Oaumnuapa CIIOI'Y mo nHpoOpMaTUKe CpeAUd IMIKOABHUKOB
Pa36op durarbHOrO Typa, YeTBepr, 18 mapTra 2021 ropa

Pa300p 3apauu «BO3BOAMM B KBaApar»

ABTOp 3apaum: Muxaua VIBaHOB
IloproroBka TecToB U pellieHui: Muxaua VBaHOB
ABTOp pasbopa: Muxaua VIBaHOB

TecTbl ¢ MaA€HBKUM k MOXXHO OBIAO TIPOWUTH, 3aMEeTUB, YTO k-5 C KOHIla IM@pa YUCAa MOJKET
OBITH TIOAyYEHA M3 ero OCTaTKa OT AeAeHusi Ha 10F (MOTOMY YTO 3TOT OCTAaTOK — 3TO KakK pas
nocAaepHUe k udp YucAa). A AASL TOTO, UTOOBI HAWTU HTOT OCTATOK, MOKHO HAWUTU OCTATOK OT
Aerenust N Ha 10F — aT0 uncao U3 k eAMHHII, KOTOpoe MBI Ha30BEM N — BO3BECTHU ero B KBaApaT
U Y IIOAYYEHHOT'O YHMCAA AAWHBEL 2k — 1 B3gTh k-10 udpy (HEeBa’kKHO, CA€Ba WAM CIIpaBa). TakKuM
o6pasoM, TpeGyercst AHIIb, 4ToObl N7, Aexamee B mpeaerax oT 10271 a0 1,5 - 10%71, Baesanro B
Balll IIEAOYHNCAEHHBIN TUIl. ECAM BBl MOAB3yeTeCh TOABKO 32-pa3psSAHBIMU YHUCAAMU, TO pelleHHe
cpaboTaetT 1ipu k < 5 U HaOepéT ueThipe OaAAd; eCAM 64-pa3psAHBIM, TO k < 10 u 14 6aAA0B; ecAn
K€ BBl BOCIIOAB30BAAUCH 128-pas3pspaHBIM THIIOM, AOCTYIIHBIM B CUCTeMe Ha fA3blke C++, TO BaM
poctynHo k < 20 u 34 6aara. Kpome TOro, MO’KHO OBIAO BOCIIOAB30BaThCI AAMHHON apU(pPMeTHKOMH,
KOTOpas Cpa3y II03BOASIET PEIIUTh 3aAauy AAS MHOTOTBICSUHBIX k; HAallpUMep, AAMHHAsA apudMeTu-
Ka Python no3Boasirna HaOpaTh TakuM criocoboM 74 6aanra. B aToM pelteHUM MO’KeT OBIThH ITOAE€3HA
Takag dpopMmyra: N = 10];_1.

AAsi TOrO, UTOOBI PEemnIuTh 3aAauy AAS AEHUCTBUTEABHO OOABIINX k, yKe OBIAO HEOOXOAUMO
3aMeTHUTh, KaK YCTPOeHBI Iuphl uncAa N2. BrlsicHsgeTcsi, 4To camas mpaBsasi Iudpa B HEM 1, a
AA@ABbIIe UAET MUKA 234567890 AAMHEL 9, TO €CTh B CAMOM YUCAe HUPPH! YCTPOEHHI TaK:

N?% = ... 0987654320987654320987654321.

[ToaTOMy MO>XHO OBIAO OTAEABHO PacCMOTpPeTh cAyudal k = 1, a 3aTeM B34Th OCTATOK OT AEAeHHUS
Ha 9 ¥ B 3aBUCHMMOCTU OT HEro BBIBECTU (PUKCUPOBAHHBLIM OTBET.

Kak >ke AOKa3aTh 3Ty 3aKOHOMEPHOCTL? MEI IIPEANOSKUM HUALI0 AOKA3aTEeAbCTBE, & AeTaAM OCTa-
BUM B KauecTBe yIpa’kHeHMs. HaM HaAO MOHATH, KAK YCTPOEHBI ocAeaHue k 1udp uncaa N2, rae
N}, — uucao u3 k epunull. [lpepcTaBUM ero B BUAE CYMMBI 10PNy, + 105 2Ny, + ... + Nj. HeTpya-
HO AOKAa3aTh II0 WHAYKIIMH, UTO €CAU B34Th IIEPBBIE 7 CAArA€MBIX 3TOM CYMMBI M CAOKUTH, TO
TIocAepAHme k TP 3TOr0 YHMCAA BBITASIAAT TaK: CHavyaAad ITOCAEAHHUE i ITUPP ITOCAEAOBATEABHOCTH

... 0987654320987654320987654321,

a 3areM k — i HyAel.
BamreMy BHUMaHUIO IIPEAAAraeTcs TaKyKe TakKoe yIIpa’kKHeHHe: a KaK HaXOAUTh k-0 1udpy He
C KOHIIa, a C HadaAa 4ymcaa?

Pa300p 3apauu «Mano 4yacTemn»

ABTOD 3apayuu: Muxana VIBaHOB
I[ToaroTOBKa TecToB U pelieHuii: BaaaucaaB MakapoB
ABTOp pasbopa: Baapucnaas Makapos

3aMeTHnM, YTO AIOOOU HOAOTPE30K XOPOIIEeM CTPOKH — TOXKe Xopolas cTpoka. [Tosromy B Ka-
4eCcTBe MepBOM CTPOKM (TO €CTh CTPOKH, COAEPKAIIWM IIEPBBIM CHUMBOA S) pa30meHHsa «Hauboaee
BBITOAHO» B34Th CTPOKY HAaMOOABIIENM BO3MO’KHOW AAUHBI.

DopMarbHO TOBOPSI, CPEAU BCeX Pa30MeHWM C HaUMEeHBIIMM KOAMYECTBOM YacTeld eCTb XOTS
OBl OAHO, B KOTOPOM IIepBasg CTPOKA UMeeT HAUOOABIIYIO BO3MOKHYIO AAWHY. AeNCTBUTEABHO,
BO3bMEM AIOOO€ pa3OmeHme Ha XOpOoIlne CTPOKU, IIPOAAUM B HEM IIEPBYIO CTPOKY A0 MaKCHUMyMa
U COKpATUM (MAU AAKe YAAAUM) Te 4YacTU pa3OMeHMs, Ha KOTOpble MBI IIPA 3TOM «3a€XaAmn».
IToayunm pas3OumeHHe Ha XOpoIllee CTPOKH, B KOTOPOM He OOABIIEe 4YacTel, 4eM OBIAO paHbIle, a
mepBasg CTpPoKa UMeeT HauOOABIIYIO BO3MOXKHYIO AAUHY.
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Takum 00pa3oM, 3aAa9y MOJKHO pellaTh >KaAHO: CAeAaeM MepBYIO YacTh pa30UeHUsT HAaCTOABKO
AAMHHOM, HACKOABKO CMOJKeM, IIOTOM BTOPYIO, M TakK Aanree. DTOT aATOPUTM MOKHO PEAAU30BaTh
3a AMHeMNHOe OT AAUHEBL s BpeMsd, eCAU YMeTh IIOHUMAaTh, OCTAHETCSl AU TeKyIllasi CTPOKa pa3breHuns
XOpoIIeH, ecAnu AOOABUTH K HeU KAKOU-TO CUMBOA. AAS 3TOTO AOCTATOYHO XPAHUTH €€ AAWHY U
MHO>KeCTBO CHUMBOAOB, KOTOpble B HeM KOTAa-AMOO BCTPEUaAUCh (3TO MHOKECTBO MMeeT pasMep
He OOABlIe 3, TAK KaK CTPOKa XOpPOIIas).

Ecth u ApyTHue, O0Aee CAOKHBIE, TTOAXOABL.

Pa300p 3apaum «ABe CyMKH»

ABTOD 3apauu: VBan KazMeHKO
IToaroToBKa TecToB U pelileHnii: KBan KazMeHKO
ABTOp pasbopa: HBan KazmMeHKO

Pemrenne noapsapauu ¢ n < 10: mepe6op 3a O(2" - n). MoxkHo mnepebpaTh Bce 2" BO3MO>KHBIX
TIOAMHO>KECTB Belllel, KOTOpPhIe CAEAYET ITOAOKUTL B IIEPBYIO CYMKY, ITIOAOKUTH OCTaAbHBIE BellU
BO BTOPYIO CYMKY, IIOCA€ 4Yero IIPOBEPUTh, YTO BCe OPAHUUYEHUSI BHIIIOAHEHHI.

Pemenue nop3apauu ¢ n < 100: prok3ak 3a O(n-z). ByaeM A00aBASITH BeIIU II0 OAHOM U Ka>KAYIO
KAACTh B KaKylO-HUOyAb CyMKy. KpoMme HOMepa paccMaTpuBaeMoOM Belllu k, HaM HY>KHO CAEAUTH
3a AByMd 4YHCAAMU: OOBEMOM Belllel v B IIEPBOY CyMKe M BeCOM Bellleil w BO BTOpPoM cyMKe. OAUH
U3 HUX CAeAaeM IlapaMeTpoM, a APyrou — 3HaueHueM QyHKIUU. [ToAydaeTcs, YTO HaM HY>XHO
BBIYUCAATE f(k,v) = minw: €CAM MBI Pa3AOKUAM II0 CYMKaMm IIepBble k Belleil U TOAOKUAU B
IIEPBYIO CYMKY Bellld CYMMAapHOro OoOBbEMa v, KaKOUM MWHUMAABHBIM CyMMapHBIM BeC W MOT'YT
UMeThb Bellly, IIONIaBIINe BO BTOPYIO CyMKYy? [Tpu pooOaBAeHMU Bellid k ¢ OOBEMOM v, ¥ BECOM Wy, MBI
AMG0 KAAAEM eé B IIePBYIO CYMKY, AubO0 Bo BTOpyio: f(k,v) = min{f(k — 1,v —vg), f(k — 1,v) + wg }.
Al BOCCTQHOBAEHUS OTBETa COXPaHUM, KAKOM M3 ABYX II€PEXOAOB IIPOU3OLIEA.

B mocaepHel mop3apade Takoe pellleHue MOKeT HNOoTpeboBaTh CAMIIKOM MHOTO ITaMsATH: C Ta-
pamerpamu 0 < k£ < 500 u 0 < v < 250000 nmoayuaercst ~ 125000000 cocTosiHUM, AAS Ka’KAOTO K3
KOTOPBIX YAOOHO OBIAO OBl XPaHUTh ABA YHWCAA — MUHUMAABHBIM BeC M HOMep Iepexopa AASL BOC-
CTQHOBAEHUS OTBeTa. B mpuHIUIIe 3Ty MHPOPMALUIO KaK pa3 MOKHO YAOKUTB B 4eThIpe OauTa.

EcAu mamMsiTH He XBaTUAO, MOXKHO 3aMeTHUTh, uTO 3HaueHus f(k,-) 3aBUCAT TOABKO OoT f(k—1,-).
[ToaTOMYy MO’XHO XpPaHUTL f TOABKO AASl TEKYIETO U IPEABLIAYIero 3HaueHuu k. TaOAUITY AAS
BOCCTAQHOBAEHMS OTBeTa TaK CXKATh HE YAACTCH, 3aTO AASI Ka>XAOTO COCTOIHHUSA MOKHO XPaHUTh
OAUH OaliT AW Aa’Ke OAUH OUT.

A elllé MOKHO BOCCTAHABAMBATH OTBET, HE COXPAHII IIEPEXOABL: B KA’KAOM COCTOSHUM IO ITyTH
OyaeM CMOTpPeTh Ha 3HaueHHUS U 3aHOBO BBISCHATH, KaKoe M3 ABYX BO3MOJKHBIX COCTOSSHUNM MOTAO
OBITh IpeAbIAYIIMM. Takom crocoO TpeOyeT HamucaTh OOABIIE KOAA B OOMeH Ha HeOOABIIYIO
SKOHOMUIO TTaMSITH.

Pa300p 3apauu «I'HEM CKOOKH»

ABTOp 3apauu: BaapucraB MakapoB
IToaroTOBKa TecToB U pelieHnii: BaaaucaaB MakapoB
ABTOp pasbopa: Baapucaas Makapos

AAS pellleHUsI IIepBOM IOAIPYIIIBL AOCTATOYHO OBIAO IlepeOpaTh UTOTOBYIO IIOCA€AOBATEAb-
HOCTB. Aa>ke caMad HamBHad peaAmsanud OypaeT paboTaTb AOCTATOYHO OBICTPO.

Bropast TOATpyTIIa periaeTcs AWHAMHUYECKUM TporpammupoBanuem 3a O(n3). A umeHHO,
d(¢,r) — MUHUMaAbHOE KOAMYECTBO SHEPIuH, KOTOPOE HY>KHO HMOTPATUTDb, YTOOBI ITIOAOTPE3OK [/, T)
CTPOKU CTaA IIPaBUABHON CKOOOUHOM mnocaepoBaTeAbHOCTHIO ([TCTI). [To onpepereHUI0 AUHAMUKUT
oTBeTOM OyaeT d(0,2n) (HAllOMUHAIO, YTO 1 — 3TO NOAOBUHA AAUHEI CTPOKH).

OTa AMHAMUKa IIOAb3yeTCs PeKypcUBHEBIM olnpepereHueM [ICII. ba3zol AUHAMUKHU OyAyT YCAO-
Bus d(¢,¢) = 0 arst 0 < £ < 2n (mycTasi cTpoka u Tak siBaBsieTcst [ICIT). CocrosiHus 06pabaThIBaIOTCs
B IIOPSIAKE BO3PACTaHUsI AAMHBL OTpe3kKa [/,7), To ecTb 1 — /.
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3aMeTuM, YTO HAC HUHTEPEeCyIOT TOABKO COCTOSHUS C UETHBIM r — {, TaK KaK OCTaAbHBIE OT-
pe3ku HeAb3d mnpeBpaTuTh B [ICIT mpocTo mu3-3a 4ETHOCTU. AAS Ilepexopa AUHAMUKM 3aMeTHUM,
YTO, IO peKypcuBHOMY orpeperenuto I1CII, mpeBpaTuTh MOAOTPe3oK [I,r) B TICIT MOXHO TpeMms
criocobamu:

1. Aas xakoro-to m (¢ < m < r) npeBpatuts [[,m) B [1CIT u [m,r) B TICII.
2. TlpeBpaTuTh [-if CUMBOA B «[», (r—1)-# B «]» U IpeBpaTUTh MOAOTPe30K [(+ 1,7 —1) B TICII.
3. TlpeBpaTuTh /- CUMBOA B « (», (r—1)-#1 B «)» U IPEBPaTUTh MOAOTPe30K [(+ 1,7 —1) B TICII.

ChaepoBaTeAbHO, Kaxkpoe d(¢, r) MoxkHO rmocuuTaTh 3a O(r—¢) = O(n) BpeMeHH, caMoe «AOPOroe» —
nepebop m.

TpeTbsi U TIOCAEAHSIST TOATpyIla TpeboBara yduéTa CrHenudUKA KOHKPETHOMW 3apadu.
Bo-I1epBBIX, ITOCKOABKY II€pEBOpPAuYMBATL CKOOKM MOKHO OEeCIIAQTHO, AASI HAC HET HUKAKOHM pas-
HUIIBI MEJKAY 3aKPBIBAIOIEN M OTKPBIBAIOIIEM CKOOKaM{ OAHOTO THII4, OHU IIOAHOCTBIO B3aWMO-
3aMeHsieMbl. [ToAydaeTcsi, 94TO 3aAa4y MOJKHO IepeOpMyAMPOBATH CAEAYIOIIMM 00pa3oM: ecThb
CTPOKa M3 CHMBOAOB «a» (COOTBETCTBYET KPYTABIM CKOOKaM) U «b» (COOTBETCTBYET KBAAPATHBIM
CKOOKaM), TpeGyeTcst TIOAYUUTD U3 Heé XOPOulylo CTPOKY MUHHUMAAbHBIM KOAUYECTBOM HU3MEHEHUN
CHUMBOAOB. XOPOIIIHE CTPOKU OIIPEAEASIFOTCS TaK:

1. TlycTasa cTpoka — Xxoporas.

2. Ecam s — xopomas, To asa U bsb — ToxXe xopoliue.

3. Ecau s u t xopolue, TO st — TOKe XOpoIlas.

4. Ecam u3 npaBua 1-3 He CAEAYET, UTO CTPOKA — XOPOIllasg, TO OHAa TAaKOU U He IBAJIETCH.

VHAYKIOVEN IIO OIIPEAEAEHUIO XOPOIIeM CTPOKKU HECAOKHO AOKa3aTh, YTO CTPOKA XOpollas
TOTAQ M TOABKO TOTAQ, KOTAQ CAEAVIOUIMH aATOPUTM CO CTEKOM AQET Ha BBIXOAE ITYCTOM CTeK:

1. VMI3HAUYaABHO CTEK ITyCT.
2. O6pabaTrsiBaeM CHMBOABI CTPOKH IO OAHOMY, IIYCTh TEKYIIUN CUMBOA — C.

3. Ecau cTek HeNyCT U Ha BepIIMHE AEKUT ¢, TO CHUMEM C CO CTeKa (M HUYero He AOOABUM).
Ecam ke cTeK IyCT MAM Ha BepIIHHE AeKUT He ¢, TO AODABUM c Ha CTeK (HHUUYEro IIPU 3TOM
He CHSB).

AeNCTBUTEABHO, CAyYal 3 B OIIPEACAEHUU XOPOllled CTPOKU COOTBETCTBYIOT TOMY, UTO CTEK OKa-
3aACd IIYCT B KAKOU-TO MOMEHT pabOThl aATOPUTMA BBIINIE (KpOMe CaMoOro Hadaaa paboOThI, KOTrpd
He ObIA 00paboTaH HU OAMH CUMBOA, W CAMOT'0 KOHII@, KOTAa ObIAM OOpabOTaHBI BCE CUMBOABI).
Cayuali 2 COOTBETCTByeT TOMY, UTO CTE€K HHMKOIAA He CTAHOBUACS IIYCTBIM, M IIO3TOMY II€PBBIU
CHUMBOA CTPOKHU «@aHHUTHUAUPOBAACS» C TTOCAEAHUM.

WTak, MBI MOXKeM IIPOBEpPSTH CTPOKY Ha XOPOLIECTh C IIOMOIIbIO TAaKoro aaropurma. Okasbl-
BaeTcd, MBI MO’KeM HaAWTH TaKUM OoOpa3oM M OTBeT Ha 3apaduy! AaBaliTe cAerdaeM CAeAyIollee:
[IPUMEHUM K CTPOKe, KOTOPYIO MBI XOTUM IIepeAeAaTh B XOPOIIYIO, aATOPUTM BhIlle. TaK Kak OHa
He 00g3aHa OBITH XOPOIIIEM, TO CTEK B KOHIIEe aATOPUTMA MOT OCTaThCA HellycThIM. OAHAKO, B HEM
TOYHO UETHOE KOAWUYECTBO SAEMEHTOB (TaK KaK CUMBOABI «@HHUTUAUPYIOTCSI» ITapaMu) U 3TU CUM-
BOABI 4epeAyIOTCS (MHade Obl OHM «aHHUTMAWPOBAAUCH» IIpU A0OaBAaeHUU). He ymaagsa oOmiHOCTH,
B cTeKe 2k 3AeMeHTOB U OH BBITAIAUT Kak ab. . .ab. [TocMoTpuM Ha Bce OyKBHI «b» B CTeKe, Hal-
AEM MX MIO3UIIMM B UCXOAHOU CTPOKE U IIOMEHSEM UMEHHO 3Mmu «b»-IIKW Ha «a»-IKU. Toraa, Koraa
MBI paHbIlle AOGABASIAM OAHY U3 UMEHHO 3muXx «b»-IlleK Ha CTeK, Mbl Tellepb OYyAeM CHUMAaTb CO
CTeKa OAHY «a»-LIKY. [Ipy 3TOM HMKAKOI'0 BAUSHUS Ha OyAylllee COCTOSHME CTeKa 3TO He OKaker,
TaK KaK CTeK OyAeT CTA@HOBUTHLCS IIYCTBHIM ITIOCAe OOpabOTKM Ka>XAOM M3MeHEHHOU OyKBBI. TaKuM
ob6pa3oM, MBI IOTPATUAU BCETO k €AWHUI] SHEPTuH, rae 2k — UTOrOBBIM pa3Mep CTeKa.
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[MoueMy HeAb3s MOTPATUTL MeHbIle 3HEPTUU? YTBEPIKAAETCS, UTO M3MeHeHHe OAHOTO CUM-
BOAA B CTPOKEe He IIOMOJKET M3MEHUTh pa3Mep CcTeKa OOAbIlle UueM Ha 2 (CAepOBAaTEAbHO, TAaKUX
U3MeHeHUN HYKHO XOTS OBbI k), IPU 3TOM He TOABKO B KOHIle pabOThl aATOpPUTMa, a Boobuje B
AIOOOM MOMEHT BpeMeHU. TouHee, MOKHO AOKAa3aTh MHAYKIIUEM IO HOMEPY CHMBOA@, YTO B AIO-
0olf MOMEHT BpPEeMEeHU CTEKU AAS UCXOAHOM CTPOKM M CTPOKU C OAHUM M3MEHEHHBIM CHUMBOAOM
COOTHOCSITCSI OAHUM M3 TPEX CAEAYIOIIUX CIIOCOOOB:

1. Am60 OHM MPOCTO paBHHI,
2. Ambo oHM o0a mMeloT pa3mep 1,
3. AmOO uX pas3Mepbl OTAMUYAIOTCI POBHO Ha 2, U OAUH M3 HUX — IpedUKC APYTOTO.

Kopa moaydaeTcss oueHb KOPOTKHU: IIPOCTO IIPOXOA CO CTEKOM.

3aMeuaHue: B 3TOM 3ajAade IIOMOTralOT 0a30Bble IIO3HAHUS B TEOPHHU TIPYIII, HO, KaK BUAHO
BBIIIIE, MOJKHO OBIAO OOOUTHCH U Oe3 HUX. [IpuBepéHHOE BhIIIEe OOBSICHEHHE HE caMoOe IIPOCTOe, HO
COAEP’KUT HECKOABKO (DAKTOB, KOTOPble MOT'YT OKa3aThCS [IOAE3HBIMU U B APYTHX 3apadax.

Pa30o0p 3apaun «TeaenaTrus ¢ YUCAOM»

ABTOp 3apauu: BaapucraB MakapoB
IToaroToBKa TecToB u pelieHnii: lBan KazMeHKO
ABTOp pasbopa: HBan KasmMeHKO

B nmepBoll mop3apadue AMAIIa30H BO3MOJKHBIX YKCEA OYEeHb BEAMK: MOXKHO 3apaHee BbIOpaThb
KaKoe-HHOyAb CAyYaMHOEe UMCAO M HAAEATBC, UTO B TECTaX OHO He OYAeT AQHO.

Bo BTOpO¥ mmop3apade, HAOOOPOT, BOBMOKHBIX BXOAHBIX AQHHBIX AOBOABHO MaAo. MOKHO SIBHO
CKOHCTPYHUPOBATh pellleHne AAS BCEX BO3MOJKHBIX HAOOPOB.

PemnM 3apauy B o01ieM caydae: ecau 2k + 1 < n, CYIIeCTByeT TOUHOE pellleHue.

PaccmoTpuM cTpoky d u3 n CKOOOK di,ds,...,d,: CKOOKa d; OTKpBIBAIOLIAs, €CAM 3PUTEAU
HaAIMCAaAU Ha AOCKe UMCAO ¢, UAU 3aKphIBAaloIlas, €eCAU YUCAO ¢ 3pUTEAM He HanucaAu. Hampuwmep,
npu n = 10 u MHORecTBe unceA {2,6,7,10} crpoka d paBHa «) ())) (()) (».

Hamra 3apaga — pA00aBUTH OAHO YHCAO Ha AOCKY. B TepMmMHHAaxX Hailel CTPOKU d 3TO O3HA4YaeT
3aMeHY OAHOM 3aKpBIBAOLIEN CKOOKM Ha OTKPBIBAIOIIYIO. XO4eTCs BbIOPATh 3aKPBIBAIOILYIO CKOO-
Ky TakK, 9YTOOBI U €€ IIO3UIIUI0, U IMO3UIIUI0 ITOAYYMBIIENCS OTKPBIBAIOIIEN CKOOKKW MOXXHO OBIAO
BOCCTAHOBUTH OAHO3HAUHO.

Bot Kak 3TO caenaTb. byaeM 3aMeHATH ITapHBIE CKOOKKW Ha TOYKHU: €CAM €CThb IIOACTPOKA BHAA
(s), TAe S COCTOUT TOABKO M3 TOUEK, TO 3TU ABe CKOOKHU 3aMeHSIOTCS Ha TOUYKU. B Haiem mpu-
Mepe moayuuM «) ())) (())(» = ) O))) (L) =« ()))ee.a(» = «)..)). ... (». [Topapok
AEUCTBUN MOJKET OBITH APYT'UM, HO IIOAYYUTCS TO K€ caMoe.

YTo NOoAyumnTCA B UTOre? YUTEM, YTO 3aKPBIBAIOIIUX CKOOOK OBIAO OOABIIE, YEM OTKPBIBAIOIIUX.
A emié 3amMeTuUM, YTO OTKpPBLIBAlOIllasi CKOOKa He MOXXeT OCTaThCs AeBee 3aKpbiBaroiied. KTak,
KpoMe TOUYeK, OCTAaHETCSI HECKOABKO 3aKPhIBAIOIIUX CKOOOK (XOTsd ObI OAHA), @ 3@ HUMM HECKOABKO
OTKPBIBAIOIINX (MUX MOXXET U He ObITh).

Kakyro 3aKphIBAIOIYIO CKOOKY MOYXHO OAHO3HAQYHO HAUTHU B 3TOM CTpPOKe? BriOepeM IIOCAeA-
HIOIO (CaMy!o IIpaByIO) U3 OCTABIIMXCS. 3aMEHUM €€ Ha OTKPBIBAIOUIYIO (TO €CTh AOIHUIIEM YUCAO,
COOTBETCTBYIOIIlee €€ TO3UIHUM, Ha AOCKY). B mpumepe moayumTcd, uTO 3TO 4yucao 5. CTpoka d
noMeHseTcss Tak: «) ())) (()) (» = «) ()) ((()) (». Boaee Toro, crpoka c YAQAEHHBIMU IlapaMu
CKOOOK TO>Ke IIOMeHSETCSI POBHO B 3TOM K€ CUMBOAE: «) ..)) . ... (» = «)..) (....(». 3amMeTnm,
4YTO 3aMeHEéHHasd CKOOKa — Tellephb IepBas (caMasi AeBasi) U3 OCTaBIIUXCS OTKPhIBAIOITUX!

Htak, BOoT pemieHue 3apaum. [loayumB umcaa B IepBBIY pa3, 3a Bacio, HanuieM CTPOKY d,
3aMeHUM IIapHble CKOOKM Ha TOYKH, HAUAEM CaMylO IIPABYIO 3aKPBIBAIOIIYIO CKOOKY (IIyCTh OHA
HaXOAUTCS Ha IO3UIUM 7) U A0OAaBUM Ha AOCKY YHCAO ¢. [IoAyuuB umcaa Bo BTOpPOM pa3s, 3a [leTio,
HanuileM CTPOKY d, 3aMeHUM IIapHble CKOOKH Ha TOUKHM, HaWAEM CaMyO AE€BYIO OTKPBIBAIOIIYIO
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CKOOKY (IYCTh OHA HAaXOAWUTCS HA MO3ULUU ¢) U CKa’KeM, UTO 1 — 3TO U €CTh YHUCAO, AOOaBAEHHOe
Bacermn.

AKKypaTHasi peaAn3alysi 9TOTO PellleHus I03BOASIeT BBITIOAHUTE Bce AeticTBust 3a O(n). B pe-
AAM3AIlMKU MOJKHO Ad’Ke He BBINUCHIBATH CKOOOYHYIO IIOCAEAOBATEABHOCTH — AOCTATOYHO CAEAUTH
3a 6aAaHCOM, TO €CTh Pa3HOCTHIO KOAWYECTBA OTKPHIBAIONIUX U 3aKPBLIBAIOIINX CKOOOK.

Pa300p 3apauu «ITapk m AooMa»

I'yro Xapasurep

OTtdpup HYeoHr
ABTOpBI 3apa4U: Mupa Au

I'rne® Henamen

BsauecnaaB CoKoAOB
I[ToaroToBKa TecToB U pelieHnii: Mwuxaua VIBaHOB
ABTOp pasbopa: Muxaun ViBaHOB

[MepBas upess — IONIPOOOBATE BBHIITYKABIE MHOTOYTOABHUKU. ECAU UCIIOAB30BaTh TPEYTOABHUKY,
MOJKHO AOOHUTBCS IIECTH KACaHUW, a BOT C AIOOBIM IIAPAAAEAOrPAMMOM MOJKHO AOOUTBCS yiKe
BOCHMU. YBBI, AASL OOABIIIETO UMCAA KacaHUY Hy>XKHa OOAee TOHKad HacTpoiKa: B 1957 ropy I'yro
XaABUTep AOKA3aA!, YTO BBITYKABIMH (DUT'YpaMu GOAbIIE BOCbMM KaCaHUH He AOGUTLCS.

Takke BoceMb KaCaHUM MIOAyYaETCSA U C HEKOTOPBIMU APYTUMM (PUTYpPaMH, UMEIOIUMH YTO-TO
oflllee € IapaareAOrpaMMaMy, HaIpUMep, C KAeTOYHBIM KpecTuKOM. [locaepHue ABa mpumepa
HabuparT 25 6AAAOB.

| | | | | | | | |
R e s -
| | |
| | |
—— bk — ko4 -
| | |

|
[ | e
|
—d_d_ -
|

Puc. 1: TpeyroabHuK, n = 6 Puc. 2: KBappat, n =8 Puc. 3: Kpect, n =8

Otdpup Yeonr u Mupa Au HAIIAM? KAETYATHIH opuMep, KOTOPHLIM paboTaeT AAS AIOOOTO n U
COCTOUT M3 JKCIIOHEHIIMAABHOI'O KOAWYECTBA KAETOYeK. Ero yCcTpomcTBO OCHOBAHO Ha CBOMCTBAX

ABOUYHOM 3aIlMCHU YMCEA. A MUMEHHO, OIIpeAeAUM (PYHKIUIO ctz:
ctz(z) = max{n € Ny | x xparHo 2"},

TOrA@ HAAO PacCMOTPeTh AOMaHYI0 13 2" ! ropusoHTaABHBIX M 2" ! BepTUKAABHBIX OTPE3KOB,
NIPUYEM i-M TOPU30HTAABHBIM OTPe30K paBeH 1 + ctz(i), a i-i1 BepTUKAABHBIA OTPe30K — n — 1.
CABUHYB 3Ty (QUTI'YPKY Ha BEKTOPHI (z — 14 (n—1)@2mt =217 n— 242" — 2"‘i), MTOAYYHUM
YCTPauBaloOUIyI0 HAC CUCTEMY.

Ecau paccMOTpeTh POBHO TaKYyI KOHCTPYKIIMIO U3 CTAThbU, TO OHA HabepéT Bcero 35 6aAn0OB —
npu n > 10 B HeM CAWUIIKOM MHOTO CTOPOH. OAHAKO MOXXHO 3aMEeTHUTh, YTO HAIll IapK IIeHTPaAbHO
CUMMEeTPHUYEH, a BCe AOMa PaCIOAATalOTCS AMIIL C OAHOM CTOPOHBI OT Hero. CAenaB TO JKe caMoe

1Hugo Hadwiger, “Uber Treffanzahlen bei translationsgleichen Eikorpern”, Arch. Math. 8 (1957), 212-213
2Otfried Cheong, Mira Lee, "The Hadwiger Number of Jordan Regions is Unbounded”, Discrete Comput Geom 37,
497-501 (2007)
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Puc. 5: ABonunaga AoMaHad, n = 3

Puc. 4: ABouuHasa AoMaHas, n = 2

C APYrOM CTOPOHBI OT IIapKa, MBI OECIIAATHO YABOUM Hallle n: HpuMep paboTaeT npu n < 20
u HaOupaeT 85 0GaanroB. KpoMe TOro, B 3TOM KOHCTPYKIUM €CTh €Il€ I1apa MeCT, KyAd MO’KHO
BTUCHYTbH (DUI'yPKY, TaK YTO UTOrOBBIM Pe3yAbTaT — N < 22, 95 DaAn0B.

Ha cTto 6aAr0B HY>KHO OBIAO TPHUAYMATh KOHCTPYKIIMIO, B KOTOPOM KOAMYECTBO BEPIINH ITOAU-
HOMHAABHO OT n. Y Takag KOHCTpyKnusa ecTh! E€ MprAyMaAn HECKOABKO AeT Hazap I'heb Henames
u BsuecnraB CokonaoB. B Helr 4n BepinuH. Maess TakoBa: pacCMOTPUM AOMAHYIO AUHUIO AgAj ... Ay,
B KOTOPOU Ka’kKAO€ CAeAyIolllee peOpo XOTA OBl BABOE KOpOdYe, UeM IIpeABIAYIIee, a Ka’KABIU CAe-
AYIOIIHUM yTOA TIPUMEPHO BABOe OAMKe K 180° — TakuM o6pa3oM, Kakpoe peOpo OOAbllle CyMMEI
BCEX CAEAYIOIIUX, Ka’XKABIM BHEIIHUMN yroA OOABIIE CYMMBI BCEX CAEAYIOIIMX. B pemenHun >xro-

pu Ag = (0,0), A;A;q = (2”_13”_1_i,6”_1_i),. Y 3TOI AOMaHOM eCThb MHTEePeCHOe CBOMCTBO: €CAU
eé CABUHYTb Ha BeKTOp 24;A;, i < j, To moAyueHHas AoMmaHasi A(jA)...A) He mepecekaercs ¢
HCXOAHOM: AEHCTBUTEABHO, eAMHCTBEHHBIE IIQHCHI Ilepecedbcss ecThb y pebpa A, A, ¢ peGpom
AjAjy1, J > j. Ho pébpa AjAj41, J > j, He AOTSHYTCSI AO CEPEAUHHOrO MepIeHAUKYyAsipa K A; AL,
ITIOCKOABKY MX CyMMa CAHWIIKOM MaAa, a C TOM CTOPOHBI OT CEPEAMHHOIO IMEePIEHAUKYASIPA, TAE
HaxoAUTCsS TouKa Aj, pe6po A, ;A HaXOAWUTCS AaAblle oT mpsmoit A;Al, uem pébpa AyA i1, Tak
KaK MMOCAEAHUE CAHUIIKOM CAAG0 OTKAOHSIFOTCSI OT 9TOM IIPSIMOIA.
Terepb paccCMOTPUM I[eHTPAABHO CUMMETPHUYHBLIE TOYKHM A_; K TOuKaM A; OTHO-
cuteAbHO Ag. [ToayumTcss romaHas A,nA_(n_l) . A_1AGA; ... A,. PaccmoTpum eé n

MapaAAeAbHBIX CABUTOB Ha BEKTOPHI A_;A;: A€TKO MOHATH, YTO Ka>KABIA TaKOU CABUT
KacaeTcs AOMaHOM B Touke A; = A’ ;- MeXAy TeM 3TU IMapaAAeAbHBIE CABUTU MEXK-
Ay COOOU He IlepeCceKaroTCs, TaK KaK €CAM i-U U j-U CABUTH II€ePECEKAUCH, TO TOTAA
AOMaHasl mepecekAach CO CBOUM QM-CABI/II‘OM, YTO HEBO3MOJKHO II0 MHTEPECHOMY

CBONCTBY.
Haxkonen, nmpumpapuM oOBEMa HaIlel AOMAaHOM, YTOOBI OHA CTaAda MHOIOYTOABHUKOM: 000-
3HAYUM R_nR,(n,l) ...R_1{RyR:...R, m L_nL,(n,l) ...L_1LoLy...L, AoMaHbIe, TIOAYUEHHbIE U3

N N

ApA_(n_1y..-A-140A1... Ay CABUTOM HA BEKTOP (1, Oj u (—1, Oj COOTBEeTCTBeHHO. Torapa Hal
MHOTOYTOABHUK — L_nL,(n,l) .. L_1A1Ay . A, AR Ry ... RMA_1A_o ... A_,. ToHuaimas pA0-
—_

0aBKa K AOMAHOM He H3MEHHUT eé CBOUCTB: Bcé emé A_;A;-CABUTM KAacCAIOTCS HMCXOAHOI'O MHOIO-
YIOABHUKA, HO He IIepeCceKaroTCsa APYT C APYI'OM.

B naArocTpanygax Mbl Ha3BaAM 3Ty KOHCTPYKIMIO «VHB-SH», TOCKOABKY OHa CTaHET IT0XOKa Ha
3TOT CUMBOA, €CAU B3STh €€ BBINTYKAYIO OOOAOUYKY (M €CAU IepecTaTh 3aMedaTh Ha MUHYTKY, 4TO
oTa (purypa CTOAb BBITSHYTA).

3aMeTHM, 4YTO, KaK U B IIPOIIAOM peIIeHUH, TyT MOXHO CONTUMH3UPOBAThH B ABa pa3a KOH-
CTPYKIIHIO, CA€AAB KAaCaHMUd He TOABKO HaA, HO U IIOA MHOTOYI'OABHUKOM. Ho B 3TOM cAaydae Takas
ONTUMM3AILUs He TpeboBaAacCh: Aa’kKe POBHO TO, UTO MBI IIPUBEAU, TIPU BCeX n < 23 BBIAAET KOP-
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Puc. 6: ABonuHass AomMaHas, n = 4

BropoueM, B OTAWYHE OT IIPOIIAOTO peNIeHUs, TYT y BEPIINH MHOI'OYIOABHHKA

KOOPAMHATEL PACTyT CTPEMUTEAbHO, U pelleHunue GBICTPO yYIIMpaeTcd B OrpaHHYeHre Ha MaKCH-

PEKTHBEIN OTBET.

HOBTOMY, KOHEYHO, 3Ta OIITUMU3alvd BKYIIe C aKKyPAaTHOCTLIO He

o

MAABHBIM MOAYABL KOOPAWHATHI.

IIOBPEAAT.
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Puc. 7: ABon4yHasg AoMaHad, n = 5

_—— - -

——t ==+ -

Puc. 9: CI/IMMeTpI/I‘IHaﬂ ABOHWYHAsA AOMAHAA,

n=2~8
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Puc. 10: CuMmmeTpruHasa ABOMUYHasA AoMmaHad, n = 10

Puc. 11: CumMeTpruYHasa ABOMYHAs AOMaHad, n
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Puc. 12: Nub-au1, n =1
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Puc. 13: Uab-g9H, n = 2
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Puc. 14: Uun-au1, n = 3
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Puc. 15: un-gH1, n
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