI He HaJeraroT Jpyr Ha JIpyra, Mbl HOJIYYIUM

3 < 21, oTKy1a
cos

_% = cos%’r < cosp = m I COSt = —é.
Boipasum o6bem nupamuibt. [Iyers SD — amnodema nupamuini, SO — ee Boicota. Torga SD =
=gctg G, DO =a %. [Tockonbky byskius f(x) = i—; BospacTaeT Ha [—1, 1), MBI mosTydaem
1+cosa 1 i
I A A ey R AR e Sl R
Torma
Verne =+ -Sane-50 > . 285 s

PaBerncrBo peanmsyercs, eciam cos

e

= —%, TO €CTh B CJIyvae, KOTrja MeXKTy NUpaMuiaMu HeT

3a30POB.

Bapuanr 7
7.1. Kakoe nHanboJibiliee KOJIMIECTBO HATYPAIbHLIX unces oT 1 1o 2500 MOXKHO MOKpPacUTh B
JKeJITBIA IBET TaK, ITOOBI IIPOU3BEIEHNE JTIOOBIX JIBYX KEITHIX UUCENT He ObLIO YKEJIThIM?
OTtset: 2450.

IlepBoe perienmne. 3amvernm, 4TO €JIUHUIA He OKpalleHa, mockoabky 1 -1 = 1. Kpome

toro, B ape (50,2500) ogHO U3 Umces He OKparieHo. Paccmorpum Habop wmces
2,3,...,49: 51,52, ...,98; 50% — 482, 50% — 472, ..., 50% — 1.
Bce 3t gucia pa3mdHbl, TaK Kak
50° — 48% =98 -2 > 98.
Pazobbem ux Ha TPOWKH BUJIA
(50 — n,50 + n, 50> — n?), me n € {1,...,48}.

[Tockosbky (50 — n)(50 +n) = 502 — n?, B Kaxk10i1 TPOIKe ecTh XOTs GBI OJIHO HEOKPAIIEHHOE
YUCJI0, a Beero uMeercs 48 takux Tpoek. Takum obpazom, Mbl Harnmm 50 HEOKPAIIEHHBIX YHCET,
[IO3TOMY KOJIMYECTBO 2KeJITBIX umces He npepocxomuT 2500 — 50 = 2450.

[Tokazkem, uTo 3Ta orenka peaymsyercd. [lokpacum Bce duciaa ot H1 1o 2500. Takas mo-

KpaCKa HaM IIOAXOAUT, IIOCKOJIbKY IIPOU3BEICHUEC JIIOOBIX JABYX 2KEJITBIX YHCEJI ooubie 2500.



Bropoe penienmne. [lokaxkem BHavase, aro Oosiee 2450 uuces mokpacuTh Hesb3d. Jlory-

CTHUM, 9YTO IIOKPalI€HO HE MEHEE 2451 unces. O603HAINM qepes k HaumMEHBIIEE KEJITOE UUCIIO

2500
k

1-1=1. PaccmoTpum napbr

U TOJOXKUAM M = [ } SameruMm, aTo k < 49, orkyza m > 51. Kpome Toro, k > 2, Tak Kak

(2,2k), (3,3k), (4, 4k), . . ., (m, mk).

[To mpeanoIoKeHuIo Yucyio k Kearoe, IOITOMY B KaXKJION Hape MOKPAIIEHO He OOJIBIIEe OJTHOIO
qncia. Bo3MOXKHBI JIBa CIydasd.

1) k > 25. Torma gucia B nepBbix 50 mapax He MOBTOPSAIOTCS, MOCKOJIBKY
2k > 2-26 =52 > 51.

3HauuT, y Hac ecThb He MeHee H0) HEOKPAIIEHHBIX YHUCE/I, YTO HEBO3MOXKHO.
2) k < 25. Torma m > 100, To ecTh MbI MMeeM 110 KpaiiHeil Mepe 99 map. Heokparennoe
9HCJI0, KPATHOE k, MOXKET BXOJIUTH B JiBe HAphl (B OJIHY — IEPBBIM 3JIEMEHTOM, B JIDYIYIO —

BTOprM). Ho kommuecTBo Taknx 4ncesr He IIPEBOCXOAUT

2]<[2]-

3HAYNT, BCEIO HEOKPAIIEHHBIX 4nce/l He MeHbire, deM 99 — 49 = 50, u MbI CHOBa IOJIydaeM
IIPOTUBOPEYHE.
[Tokazkem, aro 2450 xkenThix dnces1 MoxkeT ObITh. [lokpacum Bee aucsa ot 51 10 2500. Takas

IIOKPpaCKa HaM IIOJXO/JUT, IIOCKOJIbKY IIPOU3BEICHUC JIIOOBIX ABYX 2KEJITbIX YUCEJI ooabiie 2500.

7.2. TonoxKuTeabHbIe YUCIa T, Y, 2, W TAaKOBLI, 9T0 2> +13+ 23 +w? = 4. Haitaute MunuMaiIbHOe
3HaUYCHUE BLIPAXKEHUA

1 1 1 1
=2 T3 T T3 :
Tt +yz y*+zw  zfH+wxr we+ay

OTBeT: 2.

Pemenue. B cuiy nepasencts Ko jijist cpejiaero rapMOHUYECKOro U CpejiHero apude-

THYIECKOI'O

1
> 0 > s :
Ptyztytaw+ 22wz +witay T o2ty + 22+ w?

Bocnosibayemcss HepaBeHCTBOM

a®? + 0?2 < V2(a+b)*? upu a,b>0.
[Ipumensas ero Tpu pasa, MbI Oy IIM
242wt < f’/é((:p3+y3)2/3+(23+w3)2/3) <
< \?/é_l(x3+y3+z3+w3)2/3 — 4
Taxkum obpasom, A > 2. PaBencTBo peanmsyercsd nmpu £ =y = 2 = w = 1.

7.3. Bayrpu nmapasuteorpamma ABC' D Ha cepefuHHOM TepIieHInKyJsipe K ctopone BC' B3saTa
takas Touka F, yro /ZEDC = /EBC = «. Haiigure yron AED.



OTBeT: 20.

A D
IlepBoe permenune. Ilycre M — touka nepecedenuss npsimbix AB u DE. OueBujHo,
ZAMD = «. 3amerum, 9TO
/BCE =/FBC =/EDC =/ZBME.
Suagut, derbipexyrosbauk BMCE BuucaHHbIi, OTKY/Ia
/CME=a=/AMD w /MEC=/MBC =/MAD.

[Tostomy tpeyrombankun M AD u M EC 110100HBI, 1 MBI TIOJTyIaeM
ME  MC MD MC
AM ~ MD ~ AM T ME
Tak kak ZAME = ZDMC', tpeyronbaunku AME u DM C nonobubt. [lockobKy Tpeyroabunk

DMC pasuobenpennsbiit, TakoBbiM Oyer u AME. Torma

LAED =2/AME = 2.

B C

2/ :

F
Bropoe pemitenne. [lycrs F'— touka nepecedenust npsmbix C'E u AB. U3 napaJsuieibHOCTH
upsambix AB u C'D Boitekaer pasetctBo /BFC = ZFECD. Tlockonbky Touka E J1e:KUT Ha

CepeIMHHOM TIepIIeH Ky sipe K orpe3ky BC,
LFCB=/FEBC = /ZEDC.

CnemoBarensuo, Tpeyronbauku F'BC' u CED 1omo0HbI, OTKy1a

AD BC ED ED
BF BF EC EB’

Kpowme Ttoro,
/FBE = /ABC —a=/ZADC — a = LADE.



Suagut, Tpeyronbankun ADE u F BE nonobubr. CiietoBaTebHO,

LAED = /ZFEB = 2a.

7.4. B Bocbmepuunoit cucreme x = 3131 ... 31, rye 6ok 31 nosTopsiercs n pa3. llpu kakux n

qucI0 & Oy/IeT TOYHBIM KBaPaTOM !

OTBeT: n = 1.

Pemnienne. fcno, uro x : 25 u 4nciio y = g—g — TOYHBIN KBaJPaT. 3aMEeTUM, UTO

Ty=63(1+64464"+...+64"") =8"—1=(8"—-1)(8"+1).

MuoxkuTesn B 1paBoil YaCTU B3aUMHO IIPOCTHI, IIOCKOJIBKY OHU HEYETHBI U Pa3/INYaIOTCd Ha 2.
Yucmo 8" — 1 kparno 7, mostomy 8" + 1 He jgesmrcs wa 7. 3uaqdnt, 8" + 1 aBjIgeTCcss TOTHBIM

KBa/JIpaTOM, TO €CTb HaﬁﬂeTCH HaTypaJ/JIbHOE€ 9UCJIO P, IIPpU KOTOPOM

g =p'—1=(p-1)(p+1)

Takum obpazom, p — 1 u p + 1 OyayT crenensimu JiBoiiku, orKyida p = 3 u n = 1. Takoe n,

O9€BUIHO, YJIOBJIETBOPAET YCJIOBHUIO 3a/a49U.

7.5. B crpane umeercs n roposios (n > 4). Hekoropbie n3 HUX CBSI3aHBI MIPSIMBIMU JIBYCTOPOH-
HUMU aBUAJIMHUSME TaK, 9TO 13 JIOOOr0 ropojia MOXKHO JI06paThcs B JIOO0M JIpyroii (BO3MOXKHO,
¢ nepecajikamu ). VI3BecTHO, 9TO ecTh Takast JIMHUSL, 3aKPbITHE KOTOPOil IPUBEJIET K HAPYIICHUIO
BOBJLYIITHOIO COOBIIEHNST MeXKJIy HEKOTOPBIMU ropojamiu (gazxke ¢ mepecaakamu). Obree Kosm-
4eCTBO aBUAJMHUI paBHO % (n? — 3n+4). IlyTemecTBeHHUK COCTABUI cebe KPYyTOBOH MapIIpyT,
IIPOXOJIAINI Yepe3 k TOPOJIOB U He 3aXO/IAIINi HU B OJIMH U3 HUX JIBaXKIbl. Kakoe nanboibIiee

3HAYEHNE MOYKeT IPUHUMATDL k7
OTBeT: n — 1.

Pemmenne. Ilycrs ropoga A u B TakoBbI, 9TO 3aKpbITHe JUHUN AB HapyIINT IIOJHOE BO3-
nytrHoe coobrenne. OboznatdnMm depe3 G4 n G MHOKECTBa TOPOJIOB, B KOTOPBIE MOYKHO TIO-
nacTb cooTBeTCTBeHHO U3 A u B (BO3MOXKHO, ¢ TIepecajikaMu ), BKIodas camu A u B, a depes a
u b — KommaecTBO TOposioB B G4 1 Gg. 3amernm, 910 TOC/e yaajienns juann A B Hukakme ro-
poma C' € G4 u D € G He OYAyT CBA3aHBI aBUAJINHNEH, MHAYE TTOJTHOE BO3/LYIITHOE COODIeHe

COXpaHuI0Ch Obl. OTCIO/Ia BHITEKAIOT JIBA CJICICTBUSI.
1) G4 u Gp He nepeceKaoTcs, OTKyIa a + b = n.
2) Ob1riee 9UCI0 aBUAJIMHIN HE TPEBOCXO/IUT
ala —1 b(b—1
(-1, bb—1)
2 2

+ 1.

ITo ycnosmio B crpane nveercs 5 (n? — 3n + 4) asnammnuit. Torpa ¢ yaerom 1) n 2)
(a+b)?*—3a—3b+4=n*-3n+4<ala—1)+bb-1)+2=a>—a+b*—b+2,

OTKY/Ia [I0CJIe COKPAILEHUIT 10Ty yaeM

ab—a—-b+1<0<=(a—1)(b—1)<0.



CrenoBarenbHO, 0JHO u3 4ucesa a u b paBHo 1 (mycrb st onpejesenHoctd 310 a). Torma
ropoji A coejiuHeH aBUaJMHUEH TOJBKO ¢ B ¥ MOTOMY HE MOXKET BXOJUTH HU B OJUH KPYTOBOM
MapiipyT. Takum obpazom, k < n — 1.

[Tokazkem Termepb, 9T0 k = n — 1 Bo3MoxkHO. BeiOepem HEKOTOPBI TOpor A n coeuHNM €ro
¢ KaKMM-TO TOPOJIOM, a BCE TOPOJia, OTJIMYHbIE OT A, COeIMHUM JIMHUSIMU JIPYT C JIpYyTroM. IcHO,
aro k = n — 1. ObIee KOJIMIECTBO aBUAIUHIAN PABHO
(n—1)(n—2) n? — 3n +4

+1l=—"
2 2

2 _
Cr i +1=
7.6. I3 Merasuia OTJINTO M OJIMHAKOBBIX NPABUIBLHBIX ITHPAMU]T (m = 3). Wx ynanoch CKIenThb
TaK, 9YTO Y HUX eCTb 0obIee peOpo M KaxKjasd MupaMujia uMeeT o0Iyio G0KOBYIO I'palb POBHO C

ABYMA N3 OCTaJIbHBIX. Haﬁ,ZLI/ITe MHHHUMAaJIbHOE 3Ha4Y€HUE IIJIOCKOT'O YIJVia IIPU BEPIINHE TUPaMUI.

OTBeT: arccos ?

S
4

A C B A

Peirtenne. HyCTb S — O6HL8§I BepminHa IIMpaMu, a — CTOpOHa NX OCHOBaHHUA, 0@ — ILJIOCKH A
YTOJI TIPU BEPIIIHE, (¢ — YIOJI MEK Ty OOKOBBIME I'paHaMu. [Ipearnoiokum, 9To Bce TupaMuIbl 1n-
yroJbable. BozbMmem oHy n3 HuX u obozHadnM depes A, B, C' Tpu moc/ieoBaTeibHbIe BEPITHHBI
ocHoBanug. Tak Kak CyMMa YIVIOB N-yI'OJIbHUKa PaBHa 7T(TL — 2), MBI I1I0JIy4a€eM L/ABC = 26,
m(n—2)

2n

e = . Torma

AC =2AB -sinf = 2a-sin(g — %) = 2acos ™.

Onycrum u3 touek A m C neprienaukyasapel Ha pebpo BS. Ouu mpumayT B ojHY TOUKy K,

npuieM AK = CK, tak kak Tpeyroabauku ASB u BSC pasubl. [lo Teopeme Kocumycos

2AK2 — AC? _ 2a? sin® (5 — 9) — 4a? cos® o

— _ 2~ 2
s = 2AK? 2a2sin*(Z — 2)
B 1 — cos(m — @) — 2(1 + cos 2T) _cosa—1—2cos?m
1 — cos(m — ) B cosa+ 1

[IepeceueM BCIO KOHCTPYKIIMIO ILJIOCKOCTBIO, IEPICHIUKYJIAPHON 0o0IiemMy peOpy nupamuji. B
CEYEHUN KaXKJOW MUPaMUJIbl OKayKeTCs YIOJl (o, W 0 YCJOBHUIO MEXKJIy YIVIAaMH HET 3a30pOB.

ITostomy ¢ = 2 1t

(30804—1—2(305277r 1+COS%+QCOS%7r
cos & = < cosa = o
mn cosa + 1 I —cos<Z




SamMeTnM, 9TO ¢ yBeJUYEeHUEM 1M WU N IpaBasl 9acTbh PacTeT, a Yyroj « yMeHbInaercs. [lpn

9TOM JIOJI2ZKHO BBIIIOJIHATBLCA YCJIOBUE

2 2n
1+cosm + 2 cos -

2
m

< 1<= cosZ + cosZ < 0.
1 — cos m n

Taxkoe BO3MOXKHO, €CJIM OJIHO W3 4YHCEJl M W N PaBHO 3, a JApyroe He mnpeocxoauT H. Torma

MaKCHUMaJIbHOE 3HaYCHHE COS (X peaJIu3yeTCd IIpU 1M = 3un=>5.Bsrom CJlIy4dae

1 27 V51
§+2COS? _ 1+4T _\/5

Ccos =

3 3 3

Bapnant 8

8.1. Kakoe mamboJibiiiee KOJIUYeCTBO HATypasabHbIX duces orT 1 g0 1800 MOXKHO IOKpPACHTD
B JKEJITBI I[BET, 4TOOBI YJIBOECHHOE IMPOM3BEJCHUE JIIOOBIX JIBYX JKEJITHIX YHCe/] He ObLIO Obl

JKeJIThIM?

OTtger: 1770.

Pemenue. Paccmorpum nabop uunces

1,2,...,29; 31,32,...,59; 2(30* — 29%),2(30* — 28%),...,2(30° — 1).
Bce 3t gncia pa3jmdHbl, TaK Kak
2(30% — 29%) =259 > 59.
Pazobbem ux Ha Tpoiiku BHja
(30 —n, 30+mn, 2 (302 — n2)), rie n € {1,...,29}.
[Tockouibky
2 (30 — n)(30 + n) = 2(30* — n?),

B KaXKJ0il TPOWKE eCTb XOTs Obl OJIHO HEOKPAIIEHHOE YHUCJIO, & BCero mMmeercd 29 TakKux TpPO-
ex. Kpome Toro, B mape (30, 1800) oxHo u3 umcen He okpaineno, tak kak 2 - 30 - 30 = 1800.
Takum obpazom, Mbl HanLm 30 HEOKPAIIEHHBIX YHUCE]I, TTOITOMY KOJUYIECTBO YKEJITHIX YUCEsT HE
mpeocxoaut 1800 — 30 = 1770.

[Tokaxkem, 4To 3Ta onenka peasmsyercd. llokpacum Bce wmcna ot 31 mo 1800. Takasa mo-

KpacKa HaM TOJIXOJIAT, TIOCKOIBKY Y/IBOEHHOE IIPOU3BE/IEHNE JIIOOBIX IBYX YKEJITBIX YHCes 00JIb-
me 1800.

8.2. [losioxkurebuble YnC/Ia T, Y, 2, W TAKOBBI, 9TO x3+y3+z3+w3 = 1. Haitiiure MunumaJsibHoe
3HaYCHUE BbIparKeHud

1 1 1 1

x2+y2+y2+22+22+w2+w2+x2'

Otser: 4 V/2.



Pemntenne. B cuny nepasencts Komum jij1st cpeiHero rapMOHUYECKOrO U CPeJIHEro apudme-
THIECKOT'O

16 8
> > .
T 202 422 4 222 + 202 T a2+ y2 4 22 4 w?
Bocrosib3yemest HepaBeHCTBOM

a®? + 0?2 < V2(a+b)*? mpu a,b>0.
[Ipumensist ero Tpu pasa, Mbl TOJIYIUM
P4 < \:>:/§((x:J,+y3)2/3Jr (2% + w*)23) <
< f’/zl(x3+y3+23+w3)2/3 _ \3/4_1

Taxum o6pasom, A > 4 /2. PaBeHCTBO peasm3yeTcs Ipn & =y = 2 = w = \/LZ'

8.3. B napauteniorpamme ABCD 6uccekrpuca yria BAD nepecekaer cropony C'D B TOUKe
P, a 6uccekrpuca yria ABC mnepecekaer mmaronaib AC B Touke (). Haitmmre yrom mex iy
upsambiMu PQ u BD, eciiu ZBPD = 90°.

OtseT: 90°.

Permenune. Ilycts npsavas AP nepecekaer npsimyio B(Q) B Touke R, a orpe3ok BD — B

touke 0. 3amMeTnm, 4TO
ZARB =180° — (LRAB 4+ ZRBA) = 180° — % (LDAB + ZABC) = 180° — 90° = 90°.

ITo ycnoButo AO u B(@) — Ouccekrpuckr TpeyrogbHukoB ABD u ABC' coorBercrBenno. Torma
BO AB AB  AQ
OD AD BC QC’

Kpowme Ttoro,

BO AO
OD ~ OP

B cuty 1ogobust Tpeyroiabankos AOB u POD. Ilosromy
AO  AQ
OP  QC’

Buaunt, rpeyroipanku AOQ u APC nono6usr, orkyna OQ || PC'u OQ L PB. Takum o6paszom,
Touka () — oprouentp Tpeyrosibiuuka OBP. CienoBarenbno, jaya P() Toxe siBjisieTcs BbICOTOM

9TOr0 TPEyrojbHuka, To ectb PQ) 1 BD.



8.4. B BocbMmepuunoii cucreme x = 2020 ... 20, rue 670k 20 moBTopsiercst n pa3. [lpu kakux n

YUCI0 T OyJIeT 9eTBEPTOi CTeleHbI0 HATYpaJIbHOrO ducia’?
OtrBer: n = 1.

Pemenne. Tax kak 205 = 16 = 2%, coryuait n = 1 mam noaxonut. Ilokazkem, ato mpu n > 1
YUCJIO T He MOXKET OKa3aThCsd Jlayke TOYHBIM KBaJIpaToM. JlelicTBUTEbHO, €Cu T SBJISeTCs
9z

KBa/[paTOM, TO M IUCJIO Y = ¢ — TOUHBIN KBaJIpaT. BameTnm, 9TO

Ty=063(14+64+64°+...+64"")=8"—1=(8"—1)(8"+1).

MuoxkuTeu B IpaBoii YaCTU B3aUMHO ITPOCTHI, IIOCKOJILKY OHU HEYETHBI U PA3IUIAIOTCH Ha 2.
Yuco 8" — 1 kparno 7, nosromy 8" + 1 me jesurcs na 7. 3uadut, 8" + 1 saBjigeTcs TOUHBIM

KBa/JIpaTOM, TO €CTb HaﬁﬂeTCH HaTypaJ/JIbHOE€ YUCJIO P, IIPU KOTOPOM

g =p'—1=(p-1)(p+1)

Yucna p + 1 — crenenn aBoiiku, pasiaumdaroniuecsd Ha 2, orkyjga p — 1 =2 u p+ 1 = 4. Ho 370

HEBO3MOXKHO, TaK Kak n > 1.

8.5. B crpane umeercst n roposios (n > 4). Hekoropble u3 HUX CBsI3aHbI IPSIMBIME JIBYCTOPOH-
HUMU aBuaJmHuAMU. [lyTernecTBeHHUK 3aKa3a/l TypareHTCTBY COCTaBUTbL €My TaKOil KPyroBOit
MapIIPYyT, OXBATHIBAIOIINI YaCTh T'OPOJIOB 3TO# CTpaHbl, YTOOBI HEKOTOPBIE J[Ba FOPOJIa Ha ITOM
MapiipyTe (He sIBJISIONIMXCS Ha HEM COCEIHMMH) ObLIN coejuHeHbl aBuasmuueil. TypareHcTBo
YCTAHOBUJIO, 9TO TAKOW MapIIPyT COCTABUTDH HeJib3d. Kakoe nHamboJibiiee KOJMIECTBO aBHUAJIU-

HUT MOXKeT OBITh B 9TOM cTpane?
OTtBert: 2n — 4.

Pentenmne. [Ipuseiem Buadasie npumMep crpanbl ¢ 2n—4 apuajnnugamu. Bo3bMeM Ba ropo/jia
A u B 1 coeluHIM KaKJIblil U3 HUX JIMHUSIMU C OCTaIbHBIMU 1 — 2 ropojgamu. IlycTh HekoTopbie
ropojgia C' u D Ha KpyroBOM MapIIpyTe He SIBJISIIOTCS COCeTHUMU U coequHenb! jmaueit. Torma
omuu u3 Hux (ckaxkeM, C') ommmden ot A u B. [opox C' cBsi3an JTMHUSMEI C JBYMsI COCETHUMU
ropojamu Ha MapmpyTe u ¢ D. Ho 970 HEBO3MOXKHO, 1TOCKOIBKY B C' BeIyT JIUIIb JABE JIMHUM.
SHAYUT, TPUBEIEHHBII TPUMED YIOBJIETBOPSIET YCIOBUIO 3a/a4H.

[Tokaxkem Tenepb, 4To 2n — 3 JmHUU OBITH He MOXKeT. JlokarkeM HHIyKIHE 110 7, 9TO B
9TOM CJIydae CyIIeCTBYeT MapIIpyT, 3aKa3aHHBIN ITyTemnecTBeHHUKOM. [Ipu n = 4 yTBep:KieHme
odeBuHO. [IpenrmookuM, 9T0 OHO CIIpaBEeIUBO JId HEKOoToporo n. IlycTs B crpane mmeercst
n—+ 1 roponoB u 2n — 1 aBuanununii. Ecjin ectb ropoji, B KOTOPBI BeJeT He OoJiee IBYyX aBUAJIU-
HUI, TO y/JaJuM 3TOT TOpOJ, 1 waynme B Hero juann. OcraHercss n TOpoIoB U He MeHee 2n — 3
JIMHUM, TaK 9TO MO WHIYKITMOHHOMY IIPE/IITOJI0OKEHNI0 TpedyeMblit MapmmpyT Haiigercsa. [Tosro-
MYy MOKHO CUHTATh, YTO B KaKJIbIil TOPOJI, BEJIET He MeHee Tpex JnHuii. BosbmeM aBuaMapiipyT
A1Ay ... A, IpOXOAAIIMil Uepe3 MaKCHMAJIbLHOE UHCI0 PA3JIMIHBIX TopogoB. Torma joboit ro-
pon B, coenMHeHHbIA JuHuei ¢ Ay, JIeXKUT Ha 9TOM MapIIpyTe, HHadYe Mbl MOXKeM J106aBUTL B
K MappytTy. I[TockoabKky A; cBs3aH He MeHee 4eM C TpeMsl MopojaMu, HaliyTcsd Takue i U j
(3 <1< j), aro nmerorcss muann A A; u A1 A;. Torma mapmpyr A1 Ay ... A; ... A;j Ay ynosie-

TBOPAET Tp€6OBaHI/IHM IIyTemeCTBEHHNKa, TaK KaK ME2KAYy I'opoJlaMu Al n Az €CTb COO6HleHﬂe.



8.6. U3 jepeBa BBITOYEHO M OJMHAKOBBIX MpaBHJILHBIX mupamu (m > 3). Ux ymamock pas-
MECTUTH TaK, U9TO BCE MUPAMUILI UMEIOT 00Iee OOKOBoe pebpo u obiryio Bepriuny. Haiiure
MaKCHUMaJIbHOe 3HaUYeHHUe IIJIOCKOT'O yIvia IIPU BepIIuHEe MUPaMU/I.

OTBeT: ™ — arccos % .

A C B

Pemenue. [lycrs S — Bepmuna nupamug, SB — ux obiee 60koBoe pedpo, a — CTOpPOHA
OCHOBaHWS, (v — IJIOCKAW YTOJI IPWU BEPIINHE, ( — YIOJI MeXKJy OOKOBBIMHU rpaHamu. lIpes-
ITOJIOXKUM, ITO BCe TMUPAMUIBI N-yrojbHble. Bo3dbMeM oyiHy 3 HuX u obo3HaunM 4depe3 A u C

BEPIIMHBI OCHOBaHUs, cMexkHble ¢ B. Tak Kak cymMMa yIjioB m-yroJibHUKa paBHa m(n — 2), Mbl
_ _ 7m(n=2)
nonyuaem ZABC =28, rye 3 = —5—. Torya

AC =2AB -sinf = 2a-sin(g — %) = 2acos ™.

Onycrum u3 touek A m C neprienaukyasapel Ha pebpo BS. Ouu mpumayT B ojHY TOUKy K,

npuieM AK = CK, tak kak Tpeyroabauku ASB u BSC pasubl. [lo Teopeme Kocumycos

2AK?2 — AC? B 2a? sin® (E — g) — 4a? cos? T

_ _ 2~ 2
s = 2AK? 202 sin*(Z — 2)
B 1 — cos(m — @) — 2(1 + cos 2X) _cosa—1—2cos?m
1 — cos(m — ) B cosa+ 1

[Tepecedem BCIO KOHCTPYKIINIO TLIIOCKOCTBHIO, TIEPIIEHINKYIApHOI pebpy SB. B cevennn xaxxmoit
UPAMUJIbI OKaykeTcs yrogl ¢. IlocKoJIbKYy 9Tu yIiibl He HaJjeraioT JAPYyr Ha Jpyra, cyMMa WX

BEJIMYWH HE MPEBOCXOJIAT 277, OTKY/1a

00504—1—2(:05277r 1+COS%—|—2005%7r
L cosp = < cosa = T
cosa + 1 1 —cos 2t

2
m

cpé%(:)cos

SuaguT, yroa « ocrpsrii ipu n > 3. [lycts n = 3. Torja

< COS%T cos%7r 1 < ( 1) 1
cos o = > = —— — « < arccos(—z) = m — arccos 3 .
l—cos%7r 1—COSQ?7T 3 3 3

Pasencrso B Imocjie AHEM HEPABEHCTBE PEaJIM3yeTCd, KOI'Jla MMEEeTCdAd POBHO TPHU TPEYyIroJibHbIC

IUpaMUIbl, IPpUICM ME2KYy HUMU HET «3a30POB», TO €CTb ¢ = 2%

Bapuanr 9

9.1. Kakoe namboJibiliee KOJUYIECTBO HATYypaJbHbIX duces or 1 o 2020 MOXKHO ITOKPACUTH
B UEPHBII IBET TakK, YTOObI HeJIb3sl ObLIO BhIOpATh Pa3/IMdHbIe YepHble ducia a, b m c¢, s

KOTOPBIX a Jeaurcs Ha b u b genurcs Ha ¢?



OTBeT: 1515.

Pemmrenne. /I ymoboro nederHoro n, ne mpepocxosiero 2020, paccMOTpUM IeoMeTpuYe-
CKYIO IIPOIPECCHUIO
Gn)={n-2: k=0,1,2,...}.
OueBnao, G(m) u G(n) He UMEOT OOIMUX WIEHOB TP M # n, a Jaoboe duciao ot 1 mo 2020
BXOJIUT B HEKOTOPYIO mporpeccuio. [To ycioBuio B Kaxk1o0it nporpeccun G(n) Moxer ObITH HE
OoJiee IByX YepHBIX unces, a npu n > 1010 — ne 6osiee ojnoro dyepnoro ducyia. [losromy obree

KOJIMYECTBO YEPHBIX YUCEJI HE IIPEBOCXOIUT
205 - 2 4 505 = 1515.

[Tokazkem, uTOo MOJTydeHHast oneHKa peasusyercs. [lokpacum Bce umcna or 506 ;10 2020 u
[IPOBEPHUM, YTO TaKas [MOKPAaCKa YJIOBJIETBOpseT ycjaoBuio 3aiaquu. Ilycrs a, b, ¢ — pazjmambie

qucaa or 1 g0 2020, npudem a genutcd Ha b u b nenurcs Ha c. Ecim qucio ¢ gepHoe, TO
a>2b>4c>4-506 = 2024,

9TO HEBO3MOZKHO.

9.2. TlosioxkuTesbHBIE YHUCTA X, Y, 2 TAKOBBI, 4TO XY + Yz + 2z = 3. Hailgure MmakcumasbHOE

3HQYEHUE BbIPpazKCHUA

T PP’

{E3+y3+23

OTtser: 6.

Pemntenne. 3amernm, 910

Vi +yz+ Vi + e+ V2 +ay <

<\ Bty tay oy ) < VBT 2

Kpowme Toro,
(22 + y? + 22

V3

_ 18 (2% 4 y* + 22) _ 18 18
Styt2) (@ tyr+22) r+y+z o 3y +yz+ o)

)3/2

P4y 2>

[TosTomy

= 6.

PaBerncrBo peasmsyerca npu x =y = 2 = 1.

9.3. [an napasuiesorpamm ABC'D ¢ octpeiM yryiom B. Bre napasuiesiorpavmva BeiOpaHa Ta-
kast Touka K, aro gerbipexyroibHuk ABCK — onucanusiii. [lycts L — Touka mnepecevdeHusi
orpe3skoB BK u C'D, O — nentp onucannoii okpyzknoctu Tpeyroybinka DK L. Haiiaure yrou
BCO.



OTBeT: 90°.

Pertenune. [lycts OKpyKHOCTD, ONUCAHHAsT OKOJIO YeThipexyroyibinka ABC K, BTOpUIHO

nepecekaer orpe3ok AD B Touke M, a touka F — cepequaa DM . B cuny snucannoctu ABK M
/MKL =180°—- ZBAM = ZMDL,

TO ecTb deTbipexyrogbHuk DK LM — Toxe BrucaHHbIH. 3HAIUT, ToUKa () — IEHTP OIMUCAHHOM
OKpyzKHOCTHU ueTbipexyrosibuuka DK LM, nostomy O JieKuT Ha CEPEIUHHOM TEPIIEH IUKYJIAPEe

K orpe3ky DM. 3amerum, 4To
ZCMD =180° — LZAMC = LZABC = ZCDM.

CunestoBaresnbuo, Tpeyroiabuuk C'DM pasuobempennsiit, u orpe3ok C'E — ero BoicoTa. Taxkum

obpaszom, Touka O yexxut Ha npsmoit C'E, oTkyma

/BCO = /BCE = ZCED = 90°.

9.4. B mectnajnarepuanoii cucreme x = 31 ... 31, rie 6Jiok 31 noBropserca n pas. [Ipu kakmx

N 9UCI0 & OYIAET TOYHBIM KBaJIPaTOM?
OTBeT: n = 1.

Pemenne. Tak kak 315 = 49 = 72, cay4ait n = 1 nam noaxout. Ilyers n > 1. Zceno, uro
x 49H4£9:ZZ,F,H6

162 — 1

2 2 n—1
= 14256 + 2562 4 ... + 256" = ————
2% =1+ 256+ 256"+ ...+ SRR

OTKY/1a
3:5-17-22=(2"=1)(2"+ 1) (4" +1) (16" + 1).
MmuoxkuTesm B IpaBoil 4acTu MOMAPHO B3aUMHO MTPOCTHI, TIOCKOJIBKY Hapbl uncesn 2" £ 1, 4" + 1

u 16" £ 1 nevyeTHs! u pazandyaiorcd Ha 2. Tak Kak 3TUX MHOXKUTEJEH YeTbIpe, XOTsd Obl OJIUH 13

HUX He JIeJIuTcd Ha 3, 5, 17 1 moToMy siBJIgeTcd TOYHBIM KBaJpaToM. PaccMoTpuM j1Ba Cirydasd.

1) Qucao 2™ — 1 — mounwiti xkeadpam, mo ecmv 2" — 1 = p?. Torya

' —2=(p"-1)=(-Dp+1)

Bsuy HedeTnocTu p rpaBasi 9acTh JIEJIUTCA Ha 8, TOIJA Kak JieBasd He jeauTcd na 4 npu n > 1.



2) Odro us wucen 2™ + 1, 4" + 1, 16" + 1 — mounwniti xeadpam. Bee 9TH qmcsia MMeOT BHT
2™ + 1, rae m € {n,2n,4n}. Iycts 2™ + 1 = p*. Toraa

2" =(p—-Dp+1).

Yucna p + 1 — crenenn Boitku, pasymdaiomuecd Ha 2, oTKygda p — 1 = 2. [losromy

[MockobKy [ancsa Bumaa 2™ + 1 #He mgemstes Ha 7, aucyo 3-5 - 17 - 22 nenures Ha 7, HO He Ha 49
b ) b

9TO HEBO3MOZKHO.

9.5. B crpane umeercss n ropoos (n = 6), HEKOTOpPbIE M3 KOTOPBIX CBSI3aHBI MPSIMBIMU JIBY-
CTOPOHHMMHU aBuajuausaMu. HazoBeMm xpyusom Kpyropoil mepeser uepe3 HeCKOJbKO IOPOJIOB,
pU KOTOPOM HU OJTHA aBUAJMHUs HE MCIOJIB3YyeTCst Oojiee OHOTO pasa. V3BecTHO, 9To y9acT-
HUKHN JTIOOBIX JIBYX KPYM30B MOOBIBAIOT XOTs OBl B OHOM obmeM ropoje. Kakoe nambosbimee

KOJIMYECTBO aBUAJUHUNE MOXKET ObITh B 9TOil cTpane?
OTBeT: 3n — 6.

Pemenue. [loctpoum Buauasie npumep ¢ 3n — 6 junusamu. Boidepem Kakyro-TO TPONKY
ropojioB A # COeIMHMM 3TH TOpOjia ABHAJUHUSME JIPYT C JPYTOM U CO BCEMHU OCTAIbHBIMI

ropojiamu. Mbl niosiydaum B 00IIEll CI0XKHOCTH
3(n—3)+3=3n—6

JuHni. 3aMeTnm, 9To JII000i KPyu3 MPOXOIUT TI0 Kpaiineil Mepe 1depes jBa roposga u3 A. Jleit-
CTBHUTEJIHHO, €CJIM HA MapIIpyTe Kpyusa ectb ropod B ¢ A, To npeapuiymuii u mocse yommuii
ropojia Kpymsa BXOAdaT B A, MOCKOJBKY € JpyruMu ropojamu y B Her coobmienus. [lycts y
HAC ecThb JBa Kpyusa. 1o jokazaHHOMY KarKJIblil MX HUX [IPOXOUT depe3 jBa ropoja u3 A. Ho
B A Bcero 3 ropojia, ModTOMy OJIMH U3 TOPOJIOB Y KPYH30B OOMINil. 3HAYUT, TaKas CeTh JIMHUM
YJIOBJIETBOPSIET YCJIOBHUIO 33JIa4N.

Hokazkem Tenepb, uTo Oosiee 3n — 6 jmHMI ObITH He MoOxKeT. JlomycTumM, 9T0 HAILIACH CETh
u3 3n — 5 ymunii. Pacemorpum kpyus P = A; — Ay — ... — A, — Aj, npoxousniuii ge-
pe3 MUHUMAJIBHO BO3MOXKHOE YHCJIO TOpojoB. o yeaoBuio o00it Kpyus J0JIZKEH TPOXOIUTH
X0Tst OBl Yepe3 ojuH u3 ropojioB A;. Oboznaunm uepes By, Bsy, ..., B, j ocTajbHbIe TOPOJIA.
[TockobKy OpraHm30BaTh KPyn3 TOJBKO depe3 ropoja B; Helb3st, MeXy HUMHI MPOXOJIUT He
bostee n — k — 1 aBrajmHMit. 3aMETHM, 9TO TOJIBKO COCEIHIE TOPOJa B P MMEIOT IPAMOe CO0b-
rieHre (MHaYe MOXKHO MapIIPYT Yepe3 HECKOJIBKO TOPOJIOB 3aMEHUTD IIPSIMOii JIMHUEH, COKPATHUB
munHy Kpynsa). Joxazxkem, aro k = 3. Ecimm k > 4, ro soboit u3 roponos B; casan He Gosee
4eM ¢ 1ByMs ropojgamu A;. JleficrBuTesIbHO, B IPOTUBHOM CJlydae HEKOTODLI ropos B, cBAzan
c aBymst A, u A,, KpaTdaiiimii yTh MeK1y KOTOPBIME BJ0JIb P (BO3MOXKHO, B IIPOTHBOIOJIOX-
HOM HAIIDABJIEHWUN) He JJIHHHee [%} Torna Mokno opranmsosats Kpyns A, — B; — A, — A,

JJIUHOM [%] + 2. Ilockosbky

b (5] -2z k- k2=,



[OJTy YUBINH#CSA Kpyu3 OyjeT Kopode P, 9To HEBO3ZMOXKHO.

Mozkno cuyurarh, 4TO B J11000i ropon B; BeneT He MeHee 4 aBuajmnuil. Eciam sTo me Tax,
yJaJInuM Bce Topofia B, B KoTopble HJleT MeHee 4 aBHaJInHni, a Takzke camu otu jmann. Kaxkioe
TaKoe yJIaJIeHIe YMEHbIIIaeT YUC/I0 TOPOJIOB Ha 1, a KOJIM4ecTBO JIMHUI — He OoJiee yeM Ha 3. B
UTOre MBI [IOJIYIUM M TOPOJIOB U He MeHee 3m — 5 JIMHUN npu m < n, KOTOPbIE yJIOBJIETBOPSI-
10T JIONOJIHATEJIbHOMY TpeboBanuio. [Ipn Takom yciosun soboit ropon B, cBA3an ¢ KaKHM-TO
ropoJioM B, IOCKOJIbKY TOPOJOB A; TOJIBKO TPH.

Hazosem ropoj B; kpatinum, ecjim OH CBSI3aH JIMHUEH JIUIIb ¢ OJIHAM U3 OCTAJILHBIX TOPOJIOB
Bj. SamernM, uro moboil Kpaiinmit ropos, ceasan ¢ Ay, Ay, As. Beibepem mapmpyt B, — B,
MaKCHMAaJILHON JTMHBI, IPOXOJAIINI Yepe3 pasuble ropofa B;. 'opona B, n B, Kpaiinue, nnade
OJIMH U3 HUX CBS3aH €Ile ¢ KAKUM-TO TOPOJIOM MapIIpyTa U CYIIECTBYeT KPYyU3 10 ropojam B;.

BosmozkHbI 1Ba caydas.

1) Mapwpym B, — B, npoxodum wepe3 ece 20poda B;. Bozbmem npousBosbublii ropos By,
ommmanstii or B, n B,. Oun cBazan jmuneii ¢ kakum-to n3 A; (ckaxem, ¢ A;). Torma kpyn3ssr
Ay — B, = B, - Ay u Ay — A3 — B, — Ay He uMeIoT 00IIUX T'OPOJIOB, YTO HEBO3MOZKHO.

2) Cywecmeyem 20pod B;, ne aesrcawuti na nymu B, — B,. Beibepem mapuipyr B, — B
MaKCHMAJILHON JIJTMHBI, IPOXOAAIIHIT Yepe3 pasHele ropojga B, He sexkamue na nytn B, — B,,.
13 B, uxer ue Gostee oAHOfl JIMHUN B ropoja Mmapiipyrta B, — B, (uHade mosydurcs Kpyus
gepe3 ropojia B;) u He GoJsiee ojHOW JiuHWM B jpyrue ropoja B; (umaue myrs B, — B, He
makcumasiet). [losromy ropon B, cBsizan XoTst Obl ¢ JByMst U3 TopojioB A; (Hampumep, ¢ As u
Aj). Torna xpyuset Ay — B, - B, — Ay u Ay - A3 — B, — Ay He uMeIoT 06Iux ropojos,

9TO HEBO3MOZKHO.

9.6. /lambl 1B IpaBUIbHBIE TPEYTO/IbHBIE IIMPAMU/IBI ¢ BEPITUHON S U MJIOCKUM YTJIOM TIPH Bep-
IIAHE (v = T — arccos % . Onun nmeror 061yI0 GOKOBYIO I'paHb ¥ HE UMEIOT JPYTUX OOIIUX TOYEK.
Konyc ¢ BeprmmHoOii S KacaeTcs BHemHNM obpa3oM obemx mmpamu. Hailianre mMakcmMmaibHO
BO3MOXKHBII yToJI IPU BEPIIMHE KOHYCA, [IPU KOTOPOM 9TO BO3MOYKHO. (YIJIOM IIpU BEpIIHHE

KOHYCa Ha3bIBa€TCA YI'OJI MEXKJYy €ro O6pa3yIOH_H/IMI/I B OCE€BOM Ce‘{eHI/H/I).

OTBerT: 2arctg %.
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Permienne. [lycte BSC — obmas 6okoBas rpanb nupamul, A;SB n AsSB — ux 60KOBbIe
rpanu, Kacalolyecs Konyca, { — ocb CUMMeTPHUH KOHyca, 21 — yroJi pu ero sepiune. Tak Kak
OOKOBBIE T'PAHN MTHPAMUJ] OJUHAKOBBI, ITEPIIEHINKY/ISIPBI, OIyIeHHble n3 Touek Ay, As u C' Ha

BS, upuayr B ogny Touky M. Orciona, B yacTHOCTH, BbITeKaeT, uro Ay M = C'M. Kpowme Toro,



mwtockoctb Ay M Ay neprienukyisipaa rpaasm A1 SB u A SB. Konyc kacaercs 5Tux rpaHeit,
09TOMY MOYKHO BbIOparh Touku K wa A1 M u N na AsM tak, aro SK u SN — obpasyioriue
KOHYCA.

[Iycts O — Touka mepecedenus: ¢ ¢ mmockoctbio A1 M Ay, okaxem, aro OK 1 A MS.
Brmmem B konyc map, cogepzxaiuii Touky K. O kKacaercst miockoctu A; M S| Tak Kak JIEKUT
10 OJTHY cTOpPOHY OT Hee. Torma pajunyc mapa, MPOXOISIHil Yepe3 TOUKyY K, TepIeHInKy IsipeH
A1 M S. 3uaqant, on nexxut B miockoctu Ay M Ay, a nentp mapa npuaaexut £. [Tostomy O —
nerTp mapa, otkyiaa OK 1 A;MS. Anamornano nposepsiercst, aro ON 1 Ay M S. OueBujiHo,

910 TpsiMoyTosbHble Tpeyroabauku M KO u M NO papHBI.

[Iycts a = A1 B, ¢ — yroj Mex/1y O0KOBBLIMHU IDAHSIMU ITUPAMEJL. 3aMETUM, 9TO

AlM:AlB-sinéAlBM:asin(g —%) =acosg u CM=acoss.

Bocrosszyemest Teopemoit kocumycos i Tpeyrosbiunka Ay MC'
24, M? — A,C?  2a®cos? 2 —a?
1 1 2
2A,M? 2a? cos?
1
cosa 3 1
cosa+ 1 1-—

cosp = cos LA MC =

Tak kak Touka C nexur B 1wiockoctu K MN n
lAlMC = AAQMC =,

MBI [I0JIy9aeM
ZKMOI%ZKMNZ%(QW—QQO):W—()OI

w3y

tg LZKMO = /3.
[Tomoxum g = ZMSK. Torna

KO KM-tg/KMO -
tg?/f—SK— e — /3 sin .

3HaYUT, YroJ 1) Bo3pacraeT ¢ pocToM [, a MakcuMaJsbHoe 3HadeHue 5 ecrb . B ciydae = «

tg = V3 V1 — cos? :27‘/6.

Bapunanr 10

10.1. Kakoe naunboJiblliee KOJIMYECTBO HEYETHBIX HATypPaJbHBIX uncesa oT 1 o 3600 moxkHo
[IOKPACUTh B YEPHBIN IBET, 4TOOBI HEJIb3s ObLIO BBIOPATH TAKYIO TPONKY PA3JIMYHBIX UE€PHBIX

qnces1 a, b u ¢, ato a genurcd Ha b u b geures Ha ¢
OTtBert: 1600.

Pemenue. /[is 1106010 HEUEeTHOTO N, HE KPATHOTO 3 U He mpeBocxo/gdiiero 3600, paccMoT-

PUM TEOMETPUYIECKYIO TTPOTPECCUTO

Gn)={n-3*: k=0,1,2,...}.



OueBnao, G(m) u G(n) He UMerOT OBIMIUX YJIEHOB P M # N, a JI0boe HeYeTHOe Yncao oT 1
710 3600 BXO/UT B HEKOTOPYIO IIPOTPECCHI0. 3aMeTuM, 49To Beero cyinectByer 1200 mporpeccuii
Buyia G(n), n 800 u3 Hux coorsBercryer uncjaam n > 1200. [To ycnosuio B G(n) moxer ObITH
e OoJjiee JIBYX YepHBIX 4uces, a mpu n > 1200 — He Gojiee ojHoro yepuoro umcia. [losromy

O6HL6€ KOJIMYECTBO YEPHbLIX 9UCEJI HE ITPEBOCXOIUT
(1200 — 800) - 2 + 800 = 1600.

[Tokazkem, 4TO MOJTyueHHad OlleHKa peasm3yeTcd. [lokpacuM Bce HedeTHBIE YUCTIA, JeXKaIue
mezxry 400 u 3600, m mpoBepuM, 4TO Takasl MOKPACKa y/I0BJIETBOpsET yCJIOBHUIO 3a1a9u. 1lycTh
a,b,c — pasznmuunble HedeTHbIE Yncia or 1 ;10 3600, npudem a genurcs Ha b u b genuTcsa Ha c.
Ecsmm qucio ¢ wepnoe, To

a>3b>9c>9-401 = 3609,

9TO HEBO3MOZKHO.

10.2. ITonoxxurenbHuble YuCIa T, Y, 2 TAKOBBL, 4TO TY + yz + zx = 27. Haiiure MuHnMasIbHOe
3HaYeHUE BbIpazKCHMNA
ZL‘3 + y3 + 23
(Ve 1+ /2 + 1+ V2 +1)°

.9
OTBeT: G-

Pemntenune. 3amernm, 9To

1 1
3:§(azy+yaz+zx)<§(:1:2+y2—|—z2),

OTKY/Ia

Va2 + 1+ + 1+ V22 +1< \/3(x2+y2+z2+3) < \/% (22 4+ 92+ 22).
Kpowme Toro,

22+ 2 + 22 3/2
x3+y3+z3>( ! )"

V3

2 2 2 2 2 2
: : 9 [x2 +y? + 2 (ZE +y +z)(x+y+z)
— . > .
=(z°+y +2°) 3 > 3

(+y+2)(®+y*+2%) z4+y+z N V3(y+yz+zz) 9

10 (22 + y + 22) 0~ 10 10°

PagencrBo peanuzyercs nipu z =y = z = 3.

[TosTomy

Az

10.3. Buyrpu tpeyrosbaunka ABC Ha cepeMHHOM IEpIEHIUKY/IsIpe K crtopone AB BeOpaHa
touka K. Ha croponax AC' u BC' BO BHEIIHIOIO CTOPOHY TOCTPOEHBI Tpeyroyibauku ALC n

BMC', nomobubie Tpeyronbanky AK B. B kakom orHomennn npsamast LM genut orpesok C' K7

Orser: 1: 1.



ITepBoe pemtenne. 13 nonobust rpeyroisaukoB BMC uw AK B ciemyer, 910
BC AB
BM ~ BK'
Kpowme Toro,

/ABC = /ABK + /KBC = /ZCMB+ ZKBC = ZKBM.

[Tosromy Tpeyronbuuk K BM nonoben ABC. AnajmorndabiM 06pa3oM MpoBepsieTcsi, 9TO Tpe-
yroipauk AKL nonoben ABC. 3uaunr, AKBM u AAKL nonobust japyr japyry. Orcoja

BBITEKaeT, 9TO

KM_BM:)KM_CM
AL KL CL KL’

a TaK>Ke

LKMC =2/4BMC — /BMK = ZALC — ZALK = ZKLC.

Torma tpeyrospauku K MC u C'LK monobusr u mmeror obmryio croporny C'K, To ecTb oHU
paBubl. MbI nostyamiu, B gactnoctu, paseictsa KM = CL u KL = MC'. CienoBaresbio, de-
teipexyroibauk K MC'L aBnsercs mapaJuieiorpaMMoM, 1 ero auaronaas K C' pennrest npyroi

nuaronaJjinpio LM momomam.

Bropoe pemnienune. [lo ycrosuro
/KAB = /LAC = ZMCB.

O6o3HaunM 001TIee 3HAYEHME ITUX YIJI0B depe3 a. [loBepuem tpeyrosbauk LAK oTHOCHTETHHO
Touku A Ha yros « Tak, 4roobl K u L nepenuin B Touku K’ u L', nexxamume na npambix AB u
AC coorsercrBenno. 13 mogobust tpeyrobaukos ALC' 1 AK B BbITEKaET, 4TO

AK'" AK AB AK'" AL

AL AL _AC  AB _ AC’




orky/a 1o Teopeme Paneca K'L' || BC.

[Tpu mosopore ma yros « ornocuresnbao Touku C' npsmas BC nepexomut B MC. Torna
[pPU II0OBOPOTE HA YIOJI (v OTHOCHTEJILHO TOYKH A OHA HepeieT B NPAMYIO, HapaJlie/bHyTo
MC'. C apyroit croponsr, obpa3 BC' Oymer mapaJutesien mpsiMoii K L, B KOTOPYIO TIPH TaKOM
e noBopore nepeitner K'L'. Suaunt, KL || MC. Ananorniano nokassiBaercs, aro KM || LC.
Taxkum 06paszom, derbipexyronbuuk K LC'M sBisieTcs napasuieslorpaMMOM, U €ro JTHaroHaJlb

KC npenurcsa npyroit quaroraabio LM momosa.

10.4. B BocbMmepuunoii cucreme z = 1021 ... 1021, rue 670k 1021 noropsiercss n pa3. [Ipu

KaKUX 1 9UCJ0 T OYJIET TOYHBIM KBaJIPATOM?
OTBeT: n = 1.

Pemenne. Tak xak 1021g = 529 = 232, cayuait n = 1 mam nogxomut. Ilyers n > 1. Slcno,

Iz

529 TOYHBINI KBa/ipaT. SaMeTI/IM, 9TO

9TO 9UCJIO Y =

5.7-13-y=455-y=4095- (1 +8* + 8%+ ... + 8"V =
=8" —1=(8"-1)(8"+1)(8" +1).

MHOKITEIN B IPaBOii 9acT! MOMAPHO B3aMMHO IIPOCTEI, TOCKOJILKY maphl uncest 8"+ 1 u 82741
HeYeTHLI U pasjuyaiorces Ha 2. Tax xak 8" — 1 1 7 upu jmo6om n, unciaa 8" + 1 u 8" + 1 ne

JACJIATCA Ha 7. BO3MOXKHBI ABa CJly4dad.

1) n wemno. Torga uncio 82" + 1 He jeures Ha 5 U 13 M MOTOMY SABJISIETCS TOYHBIM

KBa/JIpaTOM.

2) n newemmno. Torga auciio 82" 4+ 1 nesmurea Ha 65. 3HaunT, umcso 8" 4 1 B3aMMHO IIPOCTO
¢ 455 1 OoTOMY ABJISIETCS TOYHBIM KBa/IPaTOM.
B oboux ciydasix Mbl HOJIydaeM, 9TO KBaJIPATOM JIOJXKHO ObITh uncio Bujga 8" + 1, rie

m =n uwm m = 2n. Iycrs 8™ + 1 = p?. Torna

8" =(p—-Dp+1).

Yucna p + 1 — crenenn aBoiiku, pasandaroniecsd Ha 2, orkyjga p — 1 =2 u p+ 1 = 4. Ho 370

HEBO3MOXKHO, TaK Kak m > 1.

10.5. B crpane umeercs n roposos (n > 6), HEKOTOPbIE U3 KOTOPBIX CBSI3aHBI MPSIMBIMU JIBY-
CTOPOHHUMHU aBHaJuHuAMHU. HazoBeM xpyuszom KpyroBoil IepeJieT 4epe3 HECKOJIbKO I'OPOJIOB,
IIpM KOTOPOM HU OJIHA aBUAJIMHUS HE HUCIHOJIB3yeTcs H6osee oHOro pasa. V3BecTHO, 9TO M1 JIFO-
OBIX JBYX KPYyU30B 00s13aTeIbHO HAllJIeTCsA 1apa ropojioB, MeXK/ Iy KOTOPBIMEU YIACTHUKH 000X
KPYH30B IIPOeIyT (BO3MOXKHO, B pa3HbIX HalpaBjeHnsx). Kakoe HanboIbIee KOJTMIeCTBO aBra-

JINHUI MOKeT OBITH B 3TOi cTpaHe?
OrtBert: n + 3.

Pemntenne. [Toctpoum npumep ¢ n+ 3 smausmu. [Iycrs BHauaae n = 6. Pazobbem ropoja Ha
npe rpynnsl: Ay, A, Asu By, By, Bs. Coeauanm junueit mo60it ropog, A; ¢ KazKJIsIM TopogoM B .

TOI‘,H& KPYHU30B 9€pe3 3 ropo/ia OBLITD HE MOZKET, IIOCKOJIbKY HEKOTODLIE /IBa U3 HUX ITPpUHAJLJIE2KAT



OJTHOfI TPYIITIe U HE COeIMHEHBI aBUauHUel. SHAUNT, KayKIbIil KPYHU3 MPOXOIUT MUHUMYM Uepe3
4 ropojga. Paccmorpum mBa Kpymsa. Tak Kak ropojioB MeHbiie 8, 0b6a MpoiayT depe3 KaKoi-To
obmwii ropoj. Kaskplit 3 Kpyn30B UCIOJIB3YET JBE JIMHUU, CBS3aHHBIE C 9TUM IOPOJIOM (J1Ist
npusieta u oriera). Ho B ropoJ| BeyT TOJIBKO 3 JIMHUH, TIO9TOMY 0 KAKOH-TO U3 HUX IIPOEJYT
YYaCTHUKH 00OMX KPYH3O0B.

Ecmm n > 6, To Bce ocrasbHbBIE TOpPOJa COeIUMHUM aBuajuHueit ¢ Aj. YcjioBue Ha Kpyu-
3bI OCTAETCsI BBITTOJITHEHHBIM, ITOCKOJIBKY depe3 J00aB/IeHHBIE TOPO/ia OHU ITPOXOIUTH HE MOTYT.

Ob1mee umcsio aBuanHuil OyJIeT paBHO
94+ (n—6)=n+3.

HortrycTum Tenepb, 4TO MeXKJLy ropojiaMu JefcTBYIOT n + 4 apuasmuanu. [lokarkem BHadase,
YTO HE CYIIECTBYET KPYHU30B, IIPOXOJAIINX depe3 3 mim 4 ropojia. /leficTBuTe/IbHO, IIyCTh TaKoit
Kpyu3 HaIe/Icd. YIaJuM BCe JIMHUU, 110 KOTOPBIM OT Ipoxo iuT. [locsie 9Toro HuKakux Kpym3os
OPraHu30BaThH yzKe Oy/IeT HesIb3sl, TAK KaK 10 YCJIOBUIO JIIOOOH JIPyTroit Kpyu3 3a/IefiCTBYeT OIHY
u3 yiaajgeHnbix gunuit. Ho mocye yaasiennit octaioch He MeHee N JIUMHUN, COeIMHAIONINX 1, TOPO-
JIOB. 3HAYUT, XOTsI OBI €Ille OJINH KPYW3 OPraHU30BATH MOXKHO, U MBI IIOJIy9YaeM ITPOTUBOPEYHE.

Mbr MoO)keM cUMTATh, UTO B JI000# TOpOJI Bejer He MeHee Tpex Jjunauil. [lycts 310 He Tak.
BrrmosiauM 0J1HO U3 CJIEIYIONMNUX JIeHCTBUA.

1) Eciin B HEKOTODBIIT TOPOJI BEJIET JIUIIE OJ[HA ABUAJMHUS — YJIAJIUM U TOPOJI, U JINHUIO.

2) Ecim w3 ropoma A wiyT poBHO jBe aBuajuHuu (ckaxkem, B ropoja B u C) — ymamum A
u juaun AB u AC, a ropona B u C' coeuHuM HampsiMyo. 9TO BO3MOMKHO, TaK KaK KPYH30B
Yepe3 TpU ropojia He CYIIeCTBYeT u, 3HaduT, Mexkjy B u C' He 66110 cOODIIIEHUS .

Kazxioe uz jieiictBuit ymenbiaer Ha 1 9ucjio ropooB u KojndecTBo Junuii. [Tokaxkem, 1To
TaKWe yJaJleHns He HAPYIIAKT yCJIoBUs 3aja4u. B ciydae 1) 970 09€BHIHO, OCKOJIBKY Yepes3
yJIaJIeHHBIIl TOPOJI HE MOIJIO IIPOXOJUTH Kpyu30B. IlycTh mociie jgeiicTBus 2) MbI Oy IAIN JBa
Kpyu3sa 6e3 obmux uHuit. Torma o n3 HIX J0/KEH co/iepKaTh 1obaBmeHHyo uano B — C.
Ho ee Mmoo 3amernTs Mapipyrom B — A — C', u MbI IOJTy4nM J1Ba Kpynu3a 6e3 00X JIMHU
B MCXOJIHOI CeTu ropoJIoB, YTO HEBO3MOXKHO. TakuMm oOpa3oMm, 3ajada CBeJaCh K MCXO/IHOMN, HO
¢ n— 1 ropojamu. Byjiem MoBTOPATH 3TU JAEHCTBUA JI0 TEX TOP, MTOKa He J00beMcsa TpedyeMoro.

Eciin B Kaxk b1 TOPO/I BeJleT He MeHee TPeX JIMHUI, TO 00Iee Y1C/I0 JTUHUN He MEHBIIE, 1eM
3n

55 OTKy/1a

n+4>% —=ng<8
[Iyctb A — mekoropbliit ropoa. OH cBsi3aH 10 KpailHell Mepe ¢ Tpemsi Tropojamu (CKa-
xeM, By, By, B3). Mexy ropogamu B; HeT coOOIIeHUsI, MHAYE CYIIECTBOBAJ Obl KPyH3 BUJIA,
A — B, = B; — A. Kaxzplit n3 ropoJioB B; moMuMo A cBg3aH eIie KaK MUHIMYM C JBYMS Pas3-
HbIME ropojamu. OHU Pa3/JUdHbI IPU Pa3HBbIX ¢, B IPOTUBHOM CJIydae CYHIIeCTBYeT KPyu3 BUJIA
A — B, -+ C — Bj — A. Takum obpaszom, Mbl Hanm He MeHee 10 ropoJIoB, 4TO IPOTUBOPEIUT

yesosuio n < 8. [osromy n + 4 aBuajunuu B cTpaHe ObITH HEe MOXKET.



10.6. Jlanb! aBe MpaBUJIbHBIE YETHIPEXYTOJIBHBIE MTHPAMUILI CO CTOPOHOW OCHOBaHWUS 2 U 0O-
KoBBIM pebpoM v/10. Oun nMeroT o6ILyI0 GOKOBYIO I'DaHb U HE UMEIOT JAPYIHX OOIIHX TOUYEK.
Konyc umeer Ty ke Bepruay S, 9TO NUpPaMUJIbI, U KacaeTcsd ux BHemnum obpaszom. Haiiaure
MaKCUMAaJIbHO BO3MOXKHBII YTOJI [IPHU BEPIHHE KOHYCa, IPU KOTOPOM 3TO BO3MOXKHO. (YTJIOM

1IpKU BEpHIMHE KOHYCa Ha3bIBACTCA YI'OJI ME2KJ/TYy €10 O6pa3}/'IOH_H/IMI/I B OCE€BOM Ce‘{eHI/H/I).

OTBeT: 2arctg %

S

M
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B (0]

Permienne. Ilycte BSC — obmas 6okoBast rpanb nupamul, A;SB n AsSB — ux 60KOBbIe
IpaH’, Kacarolmecss KOHyca, { — 0Cb CUMMeTPHUHU KOHyca, 21) — yroJI Ipu ero Bepmmae. Tak Kax
OGOKOBbIE I'DAHU THPAMUJ] OJIMHAKOBBI, MEPIIEHIUKYJ/ISAPbI, OyIleHHble u3 ToueK Ay, Ay u C Ha
BS, npunyT B oy Touky M. Orcioa, B yacTHOCTH, BhITeKaer, ato Ay M = C'M. Kpowme Toro,
mwtockoctb Ay M Ay neprienukyisipaa rpaasm A1 SB u Ay SB. Konyc kacaercs 5Tux rpaHeit,
[09TOMY MOYKHO BbIOparh Touku K wa A1 M u N na AsM tak, auro SK u SN — obpasyioriue
KOHYycCa.

[Iycts O — Touka mepecedenus: { ¢ mmockoctbio A; M Ay, okaxem, aro OK 1 A MS.
Brmmem B konyc 1map, cogepzxaiuii Touky K. O kacaercst miockoctu A; M S| Tak Kak JIEKUT
10 OJTHYy cTOpPOHY OT Hee. Torma pajunyc mapa, MPOXOISIIHil Yepe3 TOUKyY K, TepIreHInKy/IsipeH
A1 M S. Buaunr, o jexut B maockoctu A M Ay, a ieatp tmapa npuaajexut £. [Tostomy O —
nenTp mapa, otkyia OK 1 A;MS. Anamornuano nposepsiercst, aro ON 1 Ay M S. OueBu/iHo,

910 TpsaMoyrosbHble Tpeyroabauku M KO u M NO papHBI.

[IycTh o — 1tockmit yroJt Ipu BepIImHe TUPAMU/L, © — YO MEXKJTY UX OOKOBBIMU I'DAHIMU.

Torma
. AB 1 3 3
sin & = = ——, OorKygza cos2=—— u sina=-.
2 24,5 V10 YA 2 V10 5
CripaBe/JIUBBI TaKKe PABEHCTBA
. R 6 6
AlM:AIB~s1nZAlBM:2s1n(§—§):2c085:\/—1_0 u CM:\/—l_O.

Bocrosszyemes Teopemoit kocumycos Jiis Tpeyrosbiunka Ay MC':

2AM? — A,C* B —
cosp = cos LZA{MC = ! 1 _ 5 - _

1
DA M % 3

Tak kak Touka C' jexut B mwiockoctu KMN u LA MC = LZA;MC = ¢, Mbl TIOTydaeM

cos ZKMO = cos(m — @) = —cosp =3 n tgZKMO =V9? — = 4/5.



[Honoxum g = ZMSK. Torma
KO KM -tg/ZKMO
SK SK

3HaYuUT, Yros 1) Bo3pacraeT ¢ pocroM [, a MakcuMaJsbHoe 3HadeHue 5 ecrb . B ciydae = «

tg = = 4/5 - sin 3.

tgw:4\/g-sina:4\/g~%:1—25.

S
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Bapunant 1

1.1. [To mroram KOHTPOJILHON cpejauil 6asI B KJIacce CPeU IMHUCABIIUX €€ OKA3aJICs PABHBIM
3,1. Ho nBoe ydueHMKOB 11poboJIe/in KOHTPOJILHYIO M HAITUCAJIN ee T1032Ke Ha 4 u 5. B pesynbrare

cpeaauii 6asur B Kiacce ypeanuniics Ha 0,1. CKoJIbKO OBLIO yIEHUKOB B Kjacce?!
OTBeT: 28.

Pemntenmne. [Tycts B Kitacce ObLIO N MIKOJIBHUKOB. Torma cymMa 6a/1/10B, HAOpPaHHBIX Ha KOH-
TPOJIbHOI BHaYaJte, 6blia paBaa 3,1(n—2). Korga KOHTPOIbHY0 HAUCAIH JIBOE TPOOOJIEBIITHX,

cpeHHUI DaJLI cTa I paBeH
3,1(n —2) +9
n
CaemoBarenbho, 3,1(n —2) + 9 = 3,2n, orkyga n = 28.

=3,2.

1.2. Tlpu kakux a oba KopHsl KBajpaTHoro Tpexuyiena ar? — 2(a + 8)x + 9a orpunarebHbl?
OtBet: —2 < a < 0.

Pemntenue. Eciu a > 0, To cymMa KOpHEi TOJIO?KUTE/IHHA, TIOITOMY XOTs ObI OJIMH U3 HUX
ToXKe ToJ10kuTesbHbI. CrenoBarenbio, a < 0. Haiijem npu kakux a < 0 TpexdyieH uMeeT JiBa

KopHs. /151 9TOr0 HYKHO, 9TOOBI TUCKPUMUHAHT d ObLT OOJIbINE HYJIs, T. €.
d=4(a+8)*—4-9a-a = —-32(a®> —2a —8) = —32(a — 4)(a +2) > 0.

Takum obpazoM, a > —2, U B 9TOM cJiydae y TpexXdJieHa ecTb JiBa KopHdA. VX npoussejenue

pasHO 9, 3HAUNT, OHK OziHOrO 3HaKa. Cymma KopHeil paBHa
2(a+8)/a <0,

IIO3TOMY OHU OTpUIlATE/IbHBI.

1.3. Tlosie npejcrasisier coboit Tadbsuiy 20 x 20. B aByx ee cocelHUX 110 CTOPOHE KJIETKAX
3apbIT KJaJl. 3a OJIMH XOJ MOYXKHO IIPOBEPUTH JIIOOYIO KJIETKY Ha HaJlMuue B Hell KJaja. 3a
KaKoOe HAMMEeHbIIee KOJUYECTBO XOJIOB MOXKHO TapaHTUPOBAHHO BBISICHUTH, B KaKUX KJIETKaX

3apBIT KJIa?
Otrset: 200.

Pemenune. Onenka. I[lycts cmenano 199 mpoeepok. Jlocky moxkHO pas3duth kKax Ha 200
BePTUKAJIbHBIX, TaK U Ha 200 ropm3oHTAJbHBIX JOMUHOINIEK. HalijeTcsa 1o oJIHOi JTOMUHOIIKE
KaxKJI0r0 THUIIa, HU OJIHa KJIETKa KOTOPBLIX He mpoBepeHa. [loaTomy Kiai MOXKeT OBITH 3apbIT B
JIIO0O# M3 9TUX JIBYX JIOMUHOIIICK.

[Ipumep. Packpacum j1ocky B maxmarHoM mopsike. [I[poBepum chnadasna Bce HekpaitHue
4yepHble KieTKn (910 162 mposepku). Eciam B ofiHOI M3 HUX HAXOAUTCS KJaJ, TO IIPOBEPUM
YeThIpe ee coce/la U MOJIHOCTHIO y3HAeM MEeCTOIoJIoKeHne Kiaja. femn 3a 162 nmpoBepku HU4Yero
He HaiiJIeHO, TO IPOBEPUM BCe KpailHKe HeyIJIOBble YepHble KieTKu (910 36 mposepok). Ecim B
KaKOH-TO M3 HUX €CTb KJIaJl, TO Y HAC OCTAJIOCH €IIe JIBE IIPOBEPKU JIJIsd TOTO, YTOObI BHIACHUTD

PO OCTABIIIYIOCH KJIETKY € KJIaJ0M. Y KpaifHeil KJIeTKN eCTh TPU COCce/Ia, IPOBEPUM JIBYX U3 HUX



u b0 HaiijleM BTOPYIO KJETKY C KJaJ0M, JTUOO KJjaJi OyJieT B OCTaBIIeHcs coceTHeil KIeTKe.
Hakomner, pazbepem ciy4aii, korya Bce 162 + 36 = 198 nposepok ne obnapyxuiu kiaaj. Tormaa
MBI 3HAEM, YTO OH TOYHO €CTh B OJIHOI M3 YEPHBIX YIVIOBBIX KJIETOK (IIyCTh 910 KjieTku A u B).
[IpoBepum cragasa Kiaetky A. Ecim B Heit ecTh Kia1, TO MOc/eHENH TPOBEPKOi TTIOCMOTPUM HA
osinoro u3 ee cocejieit. Torja OO Mbl OOHAPYKMIIK KJTa/l, TUOO OH BO BTOPOI COCeTHEl KIIeTKe.
Ecnu e B A HeT KJ1aja, TO MbI TOYHO 3HaeM, 9TO OH ecThb B B. [loromy moceHeit mpoBepkoit

IIOCMOTPUM Ha OJHOIO U3 coceneit B.

1.4. ,ZLJIH JIIOOBIX IOJIOZKUTEILHBIX YUCEJI T, Yy nu 2z JO0KaxKUT€ HEPaBEHCTBO

3@ +ay + )W +yz+ 2722+ zr +2°) > (v +y+ 2)%(xy +yz + 22)>

Pemenne. C IIOMOIIIBIO PACKPBITUA CKODOK 1 HEPABEHCTBa O CPEJHUX JJId JIBYX YHCEJT JIETKO

nposeputh, uto 4(z? + zy + y*) > 3(z + y)*. Caenosaresno,

3z +ay + )W +yz + 27 (2 + 2+ 2%) > (g(:c+y)(y+z)(z+x)) :

:[_IOQTOM}/v JOCTaTOYHO JOKa3aTb HepaBeHCTBO
Iz +y)y+2)(z+x)=28x+y+2)(vy +yz+ 2x), (%)

KOTOPOE II0CJIE PACKPbLITUA CKO6OK " IIpuBeEeHUA HO,ZLO6HI)IX CJlara€MbIX IIpEBPalla€TCA B HEPa-
BEHCTBO
22y + wy? + oyt oyt + 2P+ 22 > 6y

Ho sto CyMMa OY€BUJIHBIX HEPaBEHCTB

oy 4yt > 2ayz, vz 4zt >2xyz w2y +yat > 2xyz.

36LM6%(ZHU6. HepaBeHCTBO (*) MO2KHO JOKa3aTb U MHa4de. BOCHOJIbByeMCH TOZKIECTBOM
(z+y+2)(zy+yz+a2) = (@+y)(y+2)(z +2)+yz
Boipazkast u3 HEro mpaByIo 9acTh (%), Mbl IOJyIUM HEPABEHCTBO
(x+y)(y+2)(z+x) = 8xyz,
ABJIAIONICECd IIPOU3BEJACHUEM TpPEX HEPaBCHCTB O CPpeJIHUX

r+y=2yry, y+z222/yz m z+x =2z

1.5. Ha cropone BC' tpeyronbauka ABC ormeuena Touka D, a Ha orpe3ke AD BbriOpaHa Takast
touka F, uro ZCED = ZABC. Touka M — cepeauna orpe3ka BD, a Touka H — ocHoBaHme
epIeHTUKYIsIpa, omnyierHoro n3 toukn A wa cropony BC'. Ha cepenHHOM TieprieHIUKYIIspe
K orpe3ky DFE Boibpasm Takyio Touky K, a Ha orpeske AH BviOpajm Takyio TOYKY L, 9TO

DK LM — nmapastenorpamm. lokaxkure, ato npsmbie AC' u LM 1niepreHnKyIspHBL.
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Pemernne. Orverum wa upsimoit BC' Touky B’ cummerpuunyio B ornocuresnbio H. Torya

TpeyroabHuk AB B’ paBHOOEIpEHHbIN 1, 3HAYUT,
/CED = L/ABC = Z/AB'B.

Canenoarensio, ZAB'C = ZAEC wu uerbipexyronbiuk ACB'E  pruucanubiii. [Tosromy
/ZACH = /B'ED. Ilyctb N — ocHOBaHUe IIE€pIEHIUKYJIsIpa, OIYIIEHHOTO W3 TOYKu K Ha
BC. Torna MD = LK = HN, nostomy

NB'=HB'—HN =HB — BM = MH = DN.

Torga Touka K JIeXKUT Ha CePEMHHOM MepIeHuKyIsape K orpeskam DB’ u DE. CienoBareib-

HO, 3TO IEHTP OKPYKHOCTHU ONUCAHHOM BOKpYT Tpeyrosbinka B'DE. Crano ObITh,
1
/ACH = /B'ED = 3 /B'KD=/NKD = /ZHLM

(mocaeaee — mockonbky NK || HL u KD || LM). O6o3uaduM TOUKY Hepecetdenus IPSMbIX
AC un LM «qepe3 X. Torma

LAXM =180° - LZCAH — ZHLM = 180° — ZCAH — ZACH = 90°.

1.6. HaiiuTe Bce Takue HpOCTBIE YUCIA P, YTO YUCIO0 p? + p + 1 sAB/IfETCA TOUHBIM KyOOM.
OTBeT: Takux 4Kces He CyIIeCTBYeT.
Pemenue. Ilycts p? +p+ 1= (n+ 1)%. Torma
p(p+1) =n(n*+3n+3).
[TockombKy p > n, anciao n? + 3n + 3 nemurca na p. CreqoBaTeIbHo,
n*4+3n+3=kp u p+1=kn,
npudeM k mederno. Torma
n? +3n+3=kikn—1)=kn— k.

PacemorpuM 9T0 paBeHCTBO KaK KBaJIpATHBIA TpexdIeH OTHOCHTEIbHO n. OH HMeeT IeJIblii

KOpeHb, To3ToMy ero muckpumunant (k* — 3)? — 4(k + 3) aBigercsa KBaIpaToM YeTHOTO YHCIIA.



Torga on me Gosbie, gem (k* — 5)%. Craso 6bITh,
E* —10k* + 25 = (k* —=5)* > (k* — 3)* — 4(k + 3) = k* — 6k* — 4k — 3.

Taxum obpasoM, k? < k+ 7. Takoe BO3MOYKHO TOMBKO TIpH k = 1 i k = 2, HO B 9THX CIydadx

JAUCKPUMUHAHT HE ABJIACTCA TOYHBIM KBa/IpaTOM.

Bapuant 2

2.1. ITycth y HAC €CTh M KUJIOTPAMMOB coJIeHOM Bobl ¢ Mm% com. CKOIBKO KIJIOIPAMMOB COJIA

HY>KHO J00aBUTh, YTOOBI IIOJIy9UTh pacTBop 2m% com?

OTtBert: )
m

100 — 2m
npu m < 50, a mpu m > 50 Takoii pacTBOp MOJYIUTH HEIb3s.

Pemienne. B xuiorpamme m-IponeHTHOrO PacTBOPa COJIM COIMEPKUTCs {55 KI' COJIM, MO-

Kr cojia. Ecan MbI ,HO6aBI/IM B HEIro x

m2

100
2m

JIorpaMme 2m—HpOHeHTHOI‘O pacTBOpa COJIM COACPZKUTCA 100 KI' COJI, IIO3TOMY B M + T KU ee
2m

JOJIZKHO OBITD (m + ZL‘)W KT CJIG,HOBaTeJIbHO, JOJIZKHO BBIIOJIHATHCA PaBEHCTBO

2
3TOMY B 1M KHJIOTPaMMax TakKoro pacrsopa Oyiaer g5

KWJIOTPaMM COJIM, TO TOJYYUTCH ™ -+ T KI' pacTBOPa, B KOTOPOM BCETO T —+ KI' coyt. B Ku-

N m? (m + )Qm
T+ —=(m+x)—.
100 100
[Tostomy 100x = m? + 2ma. IIpu m > 50 9T0 HEBO3MOXKHO, a Ipu m < 50 IOaydIaeM OTBET

m2

r=-—"-:
100 — 2m

2.2. Tpexunen z2 + 3ax + a mMeeT KopHH, 06paTHEIC KOPHAM Tpexduiena w2 — 4bx + b. Haitnure

anb.
OtBer: a = —4/3, b = —3/4.

Pemenne. [Tycrs v 1 v — KopHu Tpexdiena x? + 3ax + a. Torma 1o Teopeme Buera uv = a
uu+v = —3a. Io ycaosuo 1/u u 1/v — xopnu Tpexunena x? — 4bx + b. Torja 1o Teopeme
Buera 1/uv =bu 1/u+ 1/v = 4b, orryna

1 1 1 wu+4+v —3a

ab=uww-—=1 u 4db=—-+-= = = —3.
uv u v UV a

Craio 6b1Th, b = —3/4 na = 1/b = —4/3. IlockosbKy ¢BOOOJIHBIE WIEHBI HANJIEHHBIX TPEXTIe-

HOB OTPHUIATEIbHBI, 00a TpeXdjaeHa UMEIOT 110 JBa KOPHSI.

2.3. Kakoe nanmMenbiiiee KOJIU4IeCTBO (PUIIEK MOYKHO Pa3MeCTUTDh Ha KjeT4daToii jocke 100 x 100

TakK, YTOOBI Ha KarKJI0# JMaroHaJii, COCTOAMNIENH X0Tsd Obl U3 JBYX KJETOK, ObLIa (bUIlIKa.

OTBeT: 198.
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Pemenue. [Ipumep. Bee kieTku BepxHeil CTpOKM U BCe KJIETKU JIEBOI'O CTOJIOINA, KPOME
caMoil HIZKHEl (aHAaJOrMIHAsT DACCTAHOBKA JIsl JTOCKH 8 X 8 IPUBEJICHA HA JIEBOM PUCYHKE).

Ormnenka. [lokpacum MOCKy B IaxMaTHOM TOPSIIKE, Tak, ITOOBI JIEBBI HUKHUI yroJ1 ObLT
gepHbiM. Torna ectb 99 Oesbix JguaronaJeil, napasiebHbIX [JIABHOW JUArOHAJN, WJIyIIeil u3
JIEBOTO BEPXHEro yIjia B MpaBblil HIKHUI (Ha MPABOM DPUCYHKE OJMHAKOBBIMU IUbpPAMU OT-
MEUYeHbl aHAJIOMMYHBIE juaroHasn jyisg jgocku 8 X 8). [losTomy Ha GebIX KjeTKax CTOUT He
meree 99 durek. Arasoruaao ectb 99 YepHBIX JUAroHaJeil, HapaJuiebHbIX TJIABHON JuaroHa-
JIA, UJIYIIEN U3 MPaBOro BEpXHero yria B JieBblil HrzKHU. [[o9TOMY Ha 4epHBIX KJIETKAX CTOUT

e menee 99 durrexk.

2.4. JIng mo0bIX MOJOXKUTEIBHBIX YUCET X, Y U Z JOKAXKUTE HEPABEHCTBO

2

81(2* — 2y +y°) (v —y2 + 2°) (2" — 2w +2%) = (x +y + 2)*(zy + yz + 22)%.

Pemenne. C noMompo pacKpbITUS CKOOGOK U HEPABEHCTBA O CPeIHUX JJIs JBYX YUCET JIETKO
nposeputhb, uto 4(z? — zy + y*) > (v + y)?. CienobarenbHo,
9 2
S1(a —ay + 07—y + A2 st > (Gt A+ a))
[TosTOMY JIOCTATOYHO JOKA3aTh HEPABEHCTBO
Iz +y)y+2)(z+2) =28+ y+ 2)(zy +yz + zx), (%)

KOTOPOE TIOCJIE PACKPDLITHS CKOOOK ¥ IIPUBE/IEHNUS 110/IOOHBIX CJIaraeMbIX [IPEBPAIACTCS B HEPa-
BCHCTBO
2 2 2 2 2 2
ry+xy  +yz+yz+ 2+ zx° = 6xyz.

Ho sto CyMMa O4Y€BUJIHBIX HEPaBEHCTB

oy 4yt > 2ayz, vz 4zt > 20yr w2y +yat > 2xyz.

BCLMG%GHUG. HepaBeHCTBO (*) MO2KHO JOKa3aTb U MHa4de. BOCHOJIbByeMCH TOZKIECTBOM
(x+y+2)(vy +yz+r2) = (x+y)(y+2)(z +2) +2yz.
Beipazkast U3 HEro mpaBylo 9acTh (%), MbI IOJyIUM HEPABEHCTBO

(@ +y)(y+2)(z +2) = 8ayz,



ABJIAIONICECA IIPOU3BEJCHUEM TpPEeX HEPaBCHCTB O CPpeJIHUX

r+y=2yry, y+z222/yz m z+x =2z

2.5. OkpyzkHOCTB ¢ 1leHTpoM O onmcana BOKPYT derbipexyroyibiauka ABC D ¢ nepnesuKy/isip-
HbiMu guaronasamu. Toukn P u () — cepeaunbt jgyr ABC' u ADC 3toit okpyxHuocTh. [psmas
BO nepecekaer orpe3ok C'() B Touke R. Ha cropone AB BbiOpaHa Takast TOUKa S, 9TO MPIMbIe

AQ u RS napasutenbubl. Jlokaxkure, aro npsmeie C'S u PD 1epreH Ky isipHb.

Permienne. O603naunm gepes X TouKy mnepecederns npsambix AQ u BR. IlockoabKy Toukn
A, D, C u P nexar na omnoit okpyxuoctu, ZCAD = ZCPD. Tlostomy g0CcTaTovIHO J10-
ka3aThb paBeHctBo LADB = /PCS wmm, aro toxe camoe, ZAQB = ZPCS. Tlo ycioBuio
gerbipexyrojbank ABC(Q) Brnucanubiii u npsmbie AQ u RS mapasuienbabl. CriegoBaTesbHO,

geTbipexyroibank S BC R takxke Brmcannbiii. Torma
/BCS =/BRS =/BXA
(mocsietHee — m3-3a mapasutesibHocTr psamMbix AX u RS). Kpowme Toro,
/BCP = /BQP = /BQO = ZQBO = ZQBX.
CiietoBaTeIHHO,

/AQB = /QXB+ /QBX = /BCS + /BCP = /PCS.

2.6. Haiimure Bce Takue HaTypaJbHbIe YucIa T, i U z, 9o 4uciaa 2 + 1 u y? + 1 upocrole u
(2 +1)(y?+1) =22+ 1.

Otser: (1,2,3) u (2,1, 3).

Pemenue. 3amernm, 9TO0 T # ¥, MOCKOJIBKY KBaJpaThl HATYPAJIBLHBIX TUCET HE MOTYT

OTJINYaTbCAd Ha C€IAUHUILY. HOSTOMy MOZKHO CUYHUTaTbh, 4TO * < Yy < Z. IToJstoxxum P = $‘2 +1



nq= y2 + 1. Torma p < ¢ u, B 9aCTHOCTH, ¢ HEYETHO, a Yy 4eTHO. Kpome Toro, 22 < pqg < q2 n,

snaunt, z < ¢. [lockonbky y2 + 1 u 22 + 1 genares na q,

(z=y)z+y) =+ - +1)

TakKe jiesinted Ha q. CrenoBaresbHo, 2z — y win 2 + y genutcd Ha q. [lepBoe neBo3moxkHO, Tak
Kak 0 < z —y < z < q. [loaromy na q nenurea z +y. Ho 2 +y < 22 < 2¢ u, 3nayur, 2 +y = q.

Torga z nederno. Ho 22 + 1 = pq, orkyma nomydaem, uro p = 2 u x = 1. CaegoBarensHo,
20=(¢~y’+1=¢—2qy+y*+1=¢"—2qy +q.

Crao 66ITh, 2y + 1 =g =y? + 1 u, 3HaunT, y = 2 1 2 = 3.

Bapnanr 3

3.1. U3 ropoga A B ropoj, B 1o pacIiCaHHIO JBUKETCA M0e31 co ckopocThio 60 km/4. B
KaKOI-TO MOMEHT OH OCTaHABJIMBAETCs Ha cBeTOdgOpe U cTOUT TaM 3 MUHYTHI. [lociie sToro on
POJIOJIZKAET JIBUZKEHUE CO CKOPOCTBHIO 75 KM/4 1 1pubbiBaeT B B TOYHO 10 paclucaHuioo. 3a

CKOJIBKO KIJIOMETPOB JI0 B 1moe3s ocraHoBu/ics Ha cBeTodope?
OTBeT: 15 KM.

Pemntenne. Ilycts cBeTodop 6bL1 Ha paccrosnuu x ot ropoja B. Torna eciu ObI oe31 He

OCTaHOBUJICA, TO OH NPHUOLLT Obl B B 4epes &5 1wacos. On mpocrosn na cserodope % Jaca u

exal 7z vaca. CjeioBare/bHo,

T 1 T

60 20 75

OTKYJda HaXOJIUM OTBET.

3.2. O6a xopus TpexuieHa 2 + ar + b yBequunam Ha 3, MOC/Ie Yero HOJLyYIINCh KOPHU TPeX-

wiena 2 — 2ax — b. Haitaure a u b.
OtBetr: 0 =2, b= —3/2.
Pemenne. Ilycts u m v — Kopan Tpexwiena x2 + ax + b. Torga o Teopeme Buera
u+v=—-a u uv=n>o
ITo yenosmio u + 3 1 v + 3 — KopHu Tpexuiena 2 — 2ax — b. Torma 1o Teopeme Buera
20=(u+3)+(v+3)=u+v+6=6—a,

—b=(u+3)(v+3)=uww+3u+v)+9=>0—3a+09.
CitetoBaTeIbHO,
a=2 u 20=3a—9=-3,

orkysa b = —3/2. TlockoJibKy TOJTydeHHOE b OTPUIATENIBHO, Y HANIEHHOTO TPEXIICHA
> +ar+b

€CTb /IBa KOPHII.



3.3. HazoBem «yroskoMm» KBajpaT 2 X 2, 13 KOTOPOT'O BbIpe3aHa 0/iHa KJIeTKa. B KaxK10ii KJIeTKe
tabunpbt 100 X 100 crouT HATYpajbHOE YHCJIO. 3a OJHY OIEPAIUiO Pa3pelraeTcs B3ATb TPU
KJIETKH, PACIIOJIOKEHHDBIE B BUJIE «YTOJIKA» U IPUOABUTH K KAXKJIOMY U3 YHCEJ B 9TUX KJIETKAX
o ejunuie. Beeryga Jin ¢ MOMOIIBIO TAKUX ONEPAIil MOXKHO CJIEJIATh BCE YUCIA B TaO/IUIE

paBHBIMU?
OTBerT: Bceraa.

Pemntenne. Pazoobem tabsmmiry na 2500 kBajipatukoB 2 X 2. Hec/to:KHO BUIETh, UTO B KaK-
JIOM KBaJIpATHKE MOYKHO CJeJaTh YUC/Ia PABHBIMU (B KBaJIpaTuke 2 X 2 mpuOaBJIeHUE €JIuHHUI]
K 9HuC/IaM U3 YTOJK& COOTBETCTBYET BBIUMTAHUIO €JIMHUIIHI U3 OJTHOT'O YUCJIA C IOCJIETYIONIM
yBeJIMUeHNEeM BCeX Yncesl KBajpaTa Ha OJINH, & TAKUMHU BBIYUTAHUAMH JIETKO Ce/IaTh TUCTIa
pasabiMHI). Kpome TOro, 9eThippMsi OleparusMi BCe YnCja B KBaJPATHKE MOYKHO YBEJIUIUTH
Ha tpu. [losTomy jmocTaTovIHO JOOUTHCA TOTO, YTOOBI YUCIA U3 PA3HBIX KBAJIPATHKOB JIABAJIH
OJMHAKOBBI OCTATOK OT JeJIeHUs Ha TPH.

JlabIe 6yaeM cMOTpPEeTh TOJIBKO Ha OcTaTKh. Bo3bMeM JiBa coceaHux KBajpartuka. C 1mo-
MOIIBIO YETHIPEX OIlepaIiuii MOXKHO YBEJMYUTH BCE UHUCJa B OJHOM KBaJ[paTUKe Ha €JIMHUILY,
a BCE YHUCJIa B JIPYrOM KBaJpaTUKe — Ha JIBOIKY. [Io9TOMYy MOXKHO OCTATOK YHUCET B OJHOM
KBaJIpaTHKe YBEJUIUTH Ha 1, a B APpyroMm — yMeHbIUTH Ha 1. [IycTh ocTtaTok cymMMbl Yncesr BO
Bceit Tabsiniie paseH r. [TokazkeMm, Kak JJ0OUTHCs TOTO, YTOOBI BCe YHUC/Ia B TAOJIUIE UMEH OCTa-
ToK 7. [lociemoBaTesbHO CjieBa HAIIPaBO IPOMIEM II0 IIapaM KBaJIpaTHKOB CHadaJa B BepXHeN
CTPOKE U IIOJIyYMM BO BCEX KBaJpaTHKax, KpOMe caMOoro IpaBoro, ocrtatok r. [Ipogenaem Te
JKe JIEUCTBUSA C OCTaJIbHbIMU cTpokaMu. Hakomerr, 1BUrasch cBepXy BHHU3, TIOCJIEIOBATEIHLHO 00-
paboraem mpaBbiit crosiberr. B pesyibraTe Beex KBajpaTUKaxX, KpOMe MPaBOro HUZKHEro, Oy/IyT
YucIIa, JAoNe OCTaTOK 7', a B IIPABOM HUXKHEM — YHUCJIA, Jaolue octaTok x. Toria cymma

quces BO Beeji Tabiuie JaerT 0CTaToK
(502 = 1) -4r +4r =2 (mod 3),
[O9TOMY & = T

3.4. JIns o0bIX MOJIOKUATETBHBIX YUCET X, Y U 2 JOKAXKUTE HEPABEHCTBO

Valy +32) + Vy(z +32) + V2(r + 3y) <2z +y + 2).

Pentenmne. [lo nepasencrBy o cpejHux Jijisd JIBYX YUCET UMEEM

3 3
Va(y+3z) =2 x-%éij%.

CKJIa,HI)IBaH HEPABEHCTBO C JIBYMA aHaJIOTMIYHBIMUA

z+ 3x x+3
y(z+3z) <y+—— = \/z(x+3y)<z+7y,

4 4
HOJIy YUM
\/J:(y + 3z)+\/y(z + 3z) + \/z(:c +3y) <
+ 3z z + 3z T+ 3
<(z+222) 4+ y+——— |+ Ty =2z +y+=2).

4 4 4



3.5. Touka H — opromentp Tpeyroiabanka ABC. Ha croponax AB u BC' cooTBeTCTBEHHO
B3sThl Takue To9ku L u N, aro npsmbie AH u LN mapasienbabl. Touka M sBisiercs cepeiu-

Hoit orpeska LN u jiexkuT Ha omucanHoil okpyxkuoctu Tpeyroibuuka C'HN. /lokaxkure, 4To

ZBAM = ZBCM.

Pemenune. Ilockonbky upsmbie AH wu LN mapamiensis, ZCNM =90°, a Torma
ZCHM = 90°, tak Kak 1o ycjoBuio derwipexyroabuuk C'HM N srucannsiit. CiieoBaresib-
HO, ipaMble H M u AB napasiensssl (oHu obe neprenanky/aspabl Boicore C'H). Crano 6biTh,
AHM L — mnapasnenorpamm. Takum obpazom, AH = LM = MN, u B 4eTbIPEXyTroJIbHUKE
AMN H nporusonosioxkubie ctopoabl AH nu M N pasubl u nmapasienbubl. CienoBaTebHO, OH

TOXKE sBJIIETCS TapaJiiesiorpaMMomM. Toraa
/HAM = /ZHNM = ZHCM
(mocsteiHee PABEHCTBO CJIelyeT u3 BIucaHHOCTH deThipexyrosbauka C'H N M). Kpome Toro
/BAH =90° — ZABC = Z/BCH.
Crajo OBITB,

/BAM = /BAH — /HAM = /BCH — ZHCM = ZBCM.

3.6. HaTypaJIbHOG YUCJIO T TaKOBO, YTO OHO JA€JINTCA Ha Jiroboe us HaTypaJIbHbIX 9UCEJI OT 1

JIO N ¥ He JIJINTCS HU Ha OJHO u3 unucea n+ 1, n+ 2 u n + 3. Yemy mMoxkeT ObITH paBHO N7
OrBer: n =1, n =2 um n = 6.

Pemenne. Yucna n = 1, n = 2 u n = 6 nojaxoadr, Hanpumep, c m = 1, m = 2 u m = 60
cooTBeTcTBeHHO. /lasmbie Oy/ieM cauTarh, 9T0 N > 3.

[Iycts Kakoe-To u3 wucea n + 1, n + 2 u n + 3 upegacraBuMo B Buie ab Jjisi HEKOTOPBIX
B3aUMHO HPOCThIX a U b. IlockobKY m He jeauTcss Ha HpousBejieHue ab, m He JeJUTCd Ha
onuo u3 yucen a u b. Ilycrs s onpepenennocru m ue jenurcd na b. Torma b > n + 1 wu,

znaunT, a = 1. [Tosromy uncia n+ 1, n+ 2 u n + 3 HeIb34 MPEJICTABUTH B BUJIE TPOU3BEICHU



B3aMMHO IIPOCTBIX COMHOXKHTEEH, 60MbIuxX eanuuiipl. Crie0BaTe/IbHO, 3TO CTEIEeHU TPOCTHIX
qucest. OJIHO U3 STUX YUCE]T YETHO, TO €CTh OHO SIBJISETCS CTEeleHbIo JiBoiiku. Eie oo nenurces
Ha TPH, II03TOMY 3TO CTelleHb TPoilku. Toryia 3To jBa coceauux uncia. Crajno 6biTh, 38 = 2641
pu HeKOTOpwIX k, ¢ > 2. Ecim 3F = 2 — 1, 1o ¢ werno (nHAYE HE CXOIATCS OCTATKU OT JIJICHUST
Ha TPHU), U TOTJA
3F = (2" - 1)(2' + 1).

Buaunt, 28 — 1 = 3% u 2/ + 1 = 3*, uT0 HeBO3MOXKHO, MOCKOILKY k > 2. Ecomr 3F =20 4+ 1, 1o k
9eTHO (MHAYE HE CXOJSTCS OCTATKH OT JIEJIEHHsI HA YeThIPe), U TOrJIa

20 = (3* = 1)(3° + 1).

Bnaunt, 3° —1 = 2! 1 3°+1 = 271, uro Bo3dMoKHO TosBKO IpH k = 2 u £ = 3. Cirei0BaTe/IbHO,

n =~6.

Bapwnanr 4

4.1. [lodep ener na apromobmiIe 3 ropoga A B ropoa B, Ky/1a OH JIOJI?KeH TPUOBITH B (DUKCH-
poBanHOe BpeMsi. Eciin oH 1moejierT co cCKOpocThio B 75 KM /4, To oH npubyser B B Ha 20 MUHYT
no3zke. A ecjim OH TOeJIET CO CKOPOCThbio 85 KM/d, To oH mnpubyjer Ha 1 dac pambime. Kakoe

paccrostHre Mexk 1y ropojgamu A u B?
OTtBert: 850 KM.

Pentenue. Byksoii ¢ obo3nadnm BpeMs, depe3 KOTOpOe aBTOMOOUJIMCT JIOJIZKEH TPUOBITH B

ropoz B. Torna 75(t+1/3) u 85(t — 1) — paccrosinust Mmexk 1y ropogamu A u B. CrenoBaTesbHO,
75(t+ 1/3) = 85(t — 1)
U, 3HAYNUT,
1
10t:75-§+85: 110,

orkyma t = 11. Crajo ObITh, paccTosHre MexK 1y ropojgamu A u B paBHO

85(11 — 1) = 850 K.

4.2. Tlpu KakoM 3HAYEHUM TIapaMeTpa a KopHu Tpexdiena 2 + (2a — 1)z + a® + 2 oTmuatores
B JiBa pasza’
OtBeTt: a = —4.
Pemenue. [lycts u n 2u — Tpexuiena
f(z) =2+ (2a — )z +a® + 2.
Torna mo Teopeme Buera u + 2u = —(2a — 1), mosromy
2a — 1

U= — .

3




CitetoBaTeIbHO,
2(2a — 1)?
9 )

oTKya nojaydaem, uto (a + 4)? = 0 u, sHauut, a = —4. [Hoayuuiacs tpexuiten z2 — 9x + 18 ¢

a’?+2=2%=

KOPpHAMUA 3u 6, TaK 9TO OH HaM ITOAXOIHT.

4.3. B o1HOI 13 KJIETOK TaOJIHIIBI 12 X 12 CTOUT (PUIIKA. 38 OUH XOJ MOYKHO [TEPEMECTUTH (DUIIIKY
U3 Mpou3BOJIbHON KiteTku k-ro crosbia (1 < k < n) B npousBosibHYIO KJIeTKy k-it crpoku. [Ipn
KaKWX 71 CyIIeCTBYeT TaKas MOC/IeI0BATEILHOCTb U3 N’ XOJ0B, 9TO (BHUIIKa HOOBIBACT BO BCEX

KJIETKAX TAOJIUIBI 1 BEPHETCS B MCXOJIHYIO KJIETKY?
OTBeT: 1pu Bcex n.

Pemntenne. Unayknusa. baza n = 2:
(1,1) = (1,2) = (2,2) — (2,1) — (1, 1).

[Tepexos ot n k n+ 1. Pacemorpum 06xo01 jocku n X n. [lycrs u3 kirerku (n, 1) 6611 Iepexos B
kietky (1, k). Torma 3aMeHIM 5TOT TIEPEX0/] HA CJIEIYIOIILYIO TTOCIEI0BATETLHOCTD X008 (Oy1em

O6XO,HI/ITI3 ,ZLO6&BJI€HHI)I€ KJICTKH <<31/II‘3aFOM>>>

n,1) - (I,n+1) = (n+1,2) = (2,n+1) —
- n+1,3)—-Bn+l)—=(n+1,4)—4n+1)—...—
- n+Ln)—mn+l)=n+1Ln+l) > (n+1,1) = (1, k).

4.4. JIyig M00BIX MOJIOXKUTEILHBIX 9UCEN T, Y U 2 JIOKaKUTE HEPABEHCTBO
T+ +z zZ+x
Y + Y + > 3.
2+ /Ty T+ Yz Y+ 2T
Penitenune. 3amernm, 9To
vty oty 2(x +vy)
2Ty T 2+ 5 (y+2) (2 )
[TosTomy JieBast 4acTh HEPABEHCTBA HE MEHbIIE, YeM
2(x +y) 2(y + 2) 2(z +x)
(y+2)+(z+z2) G+o)+@+y) (x+y)+y+2)

[Monowkum a =22+ y+ 2, b=2+4+2y+z2zuc=x+y+ 2z. Torua

20 +y)=a+b—c,

20y+z2)=b+c—a u 2(z+zx)=c+a-—0b,
U 0CTaJI0Ch JOKA3aTh, ITO

3<b+c—a+c+a—b+a+b—c:

a b c

b ¢ c a a b
=l-+--1 -+ -=—1 —+-=1].
<a+a >+<b+b )+<c+c )



T0 HEPABEHCTBO IIOJIYIUTCA, €CJIN CJI02KUTH TPpU OYEBUIHBIX HEPAaBEHCTBa

b b
24 + 8590 4 S4%59
a C

f=p)
SO

4.5. Touka M — cepemauna cropoubl AB HepaBHOOenpeHHOro Tpeyroyibinka ABC, a Todka
O — TeHTp ONMCAHHON BOKPYT Hero okpyzkuoctu. OKpykHOCTH ¢ gquamerpom C'M BTOpUTIHO
nepecekaer cropoubl AC' u BC' B roukax P u R coorBercTBenno. Touka () — cepe/inHa OTpe3Ka

PR. Jlokaxure, uro nupsambie CO u M Q) napaJsieabHbl.

A

B R /c

Pemrenne. [Iycts Touka K — cepeauna cropoubt AC. Yepes Touky M mpoBeaeM Mpsmyro,
napaJjuiesnbayio CO, u 0603Ha4uM ee TOUKY Iepecedenusi ¢ orpeskoM PR depes (', Jlokaxkem,

qro Toukn ) u ' coBnamaror. [TockosibKy TouKa P JIeXKUT Ha OKPYKHOCTH ¢ juamerpom C'M,
ZCPM = 90° u upsambie M P u OK napasuiensunl. Torma

/PMQ = /KOC = %AAOC = /ABC = ZCBM.

Kpowme Toro,
/MPQ = /MCR = Z/BCM,

Tak Kak derbipexyroabHuk M PCR srnucanusbiii. CienoBarenbHo, Tpeyroabauku M PQ' u

BCM nonobust 1o jBym yriam. Ctajio ObITh,

PR CM
MQ — BM
U, 3HAYUT,
CM - Mg
PQ = ———.
@ BM
AmnajiornyuHo ycranasiubaeM 1ojgooue TpeyroabHukoB M RQ)' u AC' M, oTKy/1a BBIBOJAUM PaBEH-
CTBO CM - MO
RQ = ——%
¢ AM

[Tockosbky AM = BM, nonydaem PQ' = RQ' u, 3nauut, Touka Q' — cepejauna orpeska PR,

TO €CTh OHA COBIAJIAET C TOYKOM ().



4.6. /lano npocroe uuciao p. Haitaure Bce 1esble auciaa a u b, 1jisi KOTOPBIX

ab
a—>b

OTBerT:
(=2p, 2p), @ —p,p—1), (—=p*—p,p+1), (-p—1,p*+p)u(l—p, p—p*).

Pemenne. [lepenuimem paBeHcTBo B Bujie

bp
—a = H
Takum obpazoM, oHo o3HadaeT, 4To bp neymred Ha b —p. Bemm b —p = £1, tob=p =+ 1 n
a = Fp* — p. lyers b — p # £1. Eciu b ne mesurea Ha p, TO b — p B3aMMHO IIPOCTO KaK C
p, Tak 1 ¢ b, aro HeBo3MmozkHO. CirenoBarensro, b = kp s Hekoroporo menoro k. Torma kp
nmemures Ha k — 1. Ecmmk—1 =1, 0 k=2, b=2p ua = —2p. llycts k — 1 # 1. IlockosibKy
k Bzaumuo npocro ¢ k — 1, p genures na k — 1 u, spauur, k=p+ 1, b=p>*+pua=—p—1

wmk=-p+1l,b=p—p’ua=1-—np.



OsmMmnuana mkoabHuKoB CIIOI'Y mo maremaruke

SakJsrounTeabHbIil 3tan. 2019/2020 y4uebHbIi 10/1
Sajanud g 6—7 KjaaccoB

(IIpasusvroe u noanoe pewenue kaxncdot 3adayu oyenusaemes 6 20 6a.4108)



Bapunant 1

1.1. B monareckom opjieHe arHoCTUKOB KaxK/Iblii MOHAX — JIHOO MCIIOBEIHUK, JTNOO0 MHKBU3UTOP.
[Ipu pasroBope ¢ HCIIOBEIHUKOM JIIOOO Ye/IOBEK JOJI2KEH T'OBOPUTH IIPAaB/Ly, a IPU Pa3roBope
¢ WHKBHU3UTOPOM — JiraTh. becemyror jgBa monaxa A m B. «Bwi, barenpka, ucnoBennuk!s —

ropoput A. «/la, s ncnopeauk!s> — orsegaer b. Kem moryT ObITh 9111 MOHAX®?

OTBeT: MOHAXM JOJKHBI MMEThb OJMHAKOBBIH cTaTyc: OO 00a HMCIIOBEIHUKHU, JTHOO 00a

MHKBU3UTOPLI.

Pemenue. [lo ycioBuio, HCTUHHOCTD WJIH JIOZKHOCTD (hPasbl, KOTOPYIO ITPOU3HOCUT Y€IOBEK,
3aBUCHUT TOJILKO OT THUIIA €ro cobece[HIKa, HO He OT caMOro 3To 4ejioBeka. ey B nnksusurop,
TO obparennad K Hemy ¢dpasa «Bbl — UCHOBEIHUK» SBISAETCH JIOXKBIO, UTO COOTBETCTBYET
npasmiam stukera. Ho Torya u orBer b ToXKe sIBJISIeTCsI JIOXKBIO, & 9TO O3HAYAET, YTO MOHAX A,
¢ KOTopbIM b pazroBapuBaet, siBJIgeTCI WHKBU3UTOPOM.

Ecmu b ucrioBeinuk, To obpatiennas K HeMy ¢pasa «Bbl — UCIIOBEIHUK» ABJISIETCS UCTUH-
HOI1, YTO TOXKE COOTBETCTBYET IIPaBUIaM TUKeTa. B 3TOM cirydae oTBeTHad perummka b ncrunna,

a 3HQYIUT, MOHaX A — Toxke HNCIIOBCIHUK.

1.2. Janm yron ABC pasusiit 100°. Ha mrockocT 110 pa3abie CTOPOHBI OT IpsiMoii AB oTMedeHbI
takue Toukn D u F, auro BC = CD = AE, Z/BCD = 60°, ZBAFE = 160° (touka D jexur

BHe yrina ABC). Jlokaxkure, 9o npsiMast D FE IpoxoauT depes3 cepenHy oTpeska AB.

Pemenue. Kak nerpyano sujiers, Tpeyrojibank BC'D paBHOCTOPOHHUI. 3HAYUHT,

BD=CD=AF n /ABD =/ABC+ ZCBD =100°+60° = ZBAE.

E

[lycre M — cepenuna orpeska AB. Torga tpeyrosbauku AMFE u BMD paBHBI 110 JBYM
croponaMm u yriy, orkyjna ZAME = ZBM D. 3uaqnt, iyau M E u M D napaJiie/ibHbI, TO €CTh

rouku F, M, D jexkar Ha OTHOHN IIPSIMOIL.
1.3. B jecarudnoii 3amucn BOChbMHU3HAYHBIX dncea a u b (a # b) Her nsaTepok u HyJIeil U Bce
nudpbl pasandibl. JJokaxkure, 9T0 @ He jeauTcs Ha b.

Pemntenue. Honycrum, uro a jenurcd "Ha b, To ectb @ = Rb pu HEKOTOPOM HATYPAJIHLHOM
R. Tak xak uncyia a u b BocbMu3Haunble u a # b, Mmbr noaydaem R € {2,3,...,8,9}. Suaunr,

R — 1 ne xkpatrno 9. Yucna a u b upu nenenun Ha 9 1ar0T 0CTATOK
(1+2+3+4+6+7+84+9)mod9=40mod 9 =4.
Orcro/ia BeITEKAET, 9TO 9nUCI0 b He JeuTea Ha 3 U MOTOMY B3anMHO mpocto ¢ 9. Torma

a—b=b(R—-1)



He MokeT jiesinThesa Ha 9. C apyroit ctoponsr, a—b KpaTHO 9, TIOCKOJIBKY @ U b TAI0T OTMHAKOBBIE

OCTaTKHM OT AeJICHUA Ha 9. M1 HOJIyHIUJIN IIPOTHUBOPEYHUE.

1.4. B mabop u3 200 pa3sHOBECOB BXOJAT THPU BECOM
1r, 27, ..., 100r m 13001, 13011, ..., 1399 r.
MozkHO /i Pa3IoKuTh 3TOT HAOOP ruphb Ha 14 Kyd OJMHAKOBOTO Beca?!
OTBerT: Her.

Pemenue. CymmapHbiii Bec Tuphb paBeH
(14 1399) + (24 1398) + ... + (100 + 1300) = 100 - 1400 = 14 - 10 000.

Takum obpazoMm, KaxKjas kKyda joskaa BecuTh 10000 r. HazoBem rupu, KoTOpble BecdT He

MEHbIIIEe KHJIOIPaMMa, mAncevimu. OHIeBUIHO, JTIOObIE 8 TIXKEIbIX THPh BeCAT 00JIbIIe
8- 1300 > 10000 r.

SHAYUT, B KAXKJIyI0 Kydy BXOAUT He OoJiee 7 TsKeJbIX THPh. [losTomy nipu dpopmupoBannu 14
KydY MbI HE CMOYKEM HCIIOJIb30BaTh O0JbIle 14 - 7 = 98 TsaKeJbIX TUPh, TO €CTh Pa3JI0KUTh BCE

I'MpH 110 Ky4daM HE€ yAacCTCd.

1.5. B1o/ib OKpy2KHOCTHU BbINIUCAHDBI HYJ U 1 e uHuIbl — Beero 100 uuces. Kocrs oboriesr okpy k-
HOCTb TI0 YaCOBOW CTPEJIKE, MOJICIUTAI, CKOJBLKO pa3 Berpedatorcst hparmentst 1010 u 0101 (u3
HOJPsIJT CTOAMUX TUP), TOCTIe Uero u3 IMepBOro Yhcja BblYea BTOpoe. TaHs Toxke 06OILIa
OKPYZKHOCTB 110 9aCOBOI CTPeJIKe U CJlelajia aHAJIOruIHOe Bhluucjenue jyisd dpparmenTos 1101

n 1011. /TokaxkuTe, 9TO Y HUX HMOJIYUUIUCH OJIMHAKOBBIE PE3YILTATHI.

Pemntenmne. Ilycts 3amuch «1010» obo3znadaer kosmmdecTBo ¢dparmenToB 1010, BcTpedaro-
IUXCA BJIOJIb OKPYKHOCTH. AHaJIormdHbie 0003HaUYeHUs] OYyIeM HCIIOJIb30BATh U JIJIsA JPYIHUX

dparmenToB. HaM Hy»KHO IIPOBEPUTH COOTHOIIICHHE

«1010» — «0101» = «1101» — «1011»
WJIN, TIOCJIE TIEPETPYIIITUPOBKU CJIATaeMbIX,

«1010» + «1011» = «1101» + «0101»

Jlokarkem, 9T0 00€ YacTH PABEHCTBA PaBHBI KOJU4YeCcTBY dparmeHToB 101, BeTpedaroniumxces
BJIOJIb OKPY?KHOCTH (9TOr0, 09eBUIHO, 1ocTaTouHo). [loce dparmenta 101 moxer uiaru 0 win
1. Yucsio dpparmenton 101, mocsie kotopbix ujer 0, pasuo «1010», a yucio dparmentos 101,
mocsie KoTopbix uaeT 1, paBuo «1011». Cymma 3TuxX BeJUYNH KAK pa3 W HAIUMCAHA B JIEBOI
YaCTH.

C apyroit croponnl, mepej dparmenTom 101 moxker wpru 0 wiau 1. Yucmo dparmentos
101, mepejt koropbivu nHaxoauTced 0, pasuo «0101s, a yuciao dpparmenton 101, repe/i KOTOPBIMEI

naxojurcd 1, paBao «1101». Cymma 9TUX BeJIMYUH HAIUCAHA B [IPABOI YaCTH.



1.6. Ha jocke nanmcanbl gucja: 3 Tpoiiku, 4 4eTBEpKH, ..., 9 jeBaTok. Paspemnraerca creperhb
JIIOOBIE JIBa YMCJia @ U b ¥ 3alMCaTh BMECTO HUX Ha JIOCKY YUCJIO
ab
a+b

(OHO MOZKET OKa3aTbCA HGL[GJIBIM) . HpI/I MHOT'OKPaTHOM BBIIIOJTHCHUHN 9TUX onepam/lﬁ KOJINYECTBO

qucesl Ha JJOCKE YMEHbIIaCTCA M, B KOHIE KOHIIOB, OCTaHETCA OJJHO YHCJIO. quy MOZKET OBbIThb

PaBHO 3TO YHUCIIO?! (yKa}KI/ITe BC€ BO3SMOXKHbBIC 3HAQYCHUA U JOKaXKUTE, 9TO JAPYI'ux HeT.)

1
7

OTBeT: nocjeHee 9uCao Beeriaa OyIeT paBHO

Pemenne. PaccmoTpum cyMMy o0OpaTHBIX BeJnduuH BeeX uucesl. g mexommoro mabopa
YUCesI OHA PABHA

1 1 1
3- 4414409 1=7
Korga mMbl ctupaem 4mcia ¢ U b 1 3alUCbIBAEM BMECTO HUX UHCIIO
ab
a+b
) 1,1

paccMaTpuBaeMas CyMMa He MEeHACTCs: IIPU CTHPAHUU OHA yMEHBbINaeTcsd Ha - + y, & IPH JIo-

IIMCbIBAHUN YBC/JIMIUBaACTCA Ha

1 at+b 11

- 4z
ab )
i ab a b

TO €CTb Ha Ty K€ CaMYIO BCJIMIUHY. B KOHIIE, KOI'la OCTaHETCA €IMHCTBEHHOE YUCJIO X', CYMMa

1 _1
OOpaTHBIX BeJuuuH OyJeT paBHa - . SHAIUT, T = - .

Bapuanr 2

2.1. B monareckoM op/ieHe arHoCTUKOB KazK/Iblil MOHAX — JINOO UCIIOBEHUK, JIMOO MHKBU3UTOD.
[Ipu pasroBope ¢ HCIIOBETHUKOM JTIO00I UeJI0BEK JI0JIZKEH TOBOPUTH IIPABILY, & IIPH PA3roBOpe ¢
UHKBU3UTOPOM — JiraTh. Beceaytor aBa Mmonaxa A u b. «f, mex 1y npodnm, HHKBU3UTOP!» —
ropoputT A. «Jla Kakoil ke Thl UHKBU3UTOP, ThI UCIOBeTHUK!» — oTBedaeT B. Kem moryT 66T

3TU MOHAXU?!

OTBeT: MoHAXU JOJI2KHbI UMETb pa3an71 CTaTyC: OJUH M3 HUX — MHKBU3UTOD, ,H‘pyFOI'/JI —

HUCIIOBEJIHUK.

Pemntenue. Ilo ycioBuio, nCTHHHOCTD WK JIOXKHOCTH (pPas3bl, KOTOPYIO IPOU3HOCHUT YEJIOBEK,
3aBUCHUT TOJIBKO OT THUIIA €ro cobeceTHIKA, HO HEe OT CAMOI0o 9TO YejioBeka. Eein A nHKBU3UTOD,
TO obpamennad K Hemy ¢dpasa «Tbl — UCHOBEIHUK» SBISACTCH JIOXKBIO, UTO COOTBETCTBYET
npaBuIaM drukKera. Keim A ucnoBennuk, To obparienHast K Hemy ¢dppasa « bl — HCIIOBEIHUK»
SIBJITETCS] UCTUHHOMN, 9TO TOXKE COOTBETCTBYET IpaBUjIaM 3THKeTa. TakuM obpazom, MOHAX A
MOZKET ObITh KaK MHKBU3UTOPOM, TaK M MCIIOBEIHUKOM. Ecim A MHKBU3UTOD, TO HO FOBOPHUT O
cebe mpaBiy, a 3HaunT, b — ucnopeaHuk. Ecim ke A — HMCIIOBEIHUK, TO OH JIZKET, II09TOMY B

— HUHKBHU3UTOD.



2.2. Jlan yron ABC, pasubriit 135°. Ha miockocTn 1o pa3Hble CTOPOHBI OT MpsiMoit A B oTMedeHbl
takue Touku D u E, uro BC = CD = AE, Z/BCD = 60°, ZBAE = 165°. [dokaxwure, 410

npsmas D E 1mpoxoauT depes cepeauHy orpeska AB.

D

Pemmenune. Kak werpynno Bugers, Tpeyroabank BC' D paBHOCTOPOHHUI, OTKY/Ia
BD =CD = AE.
[Iycrs Touka C' sexkur Boie npsivoit AB (cm. pucynok). Tak kak
LABC + ZCBD = 135° + 60° = 195° > 180°,
Touka [) HAXOMUTCA HUXKe MpsiMoit AB, u npu 5ToM
ZABD = 360° — (LABC + ZCBD) = 360° — 195° = 165° = ZBAE.

[Iycte M — cepemuna orpeska AB. Torma tpeyrospauku AME u BMD paBHBI 110 IByM
croponaMm u yriy, orkyjaa ZAME = ZBM D. 3uaqut, iyau M E u M D napaJiie/ibHbI, TO €CTh

Touku F, M, D jiexkat Ha OTHON TPAMOIA.
2.3. B jiecaTHYHOM 3aIMCH PA3JIMIHBIX CEMU3HATHBIX YUCET @ U b 110 0JIHOMY pa3y BCTPEYaeTcs
Kaxkaad nudpa or 1 g0 7. Hokaxkure, 910 @ He JAeauTcs Ha b.

Pemntenne. Honycrum, 4o a jenurcd va b, To ectb a = Rb pu HEKOTOPOM HATYPAJIHLHOM
R. Tak xak uncia a u b cemusnaqnbie u a # b, mpr noaydaem R € {2,3,...,8,9}. Suaunt, R—1

ue kparuo 9. Yucsa a u b upu genenun na 9 Jam0T OCTATOK
(1+2+3+4+5+6+7)mod9=28mod9=1.
Orcio/ia BeITEKAET, YTO YUCI0 b He JeuTcd Ha 3 U OoTOMYy B3auMHO 1pocto ¢ 9. Torma
a—b=b(R-1)
He MoxkeT jiesinThes Ha 9. C apyroit croponbl, a—b KpaTHO 9, IIOCKOJIBKY @ U b JAI0T OMHAKOBBIE
ocTaTKu OT jejieaud Ha 9. Mbl 1oIyduim mpoTuBOpeyne.
2.4. B nabop u3 200 pa3HOBECOB BXOJAT I'UPU BECOM
lr, 27, ..., 100r mw 1700, 17011, ..., 1799 .

MozkHO Jin paz3IoKuTh 3TOT HabOp rupb Ha 18 Kyd OJMHAKOBOrO Beca?!

OTBerT: Her.

Pemenue. Cymmapubiii Bec Tupb paBeH

(14 1799) + (24 1798) + ... (100 + 1700) = 100 - 1800 = 18 - 10 000.



Takum obpazom, kaxkas Kyda josnkia BecuTb 10000 r. Hazosem rupu, KoTOpble BecdAT He

MEHbIIIe KIJIOIpaMMa, mascesvimu. OdeBUIHO, JTI0ObIe 6 TSKeJIbIX I'MPh BECAT 0OJIbIe
6-1700 > 10000 r.

SHAYNT, B KAXKIyI0 Kydy BXOJAUT He Oojiee b TsizKesbiX Tupb. [loatomy mpu dpopmupoBanmu 18
Kyd MBI HE CMOXKEM HCIIOJIb30BaTh 00JIbIne 18 - 5 = 90 TsKeIbIX THPh, TO €CTh PA3JI0KHUTh BCE

TUpHU 10 Ky4aM He yIacTcd.

2.5. B/1o/ib OKPYZKHOCTH BBINMCAHBI HYJIU U eguHuiibl — Bcero 200 uumcesr. Anjpeit oborres
OKPY?KHOCTDb TI0 YaCOBOM CTPEJIKe, MOJICYUTAJ, CKOJILKO pa3 BcTpedaloTcd ¢gpparmentsl 0111 u
1011 (u3 moapsiy crogmux mudp), Mocae Yero U3 mepBoro 4ducia Bbraes Bropoe. Hacrs roxke
obor1a OKPY2KHOCTD 110 YaCOBOI CTPEJIKE U C/IesIalia aHAJOTUIHOe BhIMUC/IeHUE i PparMeH-

toB 0011 m 0110. /TokazknuTe, 9TO y HUX MOTYYHMJINCH OJMHAKOBBIE PE3YIIHTATHI.

Pemenue. Ilycrs 3amucey «0111» oboznauaer kosmdectso dpparmentos 0111, Berpedaro-
IUXCS BJIOJTb OKPYKHOCTH. AHaJIOrMIHbIe 0003HAYEHUsT OyIeM HMCIOIb30BATh U JIJIsT JPYTHUX

dparmenToB. HaM Hy»KHO IIPOBEPUTH COOTHOIIICHHE

«0111» — «1011» = «0011» — «0110»
WJIN, TIOCJIE TIEPETPYIIITUPOBKU CJIATaeMbIX,

«0111» + «0110» = «0011» + «1011»

Jlokarkem, 9T0 00€ YacTH paBEHCTBA paBHbI KojumdecTBY dparmenTos 011, BcTpedaronuxces
BJIOJIb OKPYZKHOCTH (3TOro, 04eBuHO, noctatoqso). [locie dparmenta 011 moxker wiaru 0 win
1. Yucno dpparmentos 011, nocite kotopwix ujer 0, pasuo «0110», a uucio dpparmenton 011,
mocsie KoTopbix uaeT 1, paBuo «0111». Cymma 3TuxX BeJIUYNH KaK pa3 W HAIUMCAHA B JIEBOI
JACTH.

C napyroit croponsr, mepes ¢dpparmenTom 011 moxker maru 0 wam 1. Yucmo dparmentos
011, nepes koTopbivMu HaxoguTes 0, pasuo «0011», a gucio dparmentos 011, nepes KOTOpbIMU

naxojurcd 1, paBao «1011». Cymma 9TUX BeJIMYUH HAIUCAHA B [IPABOI YaCTH.

2.6. Ha jtocke narnmcanbl uucia: 2 JIBOWKY, 3 TPOUKH, 4 4eTBEPKH, . . ., 9 1eBaToK. Pa3zpertaercs
cTepeTh JIIoObIE JIBa YHCIa @ U b U 3ammcaTb BMECTO HUX Ha JIOCKY YUCTIO

ab
a+b

(OHO MOZKET OKa3aTbCA HGL[GJIBIM) . HpI/I MHOT'OKPaTHOM BBIIIOJTHCHUHN 9TUX onepam/lﬁ KOJINYECTBO
qucesl Ha JJOCKE YMEHbIIaCTCA M, B KOHIE KOHIIOB, OCTaHETCA OJJHO YHCJIO. quy MOKeT OBITb

paBHO 970 uncyio? (YKaKuTe Bce BO3MOXKHbIE 3HAYECHUS U JIOKAYKUTE, UTO JPYTUX HET.)

OTBer: IIocJjsieigee 4mucJjio Bceria 6y,HCT PaBHO % .

Pemenue. Paccmorpum cymMy OOpaTHBIX BeJIMYMH Bcex umcel. i mexomporo Habopa
4ncel OHA PaBHA

+3-34...+9-5 =8
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Korna mMbI ctupaem 9mceia a u b ¥ 3aIUCBIBAeM BMECTO HUX YHCJIO
ab
a+b’

1

. 1
paccMaTpuBaeMasi CyMMa He MEHACTCS: [IPU CTUPAHUM OHA YMEHBIIACTCS Ha = + 3, & IIPH JI0-

[UCBIBAaHUY YBEJIMIUBACTCA HA
1 a+b 1 1

= + -
ab )
s ab a b
TO €CTh Ha Ty K€ caMylo BeJIMIuHy. B KOHIE, KOrj[a OCTaHeTCd €IMHCTBEHHOE YUCJIO X, CyMMa

1 _1
OOpaTHBIX BeJMYUH OyJeT paBHa - . SHAYUT, T = g .

Bapunanr 3

3.1. B monareckoM opjieHe arioCTUKOB KazKJIbIi MOHAX — JIMOO UCIIOBEIHUK, JTHOO MHKBU3UTOP.
[Ipu pazrosope ¢ UCIIOBETHUKOM JIIO00# UeJI0BEK JI0JIZKEH NOBOPUTH IIPABILY, & IIPU PA3roBOpe C
MHKBU3UTOPOM — JiraTh. beceayroT aBa Monaxa A u B. «4, Mmexxay npodmm, mHKBU3UTOp!> —

roBoput A. «41 Toxke muakBusuTop!> — orsedaer b. Kem moryr 6biTh 91 MOHAXT?

OTBeT: MoHaxW JIOJKHBI UMETh Pa3HbIfl CTATyC: OJIMH U3 HUX — WHKBUBUTOP, JIPYroil —

HUCIIOBEJTHUK.

Pemenune. Ilo YCJIOBHIO, ICTUHHOCTD UJIA JIOZKHOCTb (bpaBbI, KOTODPYIO ITPOU3HOCHUT Y€JIOBEK,
3aBHUCHUT TOJILKO OT THIIa €r'o CO6€C€,D;HI/IKE%, HO HE OT CaMOI'o 3TO 4eJsioBeka. Ecim A HCIIOBEIHUK,
TO OH JIZKET, IIO3TOMY b — NHKBHU3UTOD. TOI‘,ZLa b IOBOPHUT IIpaBdy, 9TO COOTBETCTBYET 3TUKETY.
Ecmu xe A MHKBHU3UTOP, TO OH I'OBOPUT IIpaB/y, & 3HAYUT, b — HCIIOBECIHUK. TOI‘,H& b JIZKET,

YTO TOYKE COOTBECTBYET ITHUKETY.

3.2. Jlan yron ABC, pasubii 70°. Ha miockocTtu 10O pasHble CTOPOHBI OT mpsiMoii AB
orMmeuenbl Takue Toukn D u E, aro BC = CD = AE, Z/ZBCD = 60°, ZBAE = 130° (Touka

D nexxur Bue yrina ABC'). Jokazxure, aro npsimast D E ipoxoaut depes cepejiuny orpeska AB.

Pemmenune. Kak nverpyano Bugers, Tpeyronbauk BC' D paBHOCTOpPOHHUI. 3HAYNT,
BD=CD=AF u /ABD=/ABC+ ZCBD =70°+60° = ZBAE.

[Iycte M — cepemuna orpeska AB. Torma tpeyrosbauku AME u BMD paBHBI 110 1ByM
croponaMm u yriy, orkyjaa ZAME = ZBM D. 3uaqut, iyau M E u M D napaJijie/ibHbI, TO €CTh

rouku F, M, D jexxar Ha OTHON IPSIMOIL.



3.3. B jecsaTuaHoii 3ammcn BoChbMU3HAUHBIX dncest a u b (a # b) HeT cemepok u HyJeil u Bce

nudps! pasymyanbl. JJokaxkure, 9T0 a He JeauTcd Ha b.

Pemntenne. Honycrum, 4to a jenurcd vHa b, To ectb a = Rb pu HEKOTOPOM HATYPAJIHLHOM
R. Tak kak uncsa a u b BocbMu3Ha4IHble U ¢ # b, Mbl nostydaem R € {2,3,...,8,9}. 3naqwnr,

R — 1 ne kparno 9. Yucna a u b upu jejiennn Ha 9 Ja10T OCTATOK
(1+24+3+4+54+6+8+9)mod9 =38mod9 = 2.
Orcio/ia BeITEKAET, YTO YUCI0 b He JeuTed Ha 3 U OTOMYy B3auMHO 1pocto ¢ 9. Torma
a—b=b(R—-1)
He MoxkeT jiesinThes Ha 9. C apyroit croponbl, a—b KpaTHO 9, IIOCKOIBKY @ U b JAI0T OMHAKOBBIE
ocTaTKu OT jejieaud Ha 9. Mbl oydum mpoTUBOpEYre.
3.4. B nabop u3 200 pa3HOBECOB BXOJAT I'UPU BECOM

I, 27, ..., 100r mw 1500, 15011, ..., 1599
MozkHO Jin pas3IoKuTh 3TOT Habop rupb Ha 16 Kyd OJMHAKOBOrO Beca?!
OTBerT: Her.
Pemmenue. CymMmapHbIil Bec TUPh PaBeH
(1+1599) + (2 + 1598) + ... (100 + 1500) = 100 - 1600 = 16 - 10 000.

Takum obpazom, kaxkgas Kyda josnkia BecuTb 10000 r. Hazosem rupu, KoTOpble BecdT He

MEHbIIIe KIJIOIpaMMa, mascesvimu. OHdeBUIHO, JTIOObIE 7 TSKeJIbIX I'MPb BECAT 0OJIbIe
7-1500 > 10000 r.

SHAYNT, B KAXKIyI0 Ky4dy BXOJAuUT He Oojiee 6 Tsizkesbix Tupb. [loatomy mpu dpopmupoBanmnu 16
Kyd MBI HE CMOXKEM HCIIOJIb30BaTh 00JibIne 16 - 6 = 96 TaKebIX TUPh, TO €CTh Pa3JIOKHUTh BCE

TUpHU 110 Ky4aM He yIacTcd.

3.5. B/1oJ1b OKpY2KHOCTH BBINIUCAHBI HYJIN U euHUIbl — Beero 120 uucest. Carra obores OKpy K-
HOCTB 110 9aCOBOI CTPeJIKe, MOJICUUTAI, CKOJIBKO pa3 Berpedatorcst hpparmentst 0100 u 1010 (u3
HOJIPsJT cTosIuX Iwdp), Mocae Yero u3 mepBoro Juc/ia Bbrdes Bropoe. Kupuiut toxe oborres
OKPY?KHOCTD TI0 YaCOBOI CTPEJIKE U ¢JIe/Ia)l aHaJOTHIHOe Bbruncienue i pparmentos 0010 u

0101. dokazkuTe, 9TO y HUX TOJTYIUIUCH OJIMHAKOBBIE PE3YIbTATHI.

Pemenue. Ilycrs 3amucey «0100» oboznauaer xosumdectsBo dparmentos 0100, BcTpedaro-
IUXCS BJIOJTb OKPYKHOCTH. AHAJIOTMIHbIe 0003HAYEHUsT OyIeM HCIOJIb30BATh U s JIPYTHX

dparmenToB. HaM Hy?KHO IIPOBEPUTH COOTHOIIIEHHE
«0100» — «1010» = «0010» — «0101»
WJIH, TIOCJIE TIEPErPYIIITUPOBKY CllaraeMbIX,

«0100» 4+ «0101» = «0010» + «1010»



Jlokaxkem, 9T0o 00€ YacTH paBeHCTBA paBHbI KojumdecTBY dparmenTos 010, BcTpevaronuxcs
BJIOJIb OKPYZKHOCTH (3TOro, o4eBuHO, noctatoqso). [locie dparmenta 010 moxker wiaru 0 win
1. Yucsio dpparmenton 010, mocsie kotopsix uier 0, pasuo «0100», a yucio dparmentos 010,
mocsie KoTopbix uaer 1, paBao «0101». Cymma 3TuX BeJUYNH KAK pa3 W HAIUCAHA B JIEBOI
JaCTH.

C napyroit croponsr, mepes dpparmenTom 010 moxker maru 0 wam 1. Yucmo dparmenTos
010, nepe koropuimMu HaxouTcs 0, pasHo «0010», a ucio dpparmentos 010, epe1 KOTOpbIMU

naxojurcsd 1, paBao «1010». Cymma 9TUX BeJIMYUH HAIUCAHA B [IPABOI YaCTH.

3.6. Ha jjocke mammcanbl 4ucja: eJUHUIa, 2 JIBOMKHU, 3 TPOWKH, 4 4eTBEpKH, ..., 9 JeBATOK.
Paspertaercs crepers Jiiobble faBa duciaa ¢ u b U 3aucaTh BMECTO HUX HA JIOCKY HHCJIO
ab
a+b

(OHO MOZKET OKa3aTbCA HGL[GJIBIM) . HpI/I MHOT'OKPaTHOM BBIIIOJTHCHUHN 9TUX onepam/lﬁ KOJINYECTBO

qucesl Ha JJOCKE YMEHbIIaCTCA M, B KOHIE KOHIIOB, OCTaHETCA OJJHO YHUCJIO. quy MOZKET OBbITb

paBHO 970 uncyio? (YKaKuTe Bce BO3MOXKHbIE 3HAYECHUS U JIOKAYKUTE, UTO JPYTUX HET.)

1

OTsert: nociejnee vucio Beerja GyjeT paBHO

Pemenue. Paccmorpum cymmy oOpaTHBIX BeJuduH Beex uuces. s uexomnoro nabopa
quceJl OHa paBHa
1+2-5+43-53+...+9-5=09.
KOF,Ha MbI CTUPaeM 4duCJla a 1 b 1 3aIMChIBAEM BMECTO HUX UUCJIO

ab
a+b

. 1 1
paccMaTpuBaeMad CyMMa HE MEHAETCA: IIPU CTUPpaHUN OHa YMEHbLIIAETCA Ha P -+ b a IIpu 10-
IIMCbIBAHUN YBEC/JIMIUBaACTCA Ha
1 a+b 1 1

ab a b
=% ab a b

TO €CTb Ha Ty 2KE€ CaMyIO BEJIMIUHY. B KOHIIE, KOT'/la OCTaHETCA €JIUMHCTBEHHOE YHCJIO T, CyMMa

1 _1
OOpaTHBIX BeJnuuH OyJeT paBHa - . SHAIUT, T = 5 .
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