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10-11 KJIACC. IIEPBBI1 BAPUAHT

1. B kaxoit kjerke Tadsminl 100 X 100 3anucano natypaJibHoe 9rcyio. B Kaxioit cTpoke
nMeercd 1o Kpaiineir mepe 10 pa3juyHBIX 4HCeN, & B KaXKJbIX YETHIPEX IOCJIEI0BATETHHBIX
cTpokax He Oosiee 15 pasymmaHbx unces. Kakoe nHamboJbIee KOJMYECTBO PA3IUYHBIX HUHCET
MOXKeT OBITH B Tabsune?

OTBert: 175

Pentenne. B ojnoit ctpoke He Menee 10 pa3jMyHBIX YUCES, TOITOMY B CJIEJIYIOIIMX TPEX
CTPOKaxX BMecCTe TogBjsgercd He Oosiee 5 HOBBIX umces. CTasio ObITh, MEPBLIE YEThIPE CTPOKU
cojiepzkaT He 6osiee 15 pa3IMUHBIX YHCE]I, & KayKJble CJeYIONIue TPU CTPOKHU JaloT He OoJiee b
HOBBIX YHCEJ M BCEro 4duces He OoJibie, gdem 15 + 32 -5 = 175.

[Ipusenem mpumep wHa 175 uncen. Sanymepyem crpoku umciamu ot 1 g0 100. B mepsoit
cTpoke nocraBuM 4ncia or 1 jo 10, a B ctpoke ¢ Homepamu oT 3k — 1 o 3k + 1 mocraBum
quciia 1 10 5 u dncia ot Hk+6 710 bk + 10. Torma B KaxK10# CTBOKE OYJIET 5 YHUKAJIBHBIX YHCET
u eme 4ucyaa or 1 10 5, T.e. poBHO 10 pa3IUYIHBIX YnCEN, a B KaXKJbIX YEThIPEX CTPOKaX Oy/eT
poBHO 15 paziumuHbix unces. Takum obpazom, B Tabsuile OyayT aucia ot 1 10 5-33+ 10 = 175.

3ameuanwue. /lokaszaTh, 9TO KOJUYECTBO PA3JIMYHBLIX YKUCEJ B TaOJUIE HE ITPEBOCXOUT
175 MOXKHO JIOKa3aTh W 110 UHIYKIMU. A MMeHHO, JI0Ka3aTh, 9TO B JIIOOBIX 3n + 1 moapsim
WJIYIUX CTPOKAX PACIOJIOKEHO He Gosiee yeM 5(n + 2) pasiaudnbix ducen. basza n = 1 Bepna
110 YCJIOBUIO. YCTAHOBUM Ilepexoj oT n K n + 1. Paccmorpum 3n + 4 moapsii wiayiime CTPOKU.
IIycth B yeTBepTOil ¢ KOHIIAa cTpoke uMmeercd k > 10 paznmnmaubix guces. Torja B Tpex caMbIX
HIKHUX CTPOKax He Oojtee uem 15 — k pasimanbix uncesn. A B octaBmuxcs 3n + 1 cTpoke 1o
VH/TYKIIMOHHOMY TIPEJIIOJIOKEHUIO He Goibine 5(n + 2) unces. [TosroMmy Becero pasinmdHbix qucest
Oymer Gostee uem 5(n + 2) + 15—k =5(n+5) — k < 5(n + 3).

2. Haiimure Bce mpocTble p, JIId KOTOPBIX wWuciaa p + 1 u p? + 1 ABAAIOTCA yABOCHHBIME

KBaJ[paTaMi HATYpPaJIbHBIX TUCE]T.

OtBer: p =7

Ilepsoe pemenue. [lycrs p+1 = 222 u p>+1 = 2y%, Torya 2(y* —2?) = p(p—1). [Tosromy
Jmbo y — x, oo y + x KpatHo p. I3 HepaBencTBa x < y < p ciejayet, 910 x + y = p. Takum
06pas3oM, IMeeM CHCTeMY U3 JIByX ypaBHeHuil £ +y = p u 2(y —x) = p— 1, pemias ee, HaXoauM
T = ’%1 ", 3Ha9UT, p + 1 = 2(’%1)2. ChnenoBarenbao, p = 7.

Bropoe pemenne. [Iycts p + 1 = 222 u p* + 1 = 2y, torma p(p — 1) = 2(y* — 2?) =
2(y — x)(y + x). osromy omHO U3 uncen 2, y — x u y + x genurcs Ha p. Ecau 2 nenures Ha p,
TO p = 2, 9TO HEBO3MOYKHO, MOCKOJIbKY p + 1 = 3 He sBJIsieTcsi yJIBOGHHBIM KBaJipaToM. Fcim
Yy — T JeJuTcd HA P, TO Y + T >y — = = p u, 3HaunT, 2(y — 1)(y + 1) = 2p* > p(p 1), aro
HEBO3MOKHO. CJIG,ZLOBaTeJIbHO y + x geauTed Ha p. 3aMETHUM, 9TO g—z = % > ’; ;11 =p-—1
Torga ecm p > 11, To 2 > 1222, otkyna y > 3z u, snaunt, 2(y — x) > y +x > p. Crajo
obITh, 2(y — x)(y + ) > p? > p(p + 1), 9ro TakKe HEBO3MOXKHO. TakuM 06pa30M, OCTAJIOCDH
paccMoTpeTh ciaydan p = 3, p = 5 u p = 7. B nepBbIxX 1ByX U3 HUX p+ 1 He ABJIAETCS yIBOCHHBIM

KBa/IpaTOM, & p = 7 TOJIXOJIUT.

3. CymMa MOJIOKHUTEIBHBIX 4ncesl a, b, ¢ u d we upeBocxomut 4. Haitmure manbosbiiee
3HaYEHHE BbIPAYKEHUS

Va(b+2c)+ /b(c+2d) + v/e(d + 2a) + v/d(a + 2b).

Orset: 4V/3

IlepBoe pemienue. 1o HepaBeHCTBY O CpeJIHUX I YE€THIPEX YUCE]T UMEEeM

alb 120 = V/3a(b+2c) - 3- 3< 1 3a+b+2+6
V33 /33 4



HpocyMMpreM 9TO HEPABEHCTBO C TpeMd aHaJIOTUMYHbIMU U IIOJIyYUM, 9TO

Va(b+2c) + v/ble+2d) + v/e(d + 2a) + v/d(a + 2b) <

1 /3a+b+2¢c+6 3b+c+2d+6 3c+d+2a+6 3d+a+20+6
<= + + + ) =
/33 4 4 4 4
:41 .6(a+b+c—|—d)+24< 12 _ 13
33 4 v/33

PagenctBo jocturaercs, korja a =b=c=d = 1.

Bropoe permenue. Ilo mepasencrsy Komu—ByHsIKOBCKOro st HabopoB uuces +/a, Vb,
e, Vd u b+ 2¢, Ve 2d, Vd + 2a, Va + 2b nveem

(Va(b + 2¢) + /blc+ 2d) + V/e(d + 2a) + V/d(a + 2b))* <
< (Va+ Vb + ve+ Vd) (Vb +2c+ Ve + 2d + Vd + 2a+ Va + 2b).
A 10 mepasencrBy Ko Bynskosckoro mst mabopos /a, Vb, /¢, Vdu 1,1, 1, 1 umeem

(Va+Vb+Ve+Vd) <(a+b+ce+d)(1+1+1+1) <42

nosromy /a + Vb + /¢ + Vd < 4. Ananormano no Hepasencrsy Ko ByHsIKOBCKOro s
Habopos Vb + 2¢, v/c + 2d, \/d + 2a, vVa+2bwu 1, 1, 1, 1 umeem

(Vb +2c+ Vet 2d+Vd+2a+va+2b)° <
< ((b+2¢)+ (c+2d) + (d+2a) + (a+2b))(1+1+1+1) =12(a+ b+ c+a) < 48,

nostomy Vb + 2¢ + Ve + 2d + Vd + 2a + vVa + 2b < 4v/3. CrenoBarebo,

Va(b + 2¢) + /b(c + 2d) + /e(d + 2a) + V/d(a + 20) < \/4-4V/3 = 4V/3.

PaBencrtBo jocturaercs, korjja a =b=c=d = 1.

Tperbe pemenune. 1o nepasencrsy Komu-ByHaKOBCKOTO jijiss HAOOPOB duces +/a, v/,
Ve, Vi u Vb +2¢, e+ 2d, Vd+ 2a, vVa+ 2b mveenm
({‘/a(b +2¢) + v/blc 4 2d) + V/c(d + 2a) + /d(a + 2b))2 <
< (Va+ Vo + e+ Vd) (Vo +2c+ Vet 2d +Vd + 2a +Va + 20).

OneHnM To-0T/IeTHHOCTH COMHOKHUTEN B MPABoil uacTu. 110 HEpaBEHCTBY O CPETHUX IS JIBYX
ancen /z < 3(z + 1), nosromy

a+1 b+1 c+1 d+1 a+b+c+d+4
\/a+\/5+ﬁ+\/3<2+2+2+2: 5 <

AnajornaHo 1o HEpaBEHCTBY O CPEIHUX JJIsA ABYX YUCEJ]T

V3y/z +2 :\/(x+2y)-3<%(x+2y+3),

4.

[IO3TOMY

Vb+2c+Ve+2d+Vd+2a+ Va+2b <
b+2c+3 c+2d+3 d+2a+3 a+20+3 3la+b+c+d) +12

2v/3 2v/3 2v/3 2v/3 2v/3

CuretoBaTesibHO,

Va(b+ 2¢) + /b(c+ 2d) + /e(d + 2a) + /d(a + 20) < \/4-4V/3 = 4V/3.

PagencrtBo jocturaercs, korjja a =b=c=d = 1.

<




4. Touka O — TEHTP OMUCAHHOW OKPY’KHOCTH OCTPOYTOJbHOTO Tpeyroibuuka ABC, a H
— TOYKa Iepecevenus ero BeicoT. Okazasoch, uro npamas OH napasnensna cropone BC. Ha
ILJIOCKOCTU OTMeTH/IN Takyio Touky K, ato ABH K — mapasuieisorpamm. Orpesku OK u AC
nepecek/inch B Touke L. B KakoMm OTHOIIEHWM IMepIeHINKYJIAp, OMYIIEeHHbI u3 Touku [ Ha
orpe3ok AH, nemutr AH?

OTBer: 1:1

ITepBoe perenmne. [lycrs D — ocHoBaHue BbicOTHI 13 TOUKN A, a Touka F — niepecevueHne
9TOI BBICOTHI C OIUCAHHON OKPYKHOCTBHIO TpeyrosbHuka ABC, Touka A’ nuamerpabHO mpo-
THBOIIOJIO}KHA TOUKE A Ha 9TOH OKPYKHOCTH, a Touka N — BTOpas TOYKa IePecedeHus IMpsaMoi
AK c aroit okpyzxHocThio. V3 napamtensaoctu npsambix OH u BC' cinemyer, aro npamast O H
nepuenukyiagpia soicore AD. Tlockonbky AA" — nuamerp okpyzkuoctu, ZAEA = 90° u,

saauut, npameie A'E u OH napasiensanl. Crano 6bith, OH — cpeauss TUHUsS TPEyroJIbHUKA
AA'E, nostomy AH = HE. [lanee,

/CBE = /ZCAE =90° — LACB = ZCBH,

nosTomy B Tpeyroyibnuke BEH orpe3ok BD saBigercd OMCCEKTPUCON U BBLICOTOM, a, 3HAYUT, U
memanoit. Takum obpazom, HD = DE. U3 paseacts AH = HE v HD = DFE nonydaem, 910
AH: AD=2:3.

[To ycnosuio npsimbie AK u BH napaJuiesibabl, a npsmas BH nepreHuKyaspHa mpsaMoi
AC, ostomy ZNAC = 90° u rouku C'u N quameTpasibHO IPOTUBONOJIOKHBL. CJie/10BaTe/IHHO,
/NBC = 90° u nmosromy npsimbie NB u AH napaJuienbabl. TakuM 00pasoM, 9eThIPEXyTroJib-
Huk AH BN sBasiercss mapasaenorpammom. Crano 6bith, AN = BH = AK n orpesok C'A
saBsgercd Meauanoit B Tpeyrosbauke KCN. Ho orpesok KO TakxKe dABJIsieTCsl MeJIHMAHON B
sToM Tpeyroibuuke. CienoBarenbuo, L — TOYKA MepecedeHus MeJ/InaH 3TOr0 TPEYroJbHUKA U
AL : AC =1 : 3. Torma no reopeme Qaseca AM : AD = 1 : 3. Ho Mbl yKe 3HaeM, 4TO
AH : AD =2: 3, nostomy AM = MH.
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Bropoe pentenune. Samerum, uro eciu Touku A, B’ u C' — cepenunbl cropon BC, CA u
AB tpeyronsuuka ABC, To tpeyroisauk A’ B'C’ nonoben rpeyroiasauky ABC' ¢ Koaddurmen-
TOM % C apyroit CTOpoHBI HEHTP OIMUCAHHON OKPYKHOCTH Tpeyrobunuka A BC' gaBjseTcs TOIKOi
nepecedenns BuicoT Tpeyronabauka A'B'C’. Crenosarensno, AH = 20A’ u BH = 20B'.

[Iyctes D — ocHOBaHmMe BHICOTHI U3 TOUKH A, a M — ocHOBaHHE IEePIEHIUKYJIAPA, OIIYIIeH-
Horo u3 Touku L Ha AH. Ilpsvas OA’ — cepenuHHBIH epneH uKyIsp K orpesky BC, mosTomy
ona napaJuienbaa Beicote AD. Tlo ycmosuio npsimbie O H n BC' niapaJijie/ibHbl, CIe0BaTe/bHO,
OHDA" — npsmoyronbauk 1 HD = OA" = %AH.

B napasmienorpamve ABH K 1poTUBOIIOIOXKHBIE CTOPOHBI paBHbl, mostomy AK = BH =
20B'. Tpeyronvuuku ALK u B'LO nonobubl o jgsym yriam (ZALK = ZB'LO kak Bepru-
kajbHble, ZOB'L = 90° = /KAL) u ux koaddunuent mnogobus pasen 2. [lycrs LB = x,
rorpma AL = 2x u CB' = AB’' = 3z, nockonbky B’ — cepeauna croponsl AC. Crajio ObITS,
AL: AC =2x:6x=1:3u AM : AD =1 : 3, rak Kak Tpeyrojbauku ALM n AC' D 1omo6HBbI.
[Tycts HD =y, Ttorna OA' =y, AH =2y u AD = AH + HD = 3y. Cienosarensuo, AM =y
u MH =AH — AM =2y — y = y. Takum obpazom, AM : MH = 1.
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Tperbe perernne. 3amernuM, aro eciau Touku A', B’ u C" — cepenunnl cropon BC, CA n
AB tpeyronsuuka ABC, To tpeyroibiauk A’ B'C’ nonoben rpeyroiasuuky ABC' ¢ koadduimen-
TOM % C apyroit cTOpoHbI EHTP OIMUCAHHON OKPYKHOCTH Tpeyrobuuka A BC' gaBjseTcs TOIKOi
nepecedenust Boicor Tpeyrosbiuka A'B'C’. Cirenosarensno, AH = 20A’ u BH = 2085,

[Iycts D — ocHoBanme BoICOTHI U3 TOUKN A, M — OCHOBaHUe MMEPIIEeHINKY/IsIPa, OIYIIEHHOTO
u3 Toukn L na AH, P — cepenuna orpeska AK. Ilpamas OA’ — cepeuHHbII TIEPIEH UK YIISAD
K orpe3ky BC, nmosromy oHa napaJsuienabna Boicore AD. o yenosuro npambie OH u BC' napas-
JesibHbL, ciegoBarenbio, OH DA — npsamoyronsuuk u HD = OA' = %AH . Takum obpaszom,
ﬁ—g = % [To ycnosuto nipsimbie AK u BH napaJuie/ibibl, a npsaMmas BH neprenuKyaspHa mpsi-
moit AC', mostomy LK AC = 90°. Tlo ycnosuto ABH K napasienorpavmm, 3uadnt, AK = BH.
Orpesok B'P — cpenusia qmnust Tpeyronabanka C AK, nosromy B'P = %AK = %BH = OB
Kpowme toro, OB’ u PB’ nepnennukynspusl AC, nmosromy Touku O, B’ u P jiexkar Ha 0IHOM
upsimoit. Takum obpazom, OP = 20B’ = AK u OP napasensia AK. Crano 6birh, AOPK —
napaJutesiorpamm. [lycts () — Touka nepecedenusi ero jmaronaJeii, rorma AQ = QP. Ciego-
BaresibHO, AB' 1 OQ) — meauanbl Tpeyroibauka AOP, a L — To4Yka UX IepecedeHus, TO9TOMY

AL : AB' = 2 : 3 u, snauur, AL : AC = 1 : 3. U3 nogobus tpeyrospankos AML u ADC

AM AL 1
clellyet, uTo G5 = 4% = 3. Torga ecmu AM = x, o AD = 3z u AH = 2z, a, 3Ha4uT,

MH=xu AM : MH =1:1.

5. B kiacce n MasibuukoB u 1 jeBouek (n > 3). OHU paccesuch 3a KPYIJIBIM CTOJIOM TakK,
9TO HHUKaKHE JBa MaJIbiMKa M HHUKaKHE AB€ JEBOYKH HE€ CHUIAT PAJIOM. y yqureJsid eCTb 277,
KapTOYeK, Ha HUX HAIMCaHbl quciaa 1, 2, 3, ..., 2n, Kaxjpoe 1o oguomy pasy. OH Tak pasma
KazKJIOMY TITKOJIBHUKY TI0 OJTHOI KAPTOYKE, ITO YUCJIO Y JII0OOI JI€BOUKM OOJIbIIE YUC/Ia Y JTF0O0T0
MAJIBIMKA. 3aTeM KayKk/as JEeBOYKA HAIMCAJA Ha JUCTOYKE CYMMY YHCE] Ha TPEX KapTOIKaX:
ee COOCTBEHHOW M CHUJIAIIUX PAJIOM ¢ Heil MabankoB. [Ipu Kakmx n Bce MOJIyUeHHbIE N YHCET
MOTJIU OKA3aThCs PABHBIMU !

OTBerT: npu HEYETHBIX N1

Pentenmne. [lo ycioBuio MaJIBIUKN TOJIYUYUIH KAPTOYKHU € YUCJIaMUA OT 1 JI0 n, a JeBOYKHU
KapTO4YKHU ¢ dncjaaMu oT n+ 1 10 2n. Ilpeamnonoxum, 9410 y Beex JeBOYEK Ha JIMCTOUYKAX OKa3a-
JIOCh HAIKCAHO dncyio m. Toraa cymMMa Becex dmcesT Ha JIMCTOYKAaX paBHa M, ¢ IPYToil CTOPOHBI
OHa& MOKeT OBITh TOJIyYeHa CJIEJYIONNM 00pa30M: HaJI0 CJIOXKHUTH BCE YUC/Ia, KOTOPbIE eCTh Y
JIEBOYEK U JIOOABUTH K HUM YJIBOCHHYIO CYMMY BCEX UUCE], KOTOPhIE €CTh Yy MaJbIUKOB.

CretoBaresibHO,

n 2n 2n n
. . . o1 1 n+1
mn:2g Jj+ E ]:E j—|—§ j:§2n(2n+1)+§n(n—|—1):n(2n—|—1)—|—n- 5
j=1

j=n+1 j=1 j=1

CraJio 6bITh, m = 2n—|—1—|—”7+1 u n — wederno. [lycrs n = 2k—1, rorma m = 5k—1. Jlna npumepa
HAJ0 I0CJIEI0BATEILHO pa3JaTh KapTOUKU MaJbaukam oT 1 o 2k — 1 mas gepes oanoro. Ecim
Terepb JJIsi KayKJI0# JeBOYKM MOCMOTPETH HA CyMMY YHCEesI, HAa KapTOYKaxX COCeTHUX C Heil
MaJIBYUKOB, TO IO OJHOMY pa3y IOoJydaTcd Bce cyMMbl oT k + 1 j10 3k — 1. Jlabine HYKHO
JIONOJIHATD UX yucjiaMu or 2k 10 4k — 2 (pa3jaB cOOTBETCTBYIOIINE KAPTOYKH JIEBOYKAM) TakK,
4TOOBI Bce CyMMBI cTaju paBubl bk — 1. [Ipumep paznaun kaprodek i n = 9 u k = 5 nokazan

Ha PUCYHKE. 92 16

15 6




10-11 KJIACC. BTOPOI BAPUAHT

1. B kaxoii kjeTke Tabauibl 75 X 75 3ammcaHo HATypajbHOEe YUCI0. B KaxK10il cTpoKe
nMeeTcd 110 KpaiiHeit Mmepe 15 pa3jandHbIX drces], a B KayKIbIX TPeX MOCJIe10BaTeIbHBIX CTPOKAX
He OoJiee 25 pa3nyHbIX dncesl. Kakoe HanboJIbIiee KOJIMIEeCTBO PA3JTMIHBIX YUCETT MOYXKET OBIThH
B TabJuie?

OTBert: 385

Pentenne. B ojnnoit cTpoke He Menee 15 pasjMIHbIX YUCE]I, TIOITOMY B CJICIYIONINX JIBYX
CTpOKax BMecTe mosBjserca He Oosiee 10 HOBbIX dmces. Ctajo ObITH, IEPBbIE TPU CTPOKU CO-
JiepzKaT He OoJiee 25 pa3/IMYIHBIX YHUCE]I, a KaxKJIble CJIeIYIONIe JIBe CTPOKH JaloT He Oosee 10
HOBBIX 9HCeJ M BCero duces He Oosibiie, gem 25 + 36 - 10 = 385.

[Ipusemem npumep Ha 385 unces. 3anymepyeMm cTpokn ducjiamu ot 1 110 75. B epBoit ctpoke
mocTaBuM 4dmcjia oT 1 710 15, a B crpoke ¢ HomepoM k roctaBum vucya 1 1o 10 u ancia ot bk +6
J10 5k + 10. Torya B KaxK 1011 cTBOKe OyJieT b YHUKAJIBHBIX duces u erie ducia ot 1 o 10, T.e.
POBHO 15 pa3IMYHBIX YUCET, & B KaXKJbIX TPEX CTPOKaX OY/JeT POBHO 25 pa3/IMIHBIX UHCE]I.

3ameuanwue. /[okazaTh, 4TO KOJIUIECTBO PA3TUIHBIX YHUCE/T B TAOJIUIE HE TTPEBOCXOIUT 385
MOKHO JIOKQ3aTh U 10 UHIYKIMH. A MMEHHO, J0Ka3aTh, YTO B JIOOBIX 2n + 1 MOAPST Uy IIHIX
CTPOKaX PacIoJIOKeHo He bostee ueM 5(2n+3) pasananbix dncest. basan = 1 BepHa 110 yCJIOBUIO.
YcranoBum niepexojt oT n K n+ 1. Pacemorpum 2n + 3 nojpsi st waymux cTpok. [Iycrs B TpeTbeit
¢ KOHIIa CTpoKe mMmeercd k > 15 paznudHbix 4dmcesi. Torjga B JIByX caMbIX HUXKHHX CTPOKAX
He Oostee dem 25 — k pasnmdHbIX unces. A B octaBmmxcst 2n + 1 ¢TpoKe O WHIYKIIMOHHOMY
peoIoKeHnio e 6ouibine 5(2n + 3) uucest. [losTomy Beero pasinmanbix wmces Gyaer Gosee
gem H(2n+3) +25 —k=52n+8) — k < 5(2n + 5).

2. Haijimmre Bce mpocThle p, JId KOTOPBIX 9WHCHa P + 7 U p° + 7 ABAAIOTCA yABOCHHBIME
KBaJIpaTaMy HATYPAJbHLIX YHACEL.

OtBer: p =11

Ilepsoe pemenue. Ilycrts p + 7 = 222 u p?> + 7 = 22, rorma 2(y? — 2%) = p(p — 1).
[TockonbKy p — HedeTHo, p = 3 u 2p* > p? + 7. Caeposaresnsno, x < y < p. IlosTomy 60
y—x, mi6o y+x KpatHo p. VI3 HepasencTsa 2y* = p?+7 < 2p? ciemnyer, uro x < y < p, IO3TOMY
x + y = p. Takum obpasom, nmeeMm cucremy u3 JAByX ypaBHeHuii x +y =pu 2(y —z) =p — 1,
periasi ee, HAXOUM T = I%l ", 3HAYUT, p+ 7 = 2(1%1
p=11.

Bropoe pemenue. [Iycts p + 7 = 22% u p* + 7 = 2y, torna p(p — 1) = 2(y? — 2?) =
2(y — x)(y + x). TosTomy omo u3 wucen 2, y — x u y + x geaurest Ha p. Eein 2 nenmres Ha p,
TO p = 2, 9TO HEBO3MOXKHO, IIOCKOJLKY p + 7 = 9 He sBJIgeTCS YABOCHHBIM KBaJparoM. Ecim

Yy — T JlesuTed Ha p, TO Y + T > y — x > p u, 3uaunt, 2(y — z)(y + x) = 2p* > p(p — 1), uro

(T i (R s R
2 T T 7 P
Torna ecin p > 17, ro y* > 1022, orkyna y > 3z u, suaunut, 2(y — x) > y + 2 > p. Crayo

obITh, 2(y — x)(y + ) > p? > p(p + 1), 9ro TakKe HEBO3MOXKHO. TakuM 06pa30M, OCTAJIOCH
paccMoTpeTh ciydau p = 3, p =5, p =7, p = 11 u p = 13. B nocyejinem, a Tak:Ke B IIepBbIX
Tpex U3 HUX p + 7 He gBJFeTCd yABOEHHBIM KBaJIpaToM, a p = 11 MojaxoauT.

)2. Craso 66ITE, p? — 6p — 55 = 0, oTKy1a

HeBo3MokHO. CJ1e/10BaTe/IbHO, § + T JIETUTCA HA P. 3aMETUM, UTO

3. CyMmma MoJIOXKUTEJIbHBIX unces a, b, ¢ u d ne npesocxoautr 4. Halinnre nanbosibinee
3HaYEHNE BbIPayKEHUS

Va2 + 3ab+ Vb2 + 3bc + V2 + 3ed + vV d? + 3da.
Otser: 4/2

IlepBoe pemnienue. [lo HepaBeHCTBY O CpeJIHUX 1T Y€THIPEX YUCEJT UMeEeM

4 . . .
m:\/éla (a+3b)-4 4< 1 ‘4a+(a+3b)+4+4'
2v/2 2v/2 4




HpocyMMpreM 9TO HEPABEHCTBO C TpeMd aHaJIOTUMYHbIMU U IIOJIyYUM, 9TO

Va2 + 3ab + V% + 3bc + V2 + 3ed + V2 + 3da <

o 1 (5a+3b+8+5b—|—3c+8+5c+3d+8+5d+3a+8>_
2V2 4 4 4 4 -
1 ‘8(a+b+c+d)~|—32< 16 W

2v/2 1 2V/2

Pagencrso mocruraercs, korma a =b=c=d = 1.

Bropoe permenue. o nepasencrsy Komu—ByHsKOBCKOro st HabopoB uuces +/a, Vb,
Ve, Vd u va+3b, vb+ 3c, v+ 3d, vd+ 3a mieem

(V/a(a +3b) + V/b(b + 3¢) + Ve(e + 3d) + Vd(d+ 3a))” <
< (Va+ Vb + e+ Vd) (Va+3b+ Vb + 3¢+ Ve + 3d + Vd + 3a).
A 1o nepasencrsy Komm-Bynsikosekoro jiist Habopos +/a, Vb, Ve, Vdul, 1,1, 1 nveem

(Va+ Vo+ e+ V) <(a+b+ce+d)(1+1+1+1) <42

nosromy /a + Vb + /¢ + Vd < 4. Ananormaro no Hepasencrsy Kormm ByHIKOBCKOro s
Ha60poB v a + 3b, Vb + 3¢, Ve +3d, v/d+3amn 1,1, 1, 1 mmeem

(Va+3b+vb+3c+ Vet 3d+vd+3a)’ <
< ((a+3b)+ (b+3c)+ (c+3d) + (d+3a)) (1 +1+1+1) =16(a+ b+ c+a) < 64,

nosromy va + 3b+ b+ 3c + Ve + 3d + vVd + 3a < 8. CresosaTennHo,
Va2 + 3ab + Vb2 + 3bc + V' + 3cd + Vd? + 3da < VA -8 = 4v/2.

PagenctBo jocruraercs, korga a =b=c=d = 1.

Tperbe pemienue. [To nepasencrsy Komun-Bynskosckoro st Habopos dumcesn +/a, %,
Ve, Vd u va+3b, Vb + 3¢, Ve + 3d, v/d+ 3a mieenm

(v/ala +3b) + ¥/b(b+ 3¢) + v/c(c + 3d) + V/d(d + 3a))” <
< (Va+ Vb + e+ Vd) (Va+3b+ Vb+ 3¢+ Ve + 3d+ Vd + 3a).

OneHnM 110-0T/Ie/IbHOCTH COMHOXKUTE/IH B IIpaBoil dacTu. [Io HepaBeHCTBY 0 CpeHUX I JABYX
ancen /z < 3(z + 1), nosromy

a+1+b—|—1 c+1 d+1_a+b+c+d+4
2 2 2 2 2

AH&J’IOI‘I/ILIHO 110 HEPABEHCTBY O CpeAHUX IJId ABYX YUCEJI

Va+ Vb4 ve+Vd< <4

1
2\/x—|—2y:\/(:E—|—2y)-4<§(a:+3y+4),

IIO3TOMY

Va+3b+Vb+3c+Ve+3d+Vd+3a<
a+3b+4 b+3c+4 c+3d+4 d+3a+4 4dla+b+c+d)+16
STy Tttt T 1 -

CrenoBaTesbHO,

Va2 + 3ab+ Vb2 + 3bc + V2 + 3ed + V2 + 3da < VA -8 = 4V/2.

8.

PagenctBo jocturaercs, korja a =b=c=d = 1.



4. B octpoyrosbnom Tpeyrosbauke ABC onymienst Boicothl AA1, BBy n C'C,. Ha miocko-
ctu Bbibpana Takas Touka T, aro npsambie TA u T'B aBidioTcs KacaTeIbHBIMU K OINUCAHHON
okpyKkHOCcTH Tpeyroyibauka ABC, Touka O — 1eHTp 910it OKpyKHOCTH. [leprenukysp, omy-
meHHbli 13 Toukn 1’ Ha npsamyto A; Bi, nepecekaer npsamyto C'CY B Touke K, a mpoxosiinas
gepe3 Touky C mapasutesnbaas O K npsmast nepecekaet orpe3ok C'O B Touke L. Haiiaure yrom

ZCLA,.
OTBert: 90°

Pemienune. llomoxkum /BAC = o u LACB = ~. Tpeyronbauku AOT u BOT paBubl
[I0 TPEM CTOpOHaM, & BhucaHHbIil yron /ACB onupaercs Ha Ty Ke JyTy, 9TO U IEHTPaJIb-

ueiit yron ZAOB, nostomy v = LACB = %AAOB = /TOB. CnenoBare/ibHO, % = cos".

Ananornano Z/BOC = 2/BAC n u3 paBHoOeapenHoctn tpeyroyibauka BOC' ciemyer, 910
/BCO = 90° — %ABOC = 90° — ZBAC. llockonbky LAB1B = 90° = ZAA| B, geTbipex-
yroabauk ABj Ay B suucannbiii. Ciaegosarensio, /BAC = /C A1 B;. Crano 6bith, Z/BCO =
90° — Z/ZBAC = 90° — ZC'A1 By u npsimbie A1 B; u CO neprieHiuky/isipabl. Takum oOpas3oM,
upsmbie CO u T'K napaJjienbubl, a, 3Ha9uT, YeTbipexyroibHuk COT K sBiisieTcs mapaJiie/io-
rpammoM, B dactHocT, C'K = OT'. Torma o Teopeme Dageca g—é = % = % = cos~y. Crayo
OBITh,

CL=CCicosy=ACsinacosy =CA;sina = CA;sin ZC A, B;.

Taxkum obpaszom, TouKa L — OCHOBaHUeE MMEPIEHINKYJIsIpa, omyinerHoro u3 C' Ha npsamyio A Bi,
suaaut, ZC'LA; = 90°.

5. B kiacce n ManpaukoB u n jgeBouek (n > 3). OHU paccesuch 3a KPYTJIBIM CTOJIOM TakK,
9TO HHMKaKHE JBa MaJIbiMKa M HHKaKHe JAB€ JEBOYKH HE€ CHUIAT PAJOM. y ydqureJsisd e€CTb 2'ﬂ
KapTOYeK, Ha HUX HalMCcaHbl duciaa 1, 2, 3, ..., 2n, Kaxji0e 1o ogHomy pasy. OH Tak pasiga
KazKJIOMY IIKOJIbHUKY TI0 OJIHOI KapTOUKe, 9TO YUCJIO Y JI000M JIeBOUKM OOJIbINE YUC/Ia Y JTI0O0T0
MaJIbIuKa. 3aTeM KayKJIblii MaJILIUK HAIKCAJ Ha JIMCTOUYKE CYMMY YHCE Ha TPeX KapTOuKax:



€ro COOCTBEHHOW M CHUJSAIIUX PsJIOM C HUM JieBodeK. [Ipm Kakux m Bce TOJIyIeHHBIE 1 9HCeT
MOIJIA OKa3aThCs PABHBIMU !

OTBeT: Ipu HEYETHBIX N

Pentenmne. [lo ycioBuio MaJIbIUKN MOJIYYHIM KAPTOYKHU € YUCJIaMUA OT 1 JI0 n, & JeBOYKHU
KapTOYKMN ¢ 4dnucjaMu oT N + 1 g0 2n. [lpemmosiozkuM, 9To y BCeX MaJILYUKOB Ha JIMCTOYKAX
0Ka3aJI0Ch HAIMCaHO 4dnucio m. Torga cymMMa Bcex dmces Ha JUCTOYKAX paBHA mn, ¢ JIpyroi
CTOPOHBI OHA MOZKET ObITH MOJIyHYeHa CJIeIYIONUM 00pa30M: HaJI0 CJIOXKHUTDH BCE UUCTA, KOTOPhIE
€CThb y MaJIbYUKOB U JIOOABUTH K HUM Y/IBOEHHYIO CYMMY BCEX YHCE], KOTOPbIE €CTh Y JIeBOYEK.

CaenoBaTesbHO,
n 2n 2n n 1 n+1
mn = i+ 2 =2 j— =2n(2n+1) — -n(n+1) =2n2n+1) —n-
;J j;lj ;J ;J (2n+1) = on(n+1) =2n(2n + 1) >

Crajo ObITh, m = 4n + 2 — ”TH u n — nederno. Ilycts n = 2k — 1, torma m = 7k — 2. Jlna
IpuMepa HaJIo MOCJIeI0BATETLHO Pa3aTh KAPTOIKNU JeBOYKaM OoT 2k 110 4k — 2, ujd depes oJiHy.
Ecim renephb 71 KaK/I0T0 MaJIbdMKa IIOCMOTPETh Ha CyMMY YHCes, UMEIOIINXCS y CHJISIINX
PSIJIOM C HEM JIEBOYEK, TO [0 OJIHOMY paldy MoJIydarcs Bce cyMMbl oT bk — 1 o 7k — 3. Jlasnbie
HY?KHO JIOIIOJIHATD UX drcaaMu or 1 710 2k—1 (pa3gaB coOTBETCTBYIONIIE KAPTOUKH MAJIBIMNKAM)
TakK, 9TOObI BCe CyMMBbI ctaju paBHbl 7k — 2. [Ipumep pazgaum kaprouek qua n = 9u k =5

I[IOKa3aH Ha PUCYHKeE.




10-11 KJIACC. TPETUI BAPUAHT

1. Kakoe HanMenbIiiee KOJIMYECTBO KJIETOK HY2KHO OTMETHTD B Tabdsmiie 15 X 15 tak, 4Todb!
B KaXKJI0fl BEPTUKAJIBbHON WK FOPU30HTAJILHOI 11os1ocke 1 X 10 Oblta XoTst ObI OjTHA OTMEUeHHAs
KJIETKA.

OTBer: 20

Pemenue. Paspexem Tabsuiy 15 X 15 6e3 menTpasibHOro KBajpara 5 X 5 Ha 20 mnpsmo-
yroapauKoB 1 X 10 (cMm. JeBblit pucynok). CreoBaTesbHO, MPUIETCS OTMETHTH He Menee 20
kJieTok. [Ipumep na 20 KI€TOK: OTMEYeHbI BCe KJIETKHU JIBYX HapaJslie/IbHbIX JTuaroHajeil JIMHbI
10 (cM. mpaBblii pUCYHOK).

2. Haiture Bce Takue TPOMKHU MPOCTBIX YUCEI P, ¢ U ', YTO b_ 1
,
Otser: (7,3,2); (5,3,5); (3,2,7). q

IlepBoe permenune. llepenuiiem cooTHOIIEHNE B BHUIE

dg=(p—q)(r+1). (%)
Ecan ¢ = 2, 1o ono npunnmMaet Bua 8 = (p—2)(r+ 1). Torma p — 2 aBageTcs CTENeHbo TBORKN
u, 3HauutT, p = 3 u r = 7. Ecau r = 2, 1o coorHomenne (x) npunumaer Bujg 4q = 3(p — q),
OTKyJa ¢ = 3 u p = 7. Bynem jajblne cauTaTh, 9YTO ¢ U r — HedeTHble TpocThie ducia. Ho
TOIJIa U P HEYETHO, TOCKOJIbKY MHAe JieBas 9acThb (*) orpunarenbHa. CienoBarenbHo, r+1 > 4
U P — ¢ — YeTHBIE YUCIa, TOITOMY p —q =2ur+1=2q. Ectm ¢ =3, top=5ur = 5. Eciin
XKe ¢ > 3, TO MOCKOJIbKY p U ¢ He JieJiaTcd Ha 3 u p = q + 2, ¢ uMeet BUJ, 3k + 2, HO TOTJia
r =2q — 1= 6k + 3, 970 HEBO3MOXKHO.

Bropoe permienne. 113 ycinoBus cieayer, 9to p > q. JloMHOXKMM Ha 3HaMeHATE/IN U IIepe-
IHIIEM COOTHOIIEHNE B Buje bqg — p = (p — ¢)r. OTciona, B 9aCTHOCTH, TIOJyYaeM, 910 5q — p
nemutcst Ha p — q. CienoBarenbHo, 4g = (5¢ — p) + (p — q) Takxke geaurcsa Ha p — q. C apyroit
croponsl 4p = (5qg — p) + 5(p — ¢q) Takke Jgeaurcsa Ha p — q. Takum 06pazom, HA p — ¢ JeTUTCS
1 HaubOOJIbINHI OOl JeuTesb qaucesn 4p u 4q, HO 3TOT Jenuresb paBeH 4. Ctajo ObITh BO3-
MOXKHBI JIMIITh TPU caydas: p—q =1, p—q =2 u p—q = 4. Or™meTuM cpasy, ITO BO BTOPOM U
TPEThEM Cjydasdax p = ¢ + 2 > 4 u, B 4aCTHOCTH, p HE JIEJINTCA Ha TPU.

[lepBolii citydait BO3BMOXKEH TOJBKO KOTjla p = 3 M ¢ = 2, a TOJa r = 7 U 9TO IEepPBOe
perrenue.

Bo Bropom ciiydae p —q = 2 u Torjga r = %(5(] —p) =2¢—1=2p—>5. Eciin r naer ocraTok
1 or nmenenust Ha TpH, TO p OyAET KpaTHO TPeM, YTO HEBO3MOXKHO. Ecim 7 jaeT octaTok 2 oT
JieJIeHUsI HA TPHU, TO ¢ OYJeT KPaTHO TPEM U, 3HAYUT, ¢ = 3, p = D U r = 5, 4TO JlaeT BTOpOE
perienue.

B tpersem cayuae p — ¢ =4 u torna r = +(5¢ —p) = ¢ — 1 = p — 5. Ecsmn r naer ocrarok
1 or nmenenus Ha TpH, TO p OyJAET KpPATHO TPEM, YTO HEBO3MOXKHO. Ecim r jlaeT octaToK 2 OT
JIeJIeHusT Ha TP, TO ¢ OyJeT KpaTHO TPeM U, 3HAYUAT, ¢ = 3, p = 7 U r = 2, 9TO ABJIAETCs
TPETHUM PEIIeHUEM.
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3. CyMmma moJIoKuTeIbHBIX [ncesn a, b, ¢ u d He npeBocxoautT 4. Halinmnre mHanbosbimee
3HAYEHUE BBIPAYKEHUS

Va2(a+b) + v/b2(b +c) + v/ E(c+d) + /d*(d + a).

Otsert: 4v/2

IlepBoe pemienue. [lo nHepaBeHCTBY O CpeJIHUX JIJIsT YE€THIPEX YUCEJT UMEEM

4 . . .
4r<a+b)_\/za 2a4(a—|—b) 2g%_2a+2a+(a+b)+2:5a+4b+2.
V3 V8 4 43

[IpocymMMupyeM 3TO HEPABEHCTBO C TPeMs aHAJOTHIHBIMU U TOJIYIHM, YTO

Va2(a+b) + V20D +c) + v/e2(c+d) + v/d(d+a) <

o 1 (5a+b—l—2+5b+c+2+5c~|—d+2+5d+a+2>_
SR 4 4 4 4 B
_%'6(a+b+c+d)+8<4i:4\ﬁ

V8 4 V8

PaBencrtBo jocruraercs, korja a =b=c=d = 1.

Bropoe pentenue. Ilo nepasencrsy Komu-Bynsakosckoro ais nabopos 4ucen +/a, Vb,
Ve, Vdu Va+b, Vb4 ¢, ve+d, vd+ a nmeem

(Va2(a+b) + V02 +c) + /E(c+d) + VB(d+a)’ <

< (atb+c+d)(Va+b+vVb+c+Vet+d+vVd+a) <4(Va+b+Vb+c+Ve+d+Vd +a).

A 10 nepasencrsy Kommu-Bynsaxosckoro s Habopos va + b, vVb+c, Ve+d, v/d+an 1,1,
1, 1 nmeem

(\/a~|—b+\/b+c+\/c+d+\/d+a)2<
<((@+b)+0+c)+(c+d)+(d+a)(1+1+1+1)=8(a+b+c+d) <32

nosromy va + b+ Vb + ¢+ ve+d+ Vd+ a < 4v/2. Takum obpasom,

Va2(a+b) + V0204 ¢) + /(e +d) + /d2(d + a) < \/4-4V2 = 4V/2.

PagenctBo mocrturaercs, korma a =b=c=d = 1.

Tperbe pemienue. [To nepasencrsy Komm-Bymakosckoro nis nabopos uucen +/a, \/I;,
Ve, Vdu Va+b, Vb4 ¢, vVe+d, vd+ a umeem

(4/@2(a+b)—i— ,4/b2(b—|—c)_|_ {1/02(0—1-61)4- \4/d2(d—|—a))2 <

< (a+b+cetd) (Va+b+Vb+c+Ve+d+Vd+a) <4(Va+b+Vb+c+Ve+d+Vd +a).

Ilo HepaBEHCTBY O CPEAHUX I ABYX umces /24/T -y = +/2(x + y) < %(m + y + 2), mosromy

a+b+2 b+c+2 c+d+2 d+a+2_

+ + +
2v/2 2v/2 2v/2 2v/2
20a+b+c+d)+8 <43

2v/2

Va+b+Vb+ce+Ve+rd+Vd+a<

CretoBaTesbHO,

Va2(a+b) + /20 +c) + v/R(c+d) + /d(d+a) <\ 4-4V2 = 4V/2.

PagencrBo jocturaercs, korja a =b=c=d = 1.
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4. Ha cropone AB tpeyronbanka ABC ormedena Touka K, a #Ha croponax AC un BC
BBIOpaHbI cOOTBeTCTBEHHO Takue Touku L u M, ato AK = AL u BK = BM. Oka3ajoch,
gro npsimbie LM u AB mapasuienbubl. Kacarenbnas B Touke L K ONUCAHHOW OKPY:KHOCTH
tpeyrosibauka K LM tepecekaer orpesok C'K B Touke D, a mpoxojsdmas depe3 D mpsimast,
napaJjieabaas cropore AB, mepecekaer croporny BC' B Touke E. Haitmure yron ZDFEQ, tre
O — HEeHTp OMMCAaHHOW OKPYKHOCTU Tpeyrojbunka K LM .

OtBetr: ZDEQO = 90°

A K B

ITepBoe pemenue. [lo yciosuto OK = OL = OM wun tpeyroabankun AKO u ALO pas-
HBI 110 TpeM ctopoHaMm, 3HaqntT, LZAOK = ZAOL = /KM L, nocieanee nockonbky /K ML
— BIIMCAHHBINA yIOJI, OIMUPAIONINICA Ha Ty Ke JIyTy, 9TO U IneHTpaabHblii yroa /KOL. U3 na-

pasuiesbHOCTH TIpsAMbIX AB u LM w paBHOGeapeHHOCTH Tpeyroyibhuka K BM ciemyer, 9o
LKML=/MKB = ZKMB. Takum obpa3om,

/KOL=2/A0K =2/KML=/KML+/KMB=/BML =180°—ZCML = 180°— Z/B.
Ananornano ZKOM = 180° — LA. CienoBarebHo,
/ZLOM =360°— Z/ZKOL — /KOM = /A+ /B = 180° — ZC.
Crano 6b1Th, gerhipexyroabunk C'LOM smucannbiit 1 ZCOL = ZCM L. Takum obpasom,
/COK = ZCOL+ £LKOL = ZCML + (180° — ZCM L) = 180°

u, 3Ha9nT, Touka O jexut Ha npamoi C'K.

[Iycrs E' — Touka ImepecedeHust BHICOTHI paBHOOepeHHOrO Tpeyrojabauka LOM ¢ mps-
moit BC'. Torma ona J1e:KUT Ha CEPeIUHHOM IMepPIeHINKyIape K orpe3ky LM u, B 9acTHO-
cru, ZE'LM = ZE'ML = /ZB. Cnenosarensto, ZLE'O = 90° — ZB. C apyroii ¢TopoHbI
ZLDO = 90° — ZLOD = 90° — ZB. Takum obpaszom, derbipexyroabuuk OLDFE' sapisiercst
BrucanubiM, snaaut, ZDE'O = 180° — ZDLO = 90°. Takum obpasom, DE’ napannensuo LM
u no3romy Touku F u E’ coBnajator.
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A K B

Bropoe pemenue. Ilo yciosuio tpeyronmbuuku K AL u K BM paBHOOeIpeHHBIE, 3HAYNT,
CepeJIMHHbIE TePIeHINKYIAPbl K oTpe3kaM K L u K M, Toukoii nepecevdeHnst KOTOPBIX sIBJIS€T-
cs1 rouka O, aBisiorces ouccekTpucamu yrios /A u /B. CrenoBaresbio, Touka () — MEHTP
BIIMCAHHON OKpyzkHOCTH Tpeyrobauka ABC u, suauut, C'O — 6uccexkrpuca yriaa ZC. 3 na-
pasutesibHOCTH TIpsiMbix AB uw LM u paBrobGenpennoctu Tpeyroiabauka K BM chemyer, 910
LKML = ZMKB = ZKMB. Tlostomy M K — 6ucceKkTpuca BHEITHETO yIrja TPEyroJbHUKAa
CLM. Ananormano LK TakxKe sABJIgeTCS OMCCEKTPHUCOIT BHemHero yria Tpeyroiabauka C' LM .
Cunenosarenbuo, K — 1meHTp BHEBIHMCAHHON OKPY2KHOCTU Tpeyrosibauka C' LM . Ilosromy Touka
K nexut un na 6uccekrpuce yriaa ZLCM, 1.e. na npamoit CO.

[Tockonbky ZKOL meHTpaJIbHBIN yTOJI, OMUPAONINICT HA Ty Ke JyTy, 9TO U BIUCAHHBII

yron ZKML, /ZKOL =2/KM L. CnenoBare/bHO,

ZCOL =180° — ZKOL = 180° = 2ZKML = 180° — ZBML = ZCML.

Taxum obpazom, tpeyrosbauku C'LO n CDE 1nogobubr o aByM yriaam. Ctajio ObITh, % =
%, a rorya tpeyrojbauku C'LD nu COFE 10g00HbBI 110 yrjiaM U OTHOIIEHHUSM IPUIEKAINX K
HuM croponam. Cremaem nmoBopoTHyto romoreruto Ha yroja ZACO ¢ nenrpom B Touke C', nipu
koTopoit Touka O nepexogut B TouKy L. Torma tpeyrospauk COFE nepeiiier B TPEyroabHUK
C'LD u, B gyactaoctn, npsimast O E niepeiizier B ipsmyto LD. CrieoBaTeibHO, YTOI MEXK/Ty STHMI
npsambivu paBeH ZACO. OboznatnM ux TOUKy mepecedenust depe3 F, rorna Z/LFO = ZLCO
u, 3Ha4nT, deTbipexyroibHuk C'LOF srnucannbiii. CrenoBarenshno, /FCO = ZFLO = 90°.

Anamornuno, /DCE = /DFFE wu, 3aaunt, dersipexyroibuuk C'DEF prucannbrit. [losTomy
ZDEF = /ZDCF = 90° u, znauutr, ZDEF = 90°.

5. 3a KpyIJIbiM CTOJIOM CHJUT 1 — 1 mKOJBHUK (n > 4). Y yuureisi eCTbh 1 KapTOUYeK, Ha
HUX HAIMCaHbl dnciaa 1, 2, 3, ..., n, Kaxkjaoe 1mo omgaomy pasy. OH pasmgan KaXKJI0oMy MIKOJIb-
HUKY II0 OJIHOI KapTO4YKe U OJHY KapTOUuKy ocTaBmJI cebe. JIa KaxKI0it mapbl CUIANIIX PAIOM
ITKOJIbHUKOB TTOCYUTAIN CYMMY YHCesJl Ha UX KapTOYKaxX M 3alucaji Ha JI0CKe, IOTOM Ha JI0C-
Ky JIONUCAJIN CYMMY YHCeJ Ha KapTO4YKe Yy YUHUTeJsd M OJJHOIO U3 MKOJIBLHUKOB. [Ipm kakmx n
BBIIIUCAHHBIE HA JIOCKY N 9HCE/I MOTJIN JaBaTh pa3IUdIHble OCTATKU OT JiejieHus Ha n?

OTBeT: Ipu YETHBIX N

Pentenmne. [TockobKy MbI HHTEpECYEMCA UCKJTIOUUTETHHO OCTATKAMU OT JICJICHUS Ha 1, JJIs
y/100CTBa 3aMEHUM KapTOYKY € YHUCJIOM n Ha KapTouky ¢ yucaoM (. IIpeanosoxmm, aro cyrme-
CTBYET MOJIXOJSAINNIA CIIOcOO pa3/iaTh KAPTOUYKHU. 3aHyMepPyeM MIKOJHHUKOB 10 KPYTy YHCJIaMu
or 0 0 n — 2 (HaYMHAS CO IIKOJILHUKA, YUCJI0 KOTOPOTO CYMMUPYETCsl C YUCJIOM YUUTEJisl) U
0003HAYNM 4Yepe3 Gy YHUCJI0, KOTOPOe HAIMCAHO Ha KapTOYKe k-TO IMIKOJIBHUKA, & YUCTIO YIUTe I
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ycThb OYJIEeT a,_1. Torma

n—1)n
M o P ( )
2
k=0 k=0
C apyroii cTOPOHBI CYMMBbI
ap—1 +agp, ap+ay, a +a,, a+az, ,..., Gyp_3+ ay_2, QAn_2+ Qg
JIAIOT pas/InIHbIE OCTATKU OT JIeJIeHus Ha n + 1, mosroMy ux ocrtarku — 310 unciaa 0, 1, ..., n,

BBIIIMCaHHBIE B HEKOTOPOM IIOPA/JIKE. CJIG,ILOB&TG.HI)HO7

(@n—1+ao) + (ao+ a1) + (a1 + az) + ... + (an-3 + an—2) + (-2 + ag) =
n—1 <*)
= (ag — ap_1) + QZ ar = (ag — ap—1) + (n—1)n
k=0

JIA€T TOT K€ OCTATOK OT AeseHud Ha n, 910 1 cymma 0+ 142+ ...+ (n —1) = 3(n — 1)n.
Ecmu n — 1 — gerHoe guciio, To %(n — 1)n mesurcst Ha n, TOITOMY CyMMa (k) TakyKe JIOJIZKHA
JeuTbest Ha n. Ho B 9TOM citydae qucia ag U G,_1 JAIOT OJIMHAKOBBIE OCTATKU OT JICJICHUs HA
n, 4To HeBo3MoxkHO. Cre/oBaTesibHo, n — 4deTHo. Ecin ke n = 2k, To 4ucia ag U Gp,—1 JOTKHBI
JaBaTb OJUMHAKOBBIC OCTaTKN OT JdE€/JICHUA Ha k

[IpebsaBuM yIOBIETBOPSIONIYIO YCIOBHUIO pa3iady KapTodek s n = 2k. YIuTeab OCTaBUT
cebe KapTOUuKy C YuCJIOM k, T.€. agx_1 = k, a yUIEeHUKY C KapTOYKOH KOTOPOro Oy/eT CyMMU-
poBaTbecs k, BbgacT kaprouky ¢ unciaom (. Kaproukw ¢ umciaavu ot 1 1o k — 1 pasmagum B

1HOpAdaKe BO3paCTaHUd dHCEJT ABUT'adACh 110 4aCoBO1 CTPEJIKE 9€epe3 OJHOI'O MIKOJIbHUKA. Takum

obpazoMm, ag =0, as =1, a4 =2, ..., asr_o = k — 1. Kaprouku ¢ unciamu ot k + 1 g0 2k — 1
pas3aauM B HOPsJIKE BO3PACTAHUs JHCET IPOJIOJIXKAsA JBUTAThCS 110 9acOBOM CTpEJIKe depe3
oftHOTO MKOJbHUKA. Takum obpaszom, ay = k+ 1, a3 =k+2,a5 =k + 3, ..., ag_3 = 2k — 1.

[Ipumep pasgaun kaprodek juid n = 14 u k = 7 1oka3aH Ha PUCYHKE.
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10-11 KJIACC. YHETBEPTLII BAPUAHT

1. Kakoe HanMenbIiee KOJIMIECTBO KJIETOK HY2KHO OTMeTHTD B Tabdsmiie 20 X 20 tak, 4ToObI
B KaXKJI0fl BEPTUKAJIBLHON WM FOPU30HTAJILHON 11oj10cKe 1 X 12 Oblia X0Tst ObI Oj1HA OTMEUeHHAs
KJIETKA.

OTBer: 32

Pentenne. Pazpexem tabsmiy 20 X 20 6e3 1ieHTpaibHOro KBajpaTa 4 X 4 Ha 32 mpaMoyTroib-
Huka 1 X 12 (eM. sieBblit pucyHok). CiieloBaTesIbHO, IPUIETCsT OTMETUTh He MeHee 32 KJIeTOK.
[Ipumep Ha 32 KJIETKH: OTMEYEHBbI BCE KJETKHM TPEX IMapaJliejbHbIX JuaroHaJei aaun 4, 16 u
12 (cM. mpaBblil PUCYHOK).

. . p
2. Haiiyture Bce Takue TPOMKU MPOCTBIX YHUCET P, ¢ U 7', 9TO — = 1 + 1.
r —
Otser: (7,3,7): (5,3,13); (3,2,17). 1
IlepBoe pemnienue. llepenuiem cooTHoIIEHNE B BU/IE
8¢=(p—q)(r—1). (%)

Eciu ¢ = 2, To ono npunumaer Bug 16 = (p — 2)(r — 1). Torga p — 2 gBiasieTcsl CTENEHBIO
JIBOWKY U, 3HAUuT, p = 3 u r = 17. Ecom v = 2, 1o TO cooTHOIEHUE (*) NPUHUMAECT BU/T
8¢ = p — q, oTKya p = 9¢, YTO HEBOZMOXKHO. ByjieM jaJibIie cauTaThb, YTO ¢ U 7 — HEYETHBIE
npocTeie dnciaa. Ho Torga mpocroe 9ucio p Tak:ke HEUETHO, TIOCKOJIBKY HHAUE JieBasi JacThb ()
orpurnarenbHa. CiemoBaTebHo, 7 — 1 U p — ¢ — YeTHBIE YNCIa, TOITOMY p—q =2 ur—1 = 4q
mwmp—q=4unr—1=2q Ecm q =3, To B nepBoMm ciydae p = 5 u r = 13, a BO BTOpoM
ciaydae p = r = 7. Takum oOpa3oM, MOXKHO CUUTATh, ITO ¢ > 3. PaccMoTpum nepBblit corydai.
[TockosbKy p u q He feyaTcd Ha 3 u p = q+2, ¢ umeeT BuU 3k+2, o Torga r = 4q+1 = 12k+9,
YTO HEBO3MOXKHO. PaccmorpuM Bropoit ciaydaii. [lockosibky p u q He jendarcd na 3 u p = q + 4,
q nmeet Buj 3k + 1, Ho Torya 1 = 2q + 1 = 6k + 3, 4TO TaKKe HEBO3MOKHO.

Bropoe pemienne. 13 ycinoBug ciejyer, uro p > q. JlomHOXKMM Ha 3HaMeHATE/N U IIepe-
HUIIEM COOTHOIIEHNe B Buje 7¢ + p = (p — ¢)r. OTciona, B 9aCTHOCTH, TIOJIydaeM, 910 7q + p
nemutest Ha p — q. CienosarensHo, 8¢ = (7q + p) — (p — q) Takxke geaurcsa Ha p — q. C apyroit
croponbl 8p = (7q + p) + 7(p — q) Takxke neaurcsa Ha p — q. Takum 06pazom, HA p — ¢ JeJTUTCS
1 HAUOOJILINNIT OOIIUi JleTuTeIb Yrces 8p u 8q, HO 3TOT jeuTesb paBeH 8. CTajgo ObITH BO3-
MOZKHBI JIUIIL TpHU ciydast: p—q=1,p—q=2,p—q=4up—q=_8. Ormerum cpa3zy, 4To B
MIOCJIEJIHUX TPpeX CJIydasdx p = q + 2 > 4 u, B 4acTHOCTHU, p HE JeJUTCH Ha TPU.

[lepBolii cy4ail BO3MOXKEH TOJBKO Korja p = 3 U ¢ = 2, a Torjga r = 17 u 9TO nepBoe
peltenue.
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BTOPOM CJIyq —qg=2uTornar =z = =4p—7. Ecmu r T OCTATOK
Bo Bropom cirydae 2 u Torja ;7—1— 4g+1=4p—17. Ec aeT OCTaTo

T JIeJIeHUsI Ha, TPH, T eT KpaTHO TpeM, UTO HeBO3MOxKHO. Eciu r mgaer ocrarok 1 or
20 , T0p O (o) , 9TO 03MOXKHO. E 0 oK 1 0
JleJIeHrsI Ha TPH, TO ¢ Oy/eT KpaTHO TPeM U, 3HA4YUT, ¢ = 3, p = 5 U 7 = 5, 9TO JaeT BTOPOe
pelieHue.

B TperbeM ciydae p—q = 4 u torna r = 2(7¢+p) = 2¢+ 1 = 2p — 7. Ecam r naer ocraTok

4

T JIeJIeHUsI Ha, TPH, T T KPaTHO TPeM, 4TO HEeBO3MO:KHO. Ecyu r T OCTaTOK 1 OT
2 oT nese a , TO p Oyme aTHO TPEeM, 9TO HEBO3MOXKHO. Kc aeT ocTaTok 1 o
JIeJIeHUsT Ha TPH, TO ¢ OyJeT KpaTHO TPeM U, 3HAYUAT, ¢ = 3, p = 7 U r = 7, 9TO ABJIAETCs
TPETHUM PEIIeHUEM.

B werseprom ciydae p— g = 8 m rorna r = £(7¢+p) = ¢+ 1 = p— 7. Ecim r naer ocraTok
2 OT JlejieHusl Ha TPHU, TO p OyJIeT KpaTHO TPeM, YTO HEBO3MOXKHO. Ecym r jgaer ocrarok 1 or
JIeJICHUS Ha TPH, TO ¢ OYJET KPaTHO TPeM U, 3HAYHUT, ¢ = 3 U r = 4, 9TO HEBO3MOKHO.

3. CyMmma MmoJIoKUTeTbHBIX [uncesn a, b, ¢ u d ne npeBocxoautr 4. Hailinmnre manbosbimee
3HAYEHNE BBIPAYKEHUS

V202 + a2b + V202 + b2c + v/2¢2 + 2d + v/2d? + d2a.

Orset: 4v/3

IlepBoe pemnienue. [lo HepaBeHCTBY O CpeJIHUX JIJIsT Y€THIPEX YUCE]T UMEeM
v/3a-3a-(2+0)-3 1 3a+3 240)+3 6a+b+5
m:\/a a4(+) <4'a~|—a~|—(—i—)+:(14—4%-.
27 27 4 427
[Ipocymmupyem 310 HEPABEHCTBO C TPEMsI AHAJOIMIHBIMU U TOJIYIHM, UTO
V202 + a?b + V202 + b2 + V22 + Ad + V2d? + d?a <
1 <6a+b—|—5 6b+c+5 6c+d+5 6d+a+5>_

<l 7T 71t *t—
1 7(a+b d)+20 _ 12

_ L (a+b+c+d) + <2
27 | 27

PagencrBo mocruraercs, korma a =b=c=d = 1.

Bropoe pemtenue. Ilo nepasencrsy Komu-Bynsakosckoro s nabopos 4ucen +/a, Vb,
Ve, Vdu V24D, V2 ¥, V2 +d, 2+ a umeem

(V242 + a2b + V202 + b2 + V22 + 2d + V242 + d2a)’ <
< (a+btc+d) (V24 a+V2+b+V2 + c+V2+d) <A(V2+a+V2+b+V2 + c+V2 +d).

A 1o nepasenctsy Komu-Bynakosckoro s #a6opos V2 +a, V2 +b, vV2+¢, V2 +du 1, 1,
1, 1 mmeem

(V24 a+V2+b+V2+c+v2+d)° <
<(24+4a)+2+0)+2+0)+24+d)A+1+14+1)=4(a+b+c+d+8) <48,

moaToMy V2 + a4+ V2 + b+ V2 + ¢+ V2 + d < 4v/3. Takum o6pasow,

V202 + a2b + V202 + b2c 4+ V22 + Ad + V242 + d?a < \/4 - 4V3 = 4V/3.

Pagencrso mocruraercs, korma a =b=c=d = 1.

Tperbe pemenne. I[To nepasencrsy Komm—Bynskosckoro s Habopos dmcen +/a, Vb,
Ve, Vdu V24D, V2 ¥¢, V2 +d, /2 + a numeem

(V202 + a?b + V202 + 2 + 22 + 2d + V242 + d2a)” <
< (a+btc+d) (V24 a+V2+ b+ V2 + c+V2+d) <A(V2+a+V2+b+V2+ c+V2 +d).
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ITo HepaBeHCTBY O CpeJHUX [t ABYX uucesl V3v2 +x = /32 +2) < $(2+2+3) = J(z+5),

[IO3TOMY

a+5 b+5 c+5 d+5

+ + + =
2v3  2v3  2V3 23
:(a+b+c+@+20<4¢3

21/3 h

V24+a+V2+b+V2+c+vV24+d<

CrenoBaTesbHO,

V202 + a2b + V262 + b2 + V22 + 2d + V2d% + d?a < \/ 4 - 43 = 4v/3.
PagenctBo mocturaercs, korga a =b=c=d = 1.

4. Ha karere AC npsmoyrosibHOro Tpeyroibauka ABC ¢ runorenysoit AB oTMedeHa TOUKa
P. Touka D — ocHOBaHUWe TEePIEHIUKYJ/ISIPa, OMYIIEeHHOTO n3 BepmmHabl A Ha npamyno BP, a
ToYKa F/ — OCHOBaHUe MepIeHIUKYyIapa, OMyIeHHoro n3 touku P Ha cropony AB. Ha mroc-
KOCTH BblOpaHa Takas Todka 1, uro npsimbie TA u T P gaBIsioTcst KacaTeIbHBIMI K OIMCAHHOMN
OKpYy:zKHOCTH Tpeyroybauka PAB, Touka O — menTp 91oil okpyzkuoctu. [leprenaukysisap, omy-
meHHblit 13 Touku 1 Ha npamyio DE, nepecekaer npsamyio BC B Touke (), a IPOXOISIAsd
qepe3 TouKy C' mapasutenbaass OQ) npsmas nepecekaer orpe3ok BO B Touke K. Haitgure yrom

ZOKE.

OTBert: 90°
B
K 0)
¥
P 7
E,/
C
P A
Q
T

D

Pemenne. [lonoxxum ZABP = p u ZCBP = . Tpeyronsauku AOT u POT paBHbI 110
TPeM CTOpOHaM, a Brucanubiil yron ZAB P onupaercs Ha Ty Ke JyTy, 9TO U IeHTPAJIBHBII yroJT
ZAOP, nostomy v = LZABP = %LAOP = /LAOT. CnenoBarebHO, 8—5‘, = cos . lenrpasib-
ueiit yron ZAOB onmpaercst Ha MeHbIyo Jayry AB, a Buucannbiii yron ZAP B onupaercs Ha
6osbrryio jiyry AB, nosromy ZAPB + %ZAOB = 180°. I3 paBHOOEIPEHHOCTH TPEYTOJILHUKA

AOB cnenyer, 910
1
/ZABO = 90° — iéAOB =90° — (180° — LAPB) = LZAPB —90° = ZPBC = 1.
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[Mockoneky ZADP = 90° = ZAFEP, gerbipexyronbauk ADPFE BumcaHHBI, B 9aCTHOCTH,
/EAP = /EDP = /BDE. CnenoBare/bHo,

ZBDE + /DBO = Z/BDE + Z/DBA+ ZABO = LEAP + LZAOT + ZBAO = 90°

u, 3Ha49uT, npambie DE u BO neprieHuky/isapHbl, a npsaMmbie BO un QT mapasienbabl. Tod-
ku O u T jiexkar Ha CepeIMHHOM MEePIEeHINKY/IIpe K oTpe3Ky AP, mosromy mpsimbie AP u
OT nepuennukynapubl. ChenoBarenbio, npsaiMbie BC' u OT napasuieibHbl U 9€ThIPEXYTOJIb-
uuk BOT(Q) siBasiercs napaJenorpammoM, B qactaoctu, BQ) = OT'. Ilo Teopeme Pasteca jiist

napasteabbix mpsaMeix CK n OQ umeen 25 = B9 — 94 — 45 Craso 6biTh,

BC — BQ ~ OT

BK = BCcos¢p = BPcoscosyp = BEcosy = BE cos ZEBK.

Taxum obpasom, Touka K — OCHOBaHHUE IMEPIIEHINKYJIsApa, OMyIeHHoro u3 F Ha npsamyio BO,
suauut, /BKE = 90°.

5. B maremaTndeckoM Kpy:KKe 3aHUMAETCS 1M MaJbIUKOB U 7 JIeBOYEK. ¥ IperogaBaTess
eCTb Mn KapTodeK, HA HUX HAIUCAHbI duciaa 1, 2, 3, ..., mn, Kaxjoe 1o oguomy pasy. Ou
paszjiaeT KpyzKKOBIAM 110 OJHON KapTouke (IOKa HEe 3aKOHYATCHA KAPTOYKHU MU KPYKKOBIIBI).
B uTore y Kaxj0ro KpyKKOBIa Ha pyKax Oy/eT o/iHa KapTOYKa WU HU OJHOW, €C/Iu KOMY-TO
HE XBATHUJI0 KapTouku. JIJIs KazKkoil mapbl MaJBIUK—IEBOYKA MOCUUTAIA CYMMY YHUCEJ Ha MX
KapTOoYKax U BbINIACAIU ee JocKy. IIpn Kakux m u n duciia Ha JIOCKe MOT'YT JIaBaTh Pa3/nIHbIE
OCTaTKU OT JiejieHus Ha mn?

OrBer: npu n = 1 wim upu m = 1

Pemenne. Moxuo cuantath, uro m < n. Ecin m = 1, To Hajg0 BceM J1eBOYKaM BBIJIATH 110
KapTOYKe, TOrJla MAJIbIMKY HUYErO HE JIOCTAHETCA W TaKas pasjgada KapTodeK Y/IOBJIETBOPSET
YCJIOBHIO.

[Iycts m > 2. B sToMm ciiydae mn > m + n, 03TOMY KarKJblii KPY?KKOBEIL ITOJIyIYUT POBHO
o/iny KapTouky. [Ipesosoxum, 9To cyiecTByeT TpedyeMad pas3jiada kKaprodek. [Iycrs meBoukn
MOJTYYUJIN KAPTOYKU C YUCTIAMU A1, A2, . . ., Ay, & MAJTBIUKHA TMOJTYIUIN KAPTOIKU C YUCTIAMU by,
by, ..., by, IpUYEM Bce 3TH YUC/Ia Pa3JIudHbL. [I0CKOIBbKY CyMMBI BuJia a; +b; Jai0T pa3invaHble
OCTATKHU OT JIeJIEHUsT HAa MN U 3TUX CYMM B TOYHOCTH MN ITYK, OHH I10 OJHOMY pa3y JaioT
BCEBO3MOYKHBIE OCTATKH OT JeJIeHusd Ha mn. 3aMeTHM, YTO Pa3HOCTH a; — b; JAIOT pa3jnvHbIe
OCTATKM OT JIeJICHUsI Ha MmN W, 3HAYUT, OHU JAI0T BCEBO3MOXKHBIE OCTATKH OT JICJICHUS Ha MMN.
eficTBUTENIBHO, €cl JjId KaKUX-TO MHJEKCOB PasHOCTH a; — b; u ap — by 1ajoT oguHaxkoBble
OCTATKH OT jesieHust Ha mn, To (a; — b;) — (ap — by) = (a; + be) — (ay + bj) nemurcs Ha mn u,
3HAYUT, CyMMBI @; +bp 1 aj+b; JJaI0T 0JIMHAKOBBIE OCTATKHU OT JIeJIEHNs Ha 1M1, YTO HEBO3MOZKHO.
Urak, pasnoctu a; —b; JaioT 1al0T BCEBO3MOXKHBIE OCTATKN OT JIeJICHAd Ha 1M1, HO TOL/Ia CPEJIH
STHX OCTaTKOB BCTpEYAeTCA HOJb U, 3HAUUT, JI7I1 HEKOTOPBIX HHJIEKCOB a; = b;. IIporuBopeune.
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10-11 KJIACC. IISITBIM BAPUAHT

1. B kaxk10it Kj1eTke TabJIHIbI 1 X 1 3aIUCaHo 1esioe dncyio. OKasaaoch, 9To st BCeX k OT
1 10 n cymma 4ucesi, cTodmux B k-oM cTOJIOIE, MO0 Ha OJUH MEHbIe, JIMOO Ha JiBa OOJIBITIE
CYMMBI YHCe]I, CToAIuX B k-it crpoke. Ilpn Kakux n Takoe BO3MOMXKHO?

OrBer: upu n, JCJIAIINXCA Ha TPpU

Pemenue. Ilycrs Konu4uecTBO CTPOK, CyMMa YHCET B KOTOPBIX Ha OJUH MEHBINE, YeM B
CTOJIOIAX C TeM 2Ke HOMEPOM, PaBHO M. Torja KoJIMIecTBO CTPOK, CYMMa YUCe/I B KOTOPBIX Ha
JiBa, 60JIbINE, YeM B CTOJIOIAX C T€M Ke HOMepOM, paBHo n — m. CieoBaTeabno, CyMMa BCeX
quce1, OJICYUTAHHAS 110 CTPOKAM, Ha 2(1n—1m)—m OTJnYaeTcsi OT CyMMbI YHUCEJT, TIOCUUTAHHOM
1o crosonam. Crajo ObITh, 2n = 3m u, 3HAYUT, N JIEJIUTCS HA TPU.

[TpuBesieM npumep HY:KHO# pacCTaHOBKH Jiist 1 jiessmuxcs Ha tpu. [lpu k or 1 10 n/3
MIOCTABUM €JUHUIIBI KJIETKaX, PACIIOJIOXKEHHBIX B IE€peceYeHrr CTPOK ¢ HoMepamu 2k — 1 m
2k co crosbriom ¢ HOMepoMm 1 — k + 1, a ocTrajbHBIE KJIETKHU 3amoaHnM Hyasmu. Onucanrast
paccTaHOBKA 4nces Jyid n = 9 npuBejieHa Ha PUCYHKE, B IIyCTBIX KJIETKAX CTOAT HYJIU.

2. Haiimure Bce TpoiiKu HaTypasbHBIX 4uces a, b 1 ¢, 1j1a KOTOpeX uncia a? + 1 u b? + 1
— mpocreie u (a* +1)(0? + 1) = 2 + 1.

Ortsert: (1,2,3) u (2,1, 3).

Pemenne. Moxno canrars, uto a > b. Torma ¢*+1 = (a®+1)(0*+1) < (a®+1)?, nosromy
c? < (a* +1)? u, snaunr, ¢ < a® + 1. C apyroit cTopoHsl,

(ct+a)(c—a)=(*+1)—(a* +1) =b*(a* + 1)

memrea Ha 6> + 1. Hoc—a < a>+1luc+a < 2(0,2 + 1), cieoBarenbho, ¢ + a = a’>+1
nc—a = b® ITockombKy @ = b = 1 He yJIOBJIETBOPAIOT YCJIOBUSAM 33J[a9d, IPOCTOE UHCJIO
a® + 1 aBagerca HedeTHbIM. TakmM obpasoM, ¢ = a — a + 1 TakyKe HeYeTHO U, 3HAYHT, IHCJIO
c? 4 1 gerno. Ho ono aBisgercs IpousBeeHneM JIBYX MTPOCTBIX umncen a’ + 1 n b? + 1, mosromy
»+1=2ub=1. Crango 6bITh, c—a = 1, orkyna a + 1 = ¢ = a> — a + 1 u, 3na4ut, a = 2.
Jlerko Buzerh, uTO Tpoiika a = 2, b = 1 u ¢ = 3 yHOBJIETBOPsIET YCJIOBUIO 3aJIa4N.

3. CyMmMa IOJIOXKHUTEIBHBIX dncesl a, b, ¢ u d He menbIe 8. Haiigure HanMeHbIIee 3HAYCHIE
BhIPasKeHUsI

a* b* c* d*
@+ at)atd) brobrdbta)  ctrdctractd)  @drad+ddre)

OTser: 1

IlepBoe pemienue. 1o HepaBeHCTBY O CpeJIHUX I YE€THIPEX YUCE/T UMEEM

a* +a+b+a—|—c+a+d>
(a+b)(a+c)(a+d) 16 16 6 =

S 44 at a+b a+c a+d a
“\(@+blat+c)(at+d) 16 16 6 2
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CretoBaTesbHO,

at a a+b a+c a-+d 5a b4c+d
Lo (atb ot atdy S brerd
(a+b)a+c)a+d) ~ 2 16 16 16 16 16
[TpocyMMUpYyeM 3TO HEpaBEHCTBO ¢ TPeMsl aHAJOIMYHBLIMU U HOJIYYUM, 9TO
a* bt ct d*
+ + + >
(a+b)(a+c)a+d) (Db+e)(b+d)(b+a) (c+d)(c+a)(c+b) (d+a)(d+b)(d+c)
5a b+c+d 5 c+d+a 5¢ d+a+b 5d a+b+c
> (516 ) G616 ) (1 )t (G T
16 16 16 16 16 16 16 16
2(a+b+c+d) S 1
16

Ecmm a = b = c=d = 2, To cymma Jpobeit u3 ycioBus 3a/a4u paBHa 1, TIO9TOMY HauMeHbIIIee
3HAYEHNE BhIPasKeHUs paBHO 1.

Bropoe pemenue. [lomoxum q1g KpaTKOCTH
a bt ct d*
= + + +
(a+b)(a+c)a+d) (b+c)b+d)(b+a) (c+d)(c+a)(c+b) (d+a)(d+Db)(d+c)

[To mepasencTBy Komm-bBynsakoBcKoro mjis HaOOpOB YuCes

a’ bt ct d*
(a+b)a+c)a+d) (b+c)b+d)(b+a) (c+d)(c+a)c+b) (d+a)(d+Db)(d+c) B
a+d, b+a, c+0b d+c

nMeeM

(2@+b+c+d)K = ((a+d)+(b+a)+ (c+b)+(d+c)K >
a® b? c? d? 2
z (\/(a—i—b)(a—i—c) - V(b +c)(b+d) * V(c+d)(c+a) * \/(d+a)(d—|—b))

O6o3HaUNM TTOC/Ie/IHEE BhIparKeHne B CKOOKax depe3 L m omeHuM ero 1o HepaeHcTBY Kormm—
Bynsikopckoro iyt HabopoB

a? b2 c? d?
Via+d(a+e) Jo+ob+d) lc+rd(cta) /(d+a)(d+Db)
\/(a~|—b)(a—|—c), \/(b—irc)(b—l—d), \/(c~|—d)(c—|—a), \/(d+a)(d—|—b).
Torna LM > (a+ b+ c+d)?, e
M=+/(a+b(a+c)+/(b+c)b+d) +(c+d)(c+a)+/(d+a)d+Db)

Takum obpasom,

K> L? N (a+b+c+d?*  (a+b+c+d)?
" 2a+b+ct+d) T 2a+b+c+d) M2 2M? '

Hakomel, 110 HepaBeHCTBY 0 cpeJiHuX Jylst AByX uuced v/ (z + y)(z + 2) < w, O3 TOMY

o 2a—|—b—|—c+2b+c+d 2e+d+a 2d+a+b

M < =2 :
5 5 + 5 + 5 (a+b+c+d)

CraJio ObITH,
U1 (a+b+c+d?  a+b+c+d

~ 2 (2(a+b—|—c+d))2 8

Ecima=b=c=d=2, to K =1, nosromy naumenbiee 3uaienue K pasuo 1.

> 1.
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Tperbe pentenue. [logoxxuMm I KPATKOCTH

at bt ct d*
K= + + +
(a+b)(a+c)a+d) (b+c)b+d)(b+a) (c+d)(c+a)(c+b) (d+a)(d+Db)(d+c)
[To nepasenctBy Komu-bByHngakoBckoro jijisi HaOOPOB dHCe T
at b ct d*

atd)a+o)atd) b+obrdb+a) (ctd(cta)ctd) d+a)d+b(dte)
(a+c)a+d), (b+d)(b+a), (c+a)(c+b), (d+Db)(d+c)

nMeeM

(a+b+c+dPK=((a+c)(a+d)+(b+d)(b+a)+(ct+a)(c+b)+ (d+b)(d+c)K >

><a2+b2+02+d2>2

“\Vatb Vbtc +etd Vd+a

O603HaUNM TTOC/Ie/IHEE BhIparKeHne B CKOOKax depe3 L W OleHUM ero 1o HepapeHCTBY Kormm—
Byunskosckoro st nabopon

2 b2 02 d2

a
Va+b Vo+e e+d Vd+a

Torna LM > (a+b+c+d)? rme M =+a+b++Vb+ c++vc+ d+ vVd+ a. Takum obpaszom,

u va+b, Vb+c, Ve+d, d+ a.

K L? N 1 (@+b+ct+d)*  [at+b+c+d)’
a+b+c+ a+b+c+ B ‘
“(a+b d)?” (a+b d)? M? M
[To HepaBeHCTBY O CPEeJHUX IS JIBYX HUHUCENT 24/T + Y < %y“, [IO9TOMY

at+b+4 b+c+4 c+d+4 d+a+4_23+16

< :
M 4 + 4 + 4 + 4 4

rie s =a+ b+ c+ d > 8. Urtak, Mbl JloKa3aJu, 9TO

5\ 2 4s 2
K= (2) = ( )
“\M/) T \25+16
Ocrajioch 3aMeTuTDb, 9T0 45 = 25 + 25 > 2s + 16, modToMy TOC/Ie/Hee BhIpaKeHne He MEHbIIe
1. Ecmn x)ke a =b=c=d =2, 7o K =1, nosromy HanMmeHbllee 3Ha1denne K pasHo 1.

4. wnaronaym Brnucanuoro derwipexyroibanka ABCD nepecekatorcss B Touke P, mpudem
tpeyrosibHUK APD — octpoyrosbubiii. Touku E u F — cepeguanr cropon AB u C'D coot-
BercTBeHHO. U3 Toukm FE mnpoBenu mepresukysisap kK npamoit AC, a u3 toukm F mposesn
HePHEHIUKYIAP K npaMoit BD, 5Tu nepneHuKy/Iaphl mepecekanch B Touke (). Haiinnre yrom
Mexk iy npsambiMu PQ u BC.

OTBeTt: 90°
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ITepBoe pemenne. Ilycrs E' u F' — Toukn nepecevenuss EQ ¢ AP u F'QQ ¢ DP coorser-
ctBeHHO, a T — mouka nepecedenus npsambix PQ u BC'. Tlockonbky yriet ZBAC u ZBDC
OIUPAIOTCS Ha OJIHY JyTy, OHE paBHBI. Cjiel0BaTeIbHO, MPIMOYTOIbHbIE Tpeyroabuuku AR E
u BF'F nonobusl. Torna, ??; = % = %, mocJjiefHee TIOCKOJIbKY TOUKH ' u F' — cepeuHbl
orpeskoB AB u CD. Kpome toro /BEE' = ZCFF’, nosromy tpeyroibuuku BEE u CFF' no-
j106ubI U, B yactHoctn, ZABE' = ZDCF'. Nroibnt ZABD u ZAC D onuparorcst Ha OJHY JIyTy |
nosToMy pasubl. Takum obpasom, /E'BF' = /ABD—/ABE' = ZACD—-/DCF' = /E'CF'.

CuresioBaresibHo, YeThipexyroyibiauk BE'F'C' BuucanHblil 1

/PBT = /CBF' = /CE'F' = /PEF = /PQF'

(mocJieiHee pABEHCTBO YIJIOB CJIEJIyeT U3 BIIMCAHHOCTH deTbipexyroibanka PE'QF"). Ocranocsk
[mocYuTaThb yIJIbI:

/PTB =180° - /PBT — /BPT = 180° — ZPQF' — ZQPF' = 90°.
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Bropoe pemienne. [lycts E' u F' — touku nepeceuenns EQ ¢ AP u F'QQ ¢ DP coorser-
crBenno, Touku K u L — cepeaunbl orpeskoB AP u DP, a T — Touka IiepecedyeHns IPsMbIX
PQ un BC'. Ilyctb O — 1ieHTp ommcaHHO# OKpyzkHOCTH Tpeyroibauka APD, torma OK u OL
— CepeJMHHbIe TIePIeHNKYIaphl K oTpeskam AP u D P coorBercrBenno. [looxum s kpat-
koctu ZBAP = ¢. Torna ZCDP = ¢, nockonbky yriel ZBAP u ZC'DP onupaiorcst Ha, OJIHY
nyry. CiemoBarenbno, Tpeyroibaukn BAP u C'D P 11omo0HbI 110 JBYM yIJIaM U, 3HAYNT,

AP AB AE AFEcosp AE
DP CD DF DFcosyp DF"

Takum obpasom,

PE'" AP—-AE" AP PK

PF DP—-DF  DP PL’
[Tycrs npsvble KO u P(Q) nepecekatorcst B Touke K', a npsamble LO u P(Q) nepecekarorcs

/ / / PE' _ PF’

B Touke L'. Torpa tpeyrompunkn PE'Q n PKK' nomobusl ¢ Ko3hPUIUEHTOM 5 = Sr, C
TaKuM ke KoaddurpmenToM 110100us o000 1 Tpeyroubhuku PF'Q u PLL'. CrepoBaresbho,
PK' = PL' u, snaunt, rouku K’, L' u O cosnanaior. Takum obpazom, nupsamasa P(Q) mpoxogur

gepe3 Touky (. OcTajioch MOCYUTATD YIJIbL:

/PTB=180°—-/ZCBD — /BPT = 180°—- ZCAD — ZOPD = 180°— ZPOL — ZOPD = 90°.
B npeamnocieanem paBeHCTBE HCIIOIB30BAIOCH TO, 9TO IeHTPaJIbHbINR yroa ZPOD ¢ oaHoii cTo-

POHBI paBeH yiaBoeHHOMY Brmcanuomy yrioy ZCAD, a ¢ apyroit CTOPOHBI paBEH Y/IBOCHHOMY
yroy ZPOL.
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Tperbe perenmne. [Iposejem uz Touku P npsmyio ¢, neprenuky/sipayio cropone BC,
nycth 1' — ee Touka repecedenus ¢ BC. Yepes touku A u D npoBejieM npsMbie, IEPIEHTUKY-
ssipuble K guaronasisym AC' u BD coorBerctBenno. lycrs S ux Touka nepecedenust. [lockosbky
/ZPAS =90° = ZPDS, touku A, P, D n S yexxar Ha oKpy:kHOCTH ¢ jquamerpom PS. Torma
(paBerctBo LDAP = ZDBC crienyer 3 BUUCAHHOCTH 4YeTbipexyrojbauka ABCD)

LDPS = /ZDAS =90° — ZDAP =90° — Z/DBC = ZBPT.

CrenoBaTeibHO, TOUKA S JIEZKHUT Ha MPAMOit £.

[Iycts H — Touka mepecedenus BbICOT TpeyroyibHuka PBC. fcHo, 4TO oHa TakKe JIEXKUT
Ha npsamoit . Torma npsimeie AS, BH u E(Q) napauienbhbl, u 1ockojibky AE = E B, npsivas
EQ sasnsercsa cpemneit munaneit Tpanerun ABHS. CiaemoBarenbro, F() nepecekaer mpamyio £
B cepesmbe orpeska SH. Ananormano mpsimast F'() Takke mepecekaer npsmyto ¢ B cepejinHe
orpeska SH. Ho Torma npambie EQ, F'Q) u { nepecekaiorcsd B cepejuHe orpeska SH u sta
TO4YKa dABJsieTcs Toukoit (). Crajo ObITh () TakKe JIEXKUT Ha npamoii £. B gacTHOCTH, TIPAMBbIE
PQ n BC nepecekatoTcs MO, IMIPAMBIM YTJIOM.

5. B kyracce n > 3 MKOJIBHUKOB. ¥ yUUTEIA €CTh M = %n(n — 1) kaprouek, HAa HUX Ha-
nucaHel yncaa 1, 2, 3, ..., m, KaxKjaoe 1o omgHoMy pasdy. OH pasma KaxKJIO0MYy IIKOJbHUKY II0
ostHOM KapTouke. JIj1sg KaxK10i 1apbl MIKOJbHUKOB MOCYUTAIN CYMMY YHCE] Ha X KapTOUKaX
1 BCe TOJIyUeHHbIe JHC/Ia 3amncaan Ha Jocke. OKa3aJIoch, 9TO YUCIa Ha JOCKE JTAl0T pas/Iimd-
Hble OCTaTKU OT JieJleHusd Ha m. JlokKaxKuTe, YTO e€CcJiM m YeTHO, TO N ABJIAETCH KBaJPATOM

HaTypaJIbHOI'O 9uUCJIa.

Pemenne. 3anymepyem MKoJBHUKOB uucaaMu oT 1 1o n. Ilyers a; — [mcno, nanmcanHoe

Ha KapTO4Ke Yy j—FO IIKOJIbHHKA.. TOI‘,IL& BCe II0IIapHbIE CYMMBI @; + a; Jal0T pa3/IM9HbIE OCTATKH

OT JIeJIeHUsI Ha M = %n(n —1). Ilycrs k u3 uucen ay, ag, ..., a, SABJISIOTCS YeTHBIMA, a N — k

qrcesl HedeTHeIMU. Torja cpefu cyMM a; + @; HEYeTHBIMU OyIyT B TOYHOCTH T€, B KOTOPBIX
CKJIQJIBIBAIOTCS YE€THOE W HeYeTHOe Ynca. TakuM oOpa3zoM, HEYETHBIX CyMM OYIET B TOYHOCTH
k(n — k) mryk. [TockobKy m 9€THO, 9T0 KOJMYECTBO JIOJIKHO ObITh PABHO %m [TosTomy
1
2k(n — k) =m = én(n —1).
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Torga k siBiisiercs penieHneM KBaJpaTHOIO ypaBHEHHUsI
4k* — dnk +n(n — 1) = 0.
Cire10BaTe/IbHO, €10 TMCKPIMUHAHT
(4n)* —4-4-n(n—1) = 16n

ABJIAEeTCA TOYHBIM KBaJIpaTOM. Ho TOr/la YUCJIO N TaK2Ke ABJIAeTCA TOYHBIM KBaJIpaTOM.
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10-11 KJIACC. IIIECTOM BAPUAHT

1. B kak/10it KjieTke TabJHIBI 1 X N 3alUcaHo HaTypasbHoe ducso. OKazayoch, 94To JJId
Bcex k or 1 J10 n cyMMa 9mcelI, CTOAMUX B k-OM CTOJIONE, Ha eIUHUIY OTJANIAeTCSI OT CyMMbI
qucesI, CTodmux B k-it crpoke. Ilpn Kakux n Takoe BO3MOXKHO?!

OrBer: IIPU 9YE€THLIX T

Pentenne. Eciu n He4éTHO, TO B Tab/IHMIE CyMMa BCEX YHUCE, TOJCUYATAHHAS 110 CTPOKAM,
Ha HEYETHOE YUCJIO OTJIMIAETCS OT CyMMBbI 9HCEJI, TOJACIUTaHHoi 110 crosionam. Ho 1o HeBo3-
MOXKHO. B Tabsmie ¢ 4éTHBIM 1 MOYKHO 3aIlOJIHUTD JIBOMKAME BEPXHIOIO ITOJIOBUHY JIHATNOHAJIN
TabJIUIBI, UAYIIEH U3 JIEBOr0 HUZKHET'O YIJIa B IIPaBbIil BEPXHUIA, & OCTAJIbHbIE KJICTKH 3aII0JTHUTD
eauanmamu. OnucaHHasg paccTaHOBKa dmcest i n = 10 mpuBeieHa Ha PUCYHKE.

—_
—_
—_
—_
—_

4);;

4);;
—_
—_
N}

—_
—_

2. HaitnuTe Bce TPOIKN HATypPaIbHBLIX YUCeI a, b U ¢, /18 KOTOpBIX uuciaa a? — 23 u b? — 23
— mpocrsie u (a? — 23)(b? — 23) = ¢ — 23.

Orser: (5,6,7) u (6,5,7).

Pemenne. 3amerum, uro a,b > 5. Ecmma = b =5, 10 ¢*—23 = (a®>—23)(b*—23) = 2-2 = 4,
YTO HeBO3MOXKHO. [losToMy MoxkHO cumTarh, 9To @ > b u a > 6. Torna

& —23 = (a® — 23)(b* — 23) < (a® — 23)2.

C apyroit croponsl, (¢ + a)(c —a) = (¢* — 23) — (a* — 23) penures ma a® — 23. Ecin ¢ — a
nemuTes Ha a2 — 23, Toc—a = a? —23uc+a >c—a > a’ — 23, a, 3HaUNT,

(a®* —23)2 < (c+a)(c—a) = (c* —23) — (a* — 23) < (a® — 23)?,
uro HeozMozkHO. CilesloBaTesibHo, ¢ + a jenurcd Ha a® — 23. Ecm ¢ +a > 2(a? — 23), o
c>2a>—a—46>a*+6a—a—46 =a® +5a —46 > a®> +5-6 — 46 = a* — 16
1, 3HaIUT,
a* — 464 + 529 = (a* — 23)* > ¢ — 23 > (a® — 16)* — 23 = a* — 32a* + 233.

Taxum obpazom, 296 > 14a? > 14 -6% = 504, uro neposzmoxkHo. CieioBarebho, ¢+ a = a? — 23
nc—a=b>—24. IlockoapKy a > 6, mpocToe uuciao a’ — 23 He MeHbIIe YeM 13 U HoITOMY
ABJIAETCSA HedeTHBIM. TakmM 06pasoM, ¢ = a? — a — 23 TakyKe He9eTHO U, 3HAYNT, YHCJI0 ¢ — 23
gerno. Ho oHO sBIfeTCa Mpom3BeleHNeM JBYX IIPOCTHIX wmcel a’ — 23 u b? — 23, mosromy
b>—23=2ub=>5. Crano 6bITh, c —a = b* — 24 = 1, otkyna a+1 = ¢ = a®> — a — 23 u, 3HA4UT,
a = 6. Jlerko BuyieTh, uTO TpOiiKa @ = 6, b =5 u ¢ = 7 yj0OBJIETBOPSIET YCJIOBUIO 3a/IA4N.
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3. CymMma TOJIOKHUTEIbHBIX 4ncesn a, b, ¢ u d pasaa 4. Haiinure HanmMeHblllee 3HATEHUE
BBIPaYKEHUsI

a® b8 c® d®
(@) (@) (@1d) | (PP +d) (P +a) | (P (@) @4D) | (Pra)(P+b)(Pre)

OTBer: %

IlepBoe pemnienue. 1o HepaBeHCTBY O CpeJIHUX I YE€THIPEX YUCE]T UMEEM

a® +a2—|—b+c12+c+a2—|—d>
(a® + b)(a® + ¢)(a® + d) 16 16 16 =

S 4a a® a?+b a?+c a*+d a
“ V(@2 +b)(a2+c)(a®+d) 16 16 6 2

CrenoBaTesbHO,

a® >a_2_<a2+b+a2+c+a2+d)_5_a2_b+c+d
(a2 +b)(a2 +c)(a®2 +d) =~ 2 16 16 16 / 16 16
[IpocymMmMupyeM 3TO HEPABEHCTBO C TPEMs aHAJOTHIHBIMU U TOJIYIHM, YTO
ad N b® n 8 n d8 <
(a24b)(a®+c)(a®2+d)  (B2+4c)(b®+d)(D?>+a)  (+d)(+a)(c2+b)  (d?4a)(d?+Db)(d?+c) -
56> b+c+d 502 c+d+a 5¢2 d+a+b 5d° a+b+c
(G~ - G~ i)+ G )+ (-7 -

16 16 16 16 16 16
5(a*+ b+ A+d*) 3la+b+c+d) 5@+ 4+ d?)

3
16 16 16 4
b

>

=

[IPOBEPSIETCsl, HAIIPUMED, HEIIOCPEJICTBEHHBIM PACKPBITHEM CKOOOK.
Ecmma=b=c=d =1, To cymma Jipobeit u3 ycjIOBUsI 3a/1a4d1 paBHA
Imee 3Ha4YeHNe BbIpakKeHUd PaBHO %

1

5, [I09TOMY HaMMEHb-

Bropoe pemenue. [lomoxum q1g KpaTKOCTH

a® b® 8 d®

- (a®+b)(a?+c)(a?+d) * (b2+c)(b®+d)(b>+a) + (2+d)(c?+a)(c®+D) + (d?+a)(d*+b)(d>+c)
[To nepasenctBy Kommu-bByHngakoBckoro jijist HaOOPOB dHCeT
a® b o s

(a®+b)(a?+c)(a?+d)" (b+c)(b2+d)(b*+a)’ (2+d)(+a)(c+b)" (d?+a)(d?>+b)(d*+c) 1
a>+d, b*4a, E+b, d*+c

(@4 ++ P+ 4K = ((a®+d)+ (b +a)+ (P +b)+ (d* +¢)K >
at pt ct d4 2
g <\/(a2+b)(a2+c) - V(02 + ) (b + d) " V(2 +d)(c+a) " V(& +a)(d2+b))

O6o3HaUNM TIOC/Ie/IHEE BBIpaXKeHNe B CKOOKax depe3 L m oreHuM ero 1o HepaeHcTBY Kormm—
Bynskosckoro it HabopoB

a* b* ct d*
V@2 +b0) (a2 +c) JR+e) @ +d)  J(E+d)(E+a) (@ +a)(d®+b)
Va2 +b)(a2+c), V(2 +co)(b2+d), (E+d)(+a), +/(d®+a)(d®+Db).
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Torna LM > (a® + b* 4 ¢ + d2)2, re

M = /(a® +b)(a2 + ¢) + V/(0? + ) (1 + d) + /(2 + d)( + a) + /(& + a)(d? + D).
Takum obpaszom,

L2 1 (@®+ 0+ +a?)
= = . .
A+ +E+dP+4T PP+ A+ A+ 4 M?

2 2
Hakowel, 110 HepaBeHCTBY 0O cpejuux jyist asyx auces /(22 +y)(22 + 2) < w,

3TOMY

I10-

202 +b+c¢ 2024+c+d 2P+d+a 2d¥+a+b
+ + + =

]\/[g _2 b2 2 d2 4.
5 5 5 5 a”+0+c +a +

CraJio ObITh,

Z (a2 L2 4 2 2 3 4 37 - (*)
(@ P+ E+EHAP T (14 )

Ocrasiock 3aMeTuTh, 9TO 10 HepaBeHcTBY Komm—BynskoBckoro st mabopos a, b, ¢, d u 1, 1,
1,1
Ya*+ P+ +d*) > (a+b+c+d)? =16,

nostomy a® + b? +c* +d? > 4. CreioBare/IbHO, YUCUTEb B IPABON YacTH (*) He MEHbIIe, 1eM
4, a 3mamenaresb ne 6oubme, yem 2%, mostomy K > 3. Ecm ke a=b=c=d=1,10 K = 3,
NO9TOMY HamMeHblee 3nadenne K pasno 1.

4. Jlmaronaym BIucaHHOTO 4eTbipexyrosibiuka ABCD nepecekaiorcs B Touke P, mpudeMm
yron APB — rymnoii. Touku F u F — cepepunbl cropod AD u BC' coorBercTBeHHO. 3 ToUKkn
MIPOBEJIN TEPIEHIUKYIAP K TPAMOiT a 13 TOYKW F' mpoBen neprneninKysasap K MpsaMoit
E AC, F
9TH IEPIEeHUKYJIAPBI ITepeceK/nch B Touke (). Haiiure yroys Mexiay npsiMbIMu u
BD, JHUKY, Haiiure y Ty P

CD.
OTBert: 90°
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ITepBoe pemtenne. [lycrs B/ u F' — rouku nepecedenust EQ ¢ AP u FQ) ¢ BP coorBer-
crBeHHO, a T — Touka nepecedenust npsmbix PQ u C'D. Ilockonbky yruiwst ZCAD n ZCBD
OIIUPAIOTCS Ha OJHY JIyT'y, OHU paBHbI. CJie0BaTe/IbHO, IPIMOYTOJIbHbIE Tpeyroabuukn AE'E
u DF'F nonobusl. Torja, g—f,: = % = %, rocJjiejiHee MOCKOJIbKY TOYKU [ u ' — cepemuHbl
orpe3koB AD u BC. Kpome toro Z/DEE' = Z/CFF’, nosromy tpeyronpanku DEE' w CF F' no-
nobubl u, B yacthoctn, ZADE = /BCF'. Vet ZACB uw ZAD B onuparorcst Ha OJHY JyTy U
nosromy pasubl. Takum obpasom, /E'BF = Z/ABD—/ABE' = /ACD—/DCF' = Z/E'CF".
CuieoBare/ibHo, Yerbipexyroabuuk BE'F'C suucanublii u

/TDP = /CDF' = /CE'F' = /PE'F' = /PQF'

(rocste iHEE PABEHCTBO YIJIOB CJIEJyeT U3 BIMCAHHOCTH YeThipexyroibauka PE'QF"). Ocramoch
MIOCYUTATDH YTJIbL:

/PTD =180° — ZTDP — /DPT = 180° — ZPQF' — ZQPF'" = 90°.

Bropoe pemienne. Ilycts E' u F' — Touknu nepeceuenust EQ) ¢ AP u F(Q) ¢ BP coorBer-
crBeHHo, Toukn K u L — cepeaunbl orpeskoB AP u BP, a T — Todka IiepecedeHns MpsiMbIX
PQ u CD. Ilycts O — nienTp onucanHoit okpyzuoctu tpeyroibunka APB, torma OK u OL
— CcepeJInHHbBIE TIepIeHUKYIsApbl K otpeskam AP u BP coorBerctBenHo. [lo10KuM J1j1s1 KpaT-
koctu ZDAP = . Torna ZCBP = ¢, nockonbky yrisl ZDAP u ZCBP onupaiorcst Ha, OJIHY
nyry. CiemoBarenbno, Tpeyroabaukn CBP u D AP 1omo0HbI 110 JBYM yIJIaM U, 3HAYNT,

AP AD AE AFEcosp AFE
BP BC BF BFcosg BF'

Takum obpasom,
PE' AP-—AE AP PK
PF' BP - BF BP PL’

[Tycrs npsamble KO u P(Q) nepecekatorcst B Touke K', a npsamble LO u P(Q) nepecekarorcs
/ / / PE' _ PF’
B Touke L'. Torpa tpeyrombunkun PE'Q n PKK' nomobuel ¢ Koshduiuentom 5 = 5,

TaKuM 2Ke KoaddurmenToM 11o100us mo00Hb! 1 Tpeyroabhauku PF'QQ u PLL'. CrepoBarenbho,
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PK' = PL' u, snaunt, rouku K', L' u O cosnajgaior. Takum obpazom, npsimast P(Q) mpoxoauT
yepe3 Touky O. Ocrajoch MOCUUTATE YIJIbL:

ZPTC =180°—- ZLACB - ZCPT = 180° — LABD — ZAPO = 180° — ZPOK — ZAPO = 90°.

B npeanocieaeM paBeHCTBe UCIIOIb30BAJIOCH TO, YTO HeHTpabHbIi yroa ZAOP ¢ onHoii cTo-

POHBI PaBeH YIABOEHHOMY Brmcanuomy yriy ZABD, a ¢ apyroit CTOpOHBI paBeH YIBOCHHOMY
yry ZPOK.

Tpetbe perienne. [Iposegem u3 toukn P upsmyto ¢, nepreH uKyasapayo cropone CD,
nycth T — ee Touka nepecedenus ¢ C'D. Yepes Toukn A u B poBeJieM MpsiMble, TEPIICH/INKY-
ssipabie K juaronassym AC' u BD coorserctBenno. [lycts S ux Touka mepeceuenus. [TockoibKy
/ZPAS =90° = ZPBS, touku A, P, B u S jiexkar Ha okpyx)HOocTHu ¢ jquamerpom PS. Torma
(paBerctBo LZABP = ZACD cnenyer u3 Buucannoctu derbipexyrosibanka ABCD)

LAPS = ZABS =90° — LZABP =90° — LZACD = ZCPT.

CreioBaTeibHO, TOUKA S JIEKUT HA TMPSIMOIL L.

[Iycte H — Touka nepecedenus BeicOT Tpeyroybauka C'PD. fcHo, 9T0 OHA TaKKe JIeXKUT
na npsmoit £. Torma npsmbie AS, DH n E(Q) napasieabubl, n TOCKOIbKY AE = E D, npsimas
EQ sasnsiercsa cpeaneit muauneit Tpamenun ADHS. Crenoarensho, F() mepecekaer mpamyio £
B cepequne oTpeska SH. Amanormano npsmas F'() Takxke mepecekaer IpsaMyio ¢ B cepejiHe
orpeska SH. Ho Torma mpameie EQ, F'Q) u { nepecekaiorcsa B cepenuae orpeska SH u sta
TOYKa siBJsieTcss Toukoit (). Ctajo O6bITh () TakKe JIeKUT Ha npsmoiil . B gacraOCTH, TIpSIMBbIE
PQ n C'D nepecekaroTcst O/, MPSIMBIM YTJIOM.
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5. B kimacce n > 3 MIKOJBHUKOB. Y YAHUTE/Isd €CTh 1M = %n(n— 1) KapToUeK, Ha HUX HATTUCAHBI
qucia 1, 2, 3, ..., m, Kaxkjoe 1o ogHomy pasy. OH pasjiaj KaxKJI0oMy IMKOJbHHUKY 110 OTHOIM
KapTouke. /[y1s KazK/I0if mapbl MKOJbHIKOB MOCYUTAIN CyMMY YHCE Ha UX KapTOYKaX M BCe
[OJIyI€HHbIe YUC/a 3amucain Ha jgocke. OKazajgoch, 9TO YHUC/Ia Ha JOCKE JAI0T Pa3JIMTIHbIE
OCTATKHU OT JiejieHns Ha m. JlokaxKurTe, 94TO ecjim m HEYEeTHO, TO N — 2 SBJISETCH KBaJIPATOM

HaTypaJIbHOI'O 4YHCJIa.

Pemtenne. 3anymepyem mkojabHIKOB ducaamu ot 1 o0 n. Ilycrs a; — wmcsto, nanucamnoe
Ha KAPTOUKE y j-TO MIKOJIbHKa. Torga Bee HOMapHbIe CyMMBI @; + @ JAIOT PA3JIMIHBIC OCTATKA
or gesnernd na m = in(n — 1).
PaccmorpuMm ocTaTky OT jgesienust Ha m Y MOMAPHLIX PA3HOCTel a; — a; IPH Pa3INIHbIX i 1
j. Beero Takux ocrarkos n(n — 1), IpuueM cpejid HUX HET HYJIEBOTO OCTATKa. [IpejioioKumM,
9TO JJI KAKUX-TO MHJIEKCOB omu cosmanaior. Torma a; — a; = ax — a; (mod m) u mosromy
a; + a; = a; + a; (mod m). Takoe BozmozkHO TOIBKO Korja ¢ = ¢ mian j = k. Ecim, Hanpumep,
i =/, T0
2a; = aj +a, (mod m), (%)

npudeM j # k, OCKOJIbKY m — HedeTHO. CpaBHeHHe (*) BO3MOXKHO He 6oJiee ueM B 1 CIIydasx,
IIOCKOJIbKY MHJEKC % MOZKeT IIPUHUMATh JIMIIb 1 3HAYeHUH, a CyMMBbI BUJIa a; + @ IPUHAMAIOT
KasKJIblii OCTATOK OT JIeJIeHUs HA M POBHO oxuH pa3. OJHOMY CpaBHEHHIO (*) COOTBETCTBYET
JIBa COBIIQJICHNsI OCTATKOB Pa3HOCTe: y a; — aj U G — A, & TAKXKe y a; — a; U a; — Q.

[TockosbKy monapHubIx pasnocTeit n(n — 1), a HEHyJIEBBIX OCTATKOB OT JICJICHU HA 111 BCETO
m—1= %n(n — 1) — 1 u He GoJiee UeM 2n U3 HUX BCTPEUAETCS J[BA Pa3a, MMeeM HEPaBEHCTBO
in(n—1)—1+2n > n(n—1) u, ssaawr, n(n — 1) < 4n — 2 < 4n. Takum obpasom, n < 5.
Craso 6bITh, N = 3 U TOTIa N — 2 — TOYHBINA KBaJIpar.
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89 KJIACC. [IEPBBIVI BAPUAHT

1. Keagparusiii tpexwien f(r) = ax? + br + ¢ UMeeT POBHO OJIWH KOPEHb, KBAJPATHDIH
tpexwien 2 f(2x —3) — f(3x + 1) Takke nMeer poBHO OJIUH KopeHb. Haiiure KopeHb TpextuieHa

().

OrBet: —11.
Pertenne. [TockonbKy ot nestennst Beex KoaddunneHToB TpexwieHa f () Ha a He MEHSIIOTCS
HU ero KOpHHU, HU KOopHU TpexwieHa ¢(z) = 2f(2x — 3) — f(3z + 1), MOXKHO cYnuTaThH, YTO

a = 1. KBajipaTHbIil TpexdjeH MMeeT POBHO OJWH KOPEHb TOIJa M TOJbKO TOrJa, KOTJia €ro
2
JIACKPUMUHAHT paBeH Hymo. [lostomy b? = 4c¢ u, snaunt, f(r) = 22 + br + %. Torna

o) = 24(20-3) — FBr+1) = 220 -3 + (20 -8) + 5 — ((B+1) + 3w +1) + ) =

b2
.2 _ _ .
= 22+ (b 30)$+<17 7b+4>.

CretoBaTesbHO,

2

b
0= (b—30)° +4(17 —7h+ Z> — 21 — 88b + 968 = 2(b — 22)?.

Taxkum obpasoM, TUCKpUMUHAHT TpexdieHa ¢(z) pased 0 Tojabko nipu b = 22, 3Haunt, f(r) =
2% 4 222 + 121 u ero eIMHCTBEHHDIH KOpeHb paBen —11.

2. B kyerkax kBajipara 11 X 11 paccraBjeHbl HyJIU U €JIUHUILI TAKUM 00pa30M, UTO B
m060it Gurypke u3 deTbpex KiIeTok Buga —H- cymma dncen nederta. (PuUrypky MOXKHO IOBO-
paduBaTh ¥ IepeBopadnBarh). Kakoe HanmMeHbIee KOJMIECTBO €JIUHAI] MOKET OBITH B TAKO
paccTraHoBKe?

OTBer: 25

Pertenue. Pasmectum B KBajipare 25 Gurypok, He UMEOIMUX OOMIUX KJIETOK (CM. JIeBbIii
puCYHOK ). B KaxK/10it U3 HUX pacrojiaraeTcst XOTs Obl OJ[HA €IMHUIA, TIOITOMY BCErO eJINHUIL He
MemnbIie 25. [lojaxojsias paccTaHOBKa 25 €UHMIL: BO BCEX KJIETKaX C YeTHBIMH KOOP/IMHATAMU
(CcM. TIpaBBIil PHCYHOK).

JHHHH 0:0:00:0:00:0:00:0
e T 0i1001:0:1°0:1:0:1:0
JHHHH 0:0:0:0:0:0:0:0:0:0:0
e T 0i1001:0:1°0:1:0°1:0
JHHHH 0:0:0:0:0:0:0:0:0:0:0
e T 00100:1:0:1:0:1:0:1:0
T T T 0:0:0:0:0:0:0:0:0:0:0
o T 001500100:1:0:1:0:100
T T T 0:0:0:0:0:0:0:0:0:0:0
o e T 001:0:1:0:1:0:1:0:1:0
A 0:0:0:0:0:0:0:0:0:0:0

3. Harypasbabie gnciia a u b rakoBel, ato uncia ab u (a+1)(b+1) — sapistrorest KBaiparamu
HEKOTOPBIX HATYPAJIbHBIX dnces. JJokazkure, 4To JjIsi HEKOTOPOIO HATYPAJBbHOIO Yucyia n > 1
qucyio (a + n)(b+ n) Takke gBJIsIeTCS KBaJIPATOM HEKOTOPOTO HATYPAILHOTO YHCIIA.

Pemenne. Bosbmem n = ab, Toraa
(a+n)(b+n)=(a+ab)(b+ab) =ab-(a+1)(b+ 1),

9TO €CTb IIpou3BeJcHUE ABYX TOYHBIX KBaJpPaTOB.



4. Touka M — cepenunaa Kateta AB paBHOOEIPEHHOTO MPSIMOYTOJIBHOTO TPEYTOJBHUKA
ABC ¢ upambim yriaom ZB. Buccekrpuca yria ZA nepecekaer ONMMCAHHYIO OKPYZKHOCTb TPe-
yroabHuka B Touke L. Touka H — ocHOBaHHWE HEPIEHIUKYIIpa, OIYIIEeHHOTO u3 L Ha MPaMyIo

AC'. Haitnure yron ZAMH.
OrBert: 112,5°

D

IlepBoe pemenne. Ilycte D — touka nepecedenns: npsmbix AC' u BL. [TocKoIbKY 9eThI-
pexyronbauk ABLC' Buucanusiit, ZALB = ZACB = 45° u ZALC = ZABC = 90°. Kpowme
toro ZDAL = %ABAC = 22,5°. Torna

/ADL = /ALB — /DAL = 45° — 22.5° = 22.5°.

CrneroBaresnibho, Tpeyroabauk ALD paBaoGeapeHHbIil 1 ero Bbicota LH sBIsieTcst MenaHoOii.
Taxum obpazom, AH = HD u orpezok HM — cpennsisi jiuaust B Tpeyroibuuke ABD, B
vactHOCTH, Tipgmbie H M u B D napasutenbust u, 3uaqut, ZAMH = ZABL.

[Tockonbky AL — ouccekrpuca yrina ZBAC, a derwipexyronbank ABLC BoucaHHBI,
/CBL = /ZCAL = 22,5°. CienoBaresbHO,

/AMH = /ABL = /ABC + /CBL = 90° 4 22,5° = 112,5°.




Bropoe pemienune. [lycte O — cepennna runorenyssl AC, Torjga 3To MEHTP ONMMUCAHHOMN
okpyzkHocTu Tpeyroybauka ABC u, snaunt, CO = LO. CrnenoBarenbuo, Tpeyrojabauk AQOL
paBuoGepennbiit u ZOLA = ZOAL = %ZBAC = 22,5°. ¥Yron LLOH sBiisieTcsi BHEITHIM
yriom st Tpeyronabauka AOL, nostomy Z/LOH = ZOLA+ ZOAL = 22,5°+22,5° = 45°. Ta-
KM obpaszom, TpeyrobHuk L HO paBHOOEpeHHBINH 1 TPAMOYTOIbHBIN. OTpe3ok MO sBisercs
cpeHeit imaneit Tpeyronbanka ABC u, 3HaunT, on napaJiesnen cropone BC. Crasio ObITh, Tpe-
yroabauK AM O paBHOGeIpeHHBIH U npssMoyTo ibHbI. CriemoBarenbHo, Tpeyroabauku AMO u
LHO pasubl 110 jiBym yriiam u cropore (AO = LO), a rorma MO = OH u tpeyrossuuk MOH
PABHOOE/IPEHHBIN CO BHENTHUM yTJIOM, paBHbiM 45°. TlosTOMy yIyIbl pU €ro OCHOBAHWH PaBHBI
o 22,5°. Ocrasocsk 3ameruts, ut0 LZAMH = ZAMO + ZOMH = 90° + 22,5° = 112,5°.

5. CymMMa MOJIOKUTETbHBIX JHCeT a, b 1 ¢ paBHa TpeM. JlokaxkuTe HEpaBEHCTBO

ab be ca 3

+ + <
Va2+3 Va:+3 VBE+3 2

Pemenne. C moMoIpio pacKpbITHsi CKOGOK HECJIOXKHO TPoBepHUTh, uro 3(ab + bec + ca) <
(a+b+c)? =9. CrenosarebHo,

+3=c+ab+be+ca=(c+a)(c+b).

[TosToMy 110 HEpABEHCTBY O CPEJIHUX JIJIsd JIBYX UUCET

ab - ab <1( ab n ab)
Va3 \Jleta)c+b) 2\cta  c+b)
CraJio ObITH,
ab N be N ca <1< ab+ab+bc+bc+ca+ca>_a+b—l—c_3
V2 +3 Va2 +3 \/b2—|—3\2 c+a c+b a+b at+c b+a b+c) 2 2

6. Ha miockoctn mposenennt 2n + 1 cungasg m n — 1 KpacHasg npsiMasi, HUKaKWUe JBE W3
KOTOPBIX HE IMapaJjijie/ibHbl U HUKAKHE TPU He NepeceKaloTcsd B ojHoi Touke. Jlokaxkure, 9T0
cpeau dacTeil, Ha KOTOpble OHH pPa30MBAIOT IIOCKOCTH, Haiigercsa He MeHee 4n + 2 dacreii,
OTPAHUYEHHBIX TOJIBKO CUHUMHU IIPAMBIMU.

Pentenwne. 1o uHtyKImmm HeC/I02KHO ITPOBEPUTD, YTO 21+ 1 CHHAA TPAMAs JICJIUT ILJIOCKOCTh
Ha (2n+ 1)(n+ 1) + 1 = 2n% + 3n + 2 wacreii. Kaxas Kpachas npsiMas nepecekaet ne 6oJiee
2n + 2 obnactu ¢ cuauME TpaHuiiaMu. [loaToMy mocse mpoBeieHus IePBOil KPACHON MTPSMOit
ocranercst He Menee (2n?+3n+2) — (2n+2) = 2n%+n obaacreii ¢ cunumu rpanunamu. Kaxiast
HocJIe Iy oIas KpacHasi IpsiMasi TopTuT He 6osiee 2n + 1 cunioo obsactsb. /leficTBuTe/ibHO, OHA
nepecekaeT He Oojiee 2n + 2 obJacTeil ¢ CHHUMU T'PAHUIAMHU, HO 00JIaCTh, B KOTOPOI JIC2KUT
TOYKa ee MepecedeHusi ¢ MepBoil KpacHO# MPsAMOIi, yKe yaTeHa, T09TOMY OHa IOPTUT He OoJjiee
2n + 1 HoBBIX cuHUX obaacteil. Cries0BaTEILHO, OCTAHYTCA HETPOHYTBIMU He MeHee (2n% +n) —
(2n+ 1)(n — 2) = 4n + 2 obacTeil ¢ CHHUMA I'DAHUIIAMH.



89 KJIACC. BTOPOU BAPUAHT

1. Ksagparubiii Tpexuien f(z) = ax® + br + ¢ uMeeT POBHO OJMH KOpPEHb, KBaJpaTHbIi
rpexwieH f(3z+2)—2f(2x — 1) rakKe uMeer pOBHO OJIuH KopeHb. Haiiiure KopeHb TpexdieHa
f(z).

OtBet: —7.

Pertenne. [TockobKy ot nestennst Beex KoaddunneHToB TpexwieHa f () Ha a He MEeHSIIOTCS
HI ero KopHH, HH KopHH Tpexwiena ¢(z) = f(3x + 2) — 2f(2z — 1), MOXKHO cUnTATH, YTO
a = 1. KBagparablil TpexuieH nMeeT POBHO OJMH KODEHb TOIVIa M TOJIBKO TOIJa, KOIJla €ro
JIACKPUMUHAHT paseH Hymo. [lostomy b? = 4c u, snaunt, f(r) = 22 + br + %. Torna

2 2

g(x) = f(3r+2) = 2f(2x—1) = (32+3)" + b(3x+2) + % — ((291:—1)2 +b(22—1) + bz) —

:x2+(20—b)x+<2+4b—%).

CrenoBaTesbHO,

2

b
0= (20—6)2—4(2+4b—z> — 9b% — 56b + 392 = 2(b — 14)2.

Takum obpazoM, AUCKpUMHUHAHT TpexwieHa g(x) pasen 0 Toiabko npu b = 14, snauur, f(r) =
22 + 142 + 49 1 ero e UHCTBEHHDIH KOPEHL paBeH —7.

2. B knerkax kBajipata 9 X 9 paccraBjieHbl HYJIU U €JIMHUITBI TAKUM 00pa30M, 9TO B JIIOOOiT
durypke n3 9eTbipex KJIeTOK BHIA EEP cymma guces HedeTHa. (Purypky MOKHO MOBOpAINBATE
1 niepeBopadnBarh). Kakoe HanboIbINee KOTMIECTBO eJIMHIIL MOYKET OBITh B TAKOIl PACCTAHOBKE!

OTBer: 65

Pemenne. Pasvectum B kBajpare 16 Gburypok, He MMEONUX OOIMIUX KJIETOK (CM. JIEBBIi
PUCYHOK). B KaK/10ff W3 HUX pacrosaraeTcs XOoTsi Obl OJUH HOJIb, TIO9TOMY BCEro Hyieil He
MenbIre 16, a eauauir He Oosbine gem 81 — 16 = 65. Iloaxoasmast paccTanoBKa 65 eIMHUIL BO
BCEX KJIETKAX C Y€THBIMU KOODMHATAMU CTABUM HYJIHM, & B OCTATbHBIX KJIETKAX €JIUHUIBI (CM.

[PaBbIii PUCYHOK ).
: : : ] 1:0:1:0:1:0:1:0:1
i HH 1:1:1:1:1:1:1:1:1
HENERERN 1:0:1:0:1:0:1:0:1
I H H H 1 1101010111101
(] [17071707170:1:0:1
17111110
1°0°1°0:1:0°1
117111

Lo i

—_
—_
—_
—_
—_
—_
—_
—_
—_

O o

—_
—_

3. HarypaJibhbie nciia a u b TakoBbl, 9to yucia ab u (2a+ 1)(2b+ 1) — saBiastorces KBajpa-
TAMU HEKOTOPBIX HATYPAJbHBIX uncesl. JJoKazKuTe, 9To JIjIi HEKOTOPOIO YE€THOrO YHCaa 1 > 2
anciio (a4 n)(b+ n) TakxKe ABIETCH KBAPATOM HEKOTOPOIO HATYDPAJIBHOIO UHCIIA.

Pemenne. Boszbmem n = 2ab, Tora
(a+n)(b+n)=(a+2ab)(b+2ab) =ab- (2a +1)(2b+ 1),

Y9TO €CTb IIPpOoUu3BeJCcHNE JBYX TOYHbLIX KBa/IpaTOB.



4. JTan paBHOOEIPEHHBIN TPAMOYTOJIbHBIN TpeyroibHuK ABC' ¢ runoreny3oit AB. Touka M
— cepejuaa croponbl BC. Ha menbieit gyre AC ommcannoit okpyzkuocT Tpeyrojbanka ABC
Bbibpana Touka K. Touka H — ocHOBaHUeE MEPIEHIUKYJIsIPa, OlyIeHHoro u3 K Ha npsmyio AB.
Haiiure yron ZCAK, eciiu uzsectro, uro KH = BM wu upsameie M H u C' K napaJjieabHbl.
OtBerT: 22,5° D

ITepBoe pemnenmne. [lycts D — Touka nepecedenns: npsiMbix AB n C'K. [lockoabKy deThl-
pexyronbauk ABC K Brucanusniit, JAKD = /ABC =45°u /AKB = ZACB = 90°. [Ipsambre
HM wn C'D napannenbubl, 1odToMy oTpe3okK H M sBiisiercs cpejHeil JinHUE TPeyroJibHUKA
CBD u, 3naunt, Touka H — cepenuna orpeska BD. Torma B Tpeyrosibanke K BD meaunana
COBIIAJIAET C BBICOTON W CaM TPEYTOJbHUK SIBJsieTCs paBHOOeapeHHbIM. C1eI0BaTe/IhHO,

1 1
ZKBD = ZBDK = 5(180° — ZBKD) = 7(180° — 90° — 45°) = 22,5°.

CraJjio OBITB,
/OAK = /OBK =45° — /KBD = 45° — 22,5° = 22, 5°.




Bropoe pemnienune. [Tycts O — cepennna runorenys3bl AB, Torjaa 9TO MEHTP ONMNUCAHHON
okpyzkHocTu Tpeyroiabunka ABC u, snaunt, AO = BO = KO. Torma OM — cpennsis JuHAs
rpeyrosbauka ABC u, B yacraoctu, OM napasiensio AC u, suaunt, ZOMB = ZACB = 90°.
Cnenosaresnbuo, Tpeyrosibauku OM B u O H K paBHBI 110 JIByM CTOPOHAM U YIJIY MEXKJTy HIMUI
(BO=KO,Z0MB =90°= ZOHK u BM = KH), arorna ZKOA = ZOBM = 45°. Takum
obpazom, TpeyroabHuK AOK paBHOOEIPEHHBIN ¢ YIJIOM IIPHU BEPIIUHE, PaBHBIM 45°, M03TOMY
/ZKAO =90° — % = 67,5°. Ocrajoch 3aMeTUTh, 9TO

LOAK = ZKAO — LCAO = 67,5° — 45,5° = 22,5°.

5. IonoxkuTempbHBIX 9uCaa a, b U ¢ YI0BIETBOPAIOT yeaoBuio ab + be + ca = 1. Jlokaxkute

HEPABEHCTBO
a b c 3

+ + < -
Va2+1 Vi2+1 Ve2+1 2

IlepBoe pemnienue. 1o HepaBeHCTBY O CcpeJIHUX IS JIBYX YHCET

a B a B a a <1< a L a)
Va2 +1l Va2 tabtbctca Va+b atc 2\a+b aitc/

CrietoBaTesibHO,

a n b n c - 1( a n a )+1< b n b >+1< c n c ) 3
Va2 +1l V2+1 VeZ+1 2\a+b at+c/ 2\b+c bta 2\c+a c+b/ 2
Bropoe pemenue. [Ipeobpazyem oHy apoOb:

a B a B avb—+c
Va2+1 Va2 +ab+bc+ca Va+bv/b+ceveta

Taxum obpazoM, HAJIO JTOKA3aTh HEPABEHCTBO

§> a b ¢ _avb+ce+b/e+a+cva+b
27 Var+1 ViP+1l Vel Va+o/b+ce/eta

HMomoxmm z = Vb +c,y=+c+anz=+va+b Tormaa=3(y?+22—2?),b=1(2+2%—y?

uc= %(aﬂ + y? — 2%). B HOBBIX 0603HAYCHUSX JIOKAZBIBAEMOE HEPABEHCTBO MPUMET BH/

3 Lol oo, 2 Lo 2 9 Lo o 9 >

—>—|= 22—x) o+ (4t —y)- —(x —2%)-z) =

5 CEyz(2(y+ ) a7+ v) oyt 5ty =2
Pyt atz e+t e+ Py — ot -yt = 28
N 2xyz

WM, 9TO TOXKE CaMoe,

x3+y3+z3—ny—xQ,z—ny—sz—z2x—z2y+3xyz:

=z(@—y)@—z2)+yly—2)(y —2) +2(z —z)(z —y) 2 0.

Ho sTo mepasenctso [lypa.



6. Ha mtockocTu 1ipoBeJieHbl 21 KPACHBIX U 1. CHHUX MPSIMbBIX, HUKAKHUE JIBE€ U3 KOTOPBIX HE
napaJuie/IbHbl 1 HUKAaKHe TPU He IepeceKaioTcs B 0Hoi Touke. /loKaxkuTe, ITO cpeju JacTeid,
Ha KOTOpbIe OHU pa30MBAOT ILIOCKOCTH, HAMIETCA He MeHee N dacTeil, OrpaHUuIeHHBIX TOJIHKO
KPacCHBIMU ITPAMBIMH.

Pemenue. [lo unpykium HECTIOKHO IPOBEPUTD, YTO 271 KPACHBIX IPAMBIX JIEIAT IJIOCKOCTH
Ha 2n?+n+1 gacreit. Kaxxas cunss npsnas nepecekaeT He 6osee 2n+1 061acTh ¢ KPaCHBLIME
rparuriamu. [losromy nocsie mpoBejieHnst MEpBOil CUHEN IPSAMON OCTAHETCH HE MEeHee (2n2 +n+
1)—(2n+1) = 2n®—n obyacreii ¢ KpacHbIME rpanuiaMu. Kaskias moc/ie/1yionast CHHAs npsaMast
mopTuT He Oojlee 2n KpacHbIX objacteii. [leficrBuresibHO, OHa mepecekaeT He Oojee 2n + 1
00J71aCTh ¢ KPACHBIMU TPAHUIIAME, HO 00JIACTD, B KOTOPOU JIE?KUT TOYKA €€ IepecevdeHus ¢ IepBoit
CUHell TpPSMOli, y2Ke ydTeHa, [IO9TOMY OHAa HOPTHUT He 0oJjiee 2n HOBBIX KPACHBIX 00JIACTeil.
CJieioBaTeILHO, OCTAHYTCA HETPOHYTBHIMHU He Menee (2n® — n) — 2n(n — 1) = n obnacreii ¢
KPACHBIMU T'DAHUTIAMHA.



89 KJIACC. TPETUN BAPUAHT

1. Tan kBagparnbiii Tpexwien f(z) = ar? — ax + 1. Ussecrno, uro |f(z)| < 1 upn Bcex

z € [0, 1]. Kakoe nHanboJibiliee 3HaUeHE MOYKET IPUHUMATD a7

OrtBet: 8

Permtenne. Hecioxxuo mpoBeputs, uro a = 8 noxxoaut. eiicreurensuo, |2z — 1| < 1 npn
z € [0,1], mosromy f(z) = 8% —8x +1 = 2(2z — 1)? — 1 < 1, a mepasencrso f(z) > —1
CIIPABEJIJTUNBO BOOOIIE MTPU BCEX .

[Ipenmosioxkum, uro a > 8. Torma

1 a a
N2 _Z11=1-—
1(5)=5-3"

Y9TO HEBO3MOXKHO IIO YCJIOBHUIO.

a <
1- 1 ’

2. B kaxoit kimerke KBajpara 15 X 15 crouT HaTypajabHOE UHUCJIO0, He IpeBOCXojsiiee 4,
IpUYIeM CyMMa 9ncesT B KayKJI0M KBajipaTe 2 X 2 papHa 7. Kakoe HanbobIilee 3HAYEHIE MOYKET
IPUHUEMATH CyMMa JIHCcesT BO Beell Tabsurie?

OTBer: 417

Pemenue. 3ameruM, 4TO cymMMa YHUCENT B JIBYX COCEIHUX KJIETKaX He OOJIbIIE TSTH, IO-
CKOJIBKY B IPOTUBHOM CJIydae CyMMa YHUCEJ B COJEpKaIlleM 3TU JIBe KJIETKU KBajpare 2 X 2
OyJeT He MEHbIIIe BOCbMU, YTO HEBO3MOXKHO 110 YCJIOBHIO.

Pazobrem Tabsmmiy Ha 49 KBajpaToB 2 X 2 M YroJIOK IMUPHUHBI 1. YTOJOK pa3o0beM Ha
yoByio KjiaeTky u 14 npommuoriek 1 X 2. Cymma 4uces B KaKJIOM KBajpare 2 X 2 paBHa 7,
CyMMa YUCesT B KaXKJION JIOMUHOIIKE He TIPEBOCXOJIUT D, YUCJIO B YIVIOBOH KjeTKe He 0oJibiie 4,
IIO3TOMY CyMMa Bcex 4nces B Tabsuie He npeBocxoauT 49 -7+ 14 -5+ 4 = 417.

[Ipumep. IIpornymepyem ropusoHTa In M BEepTHKaIU TabIUILI dnucjamMu oT 1 j10 15 ciesa
HAIPaBO U CHU3Y BBepX. B KJeTKW, HaXoJdIMecs Ha IepecevyeHnsIX HEUETHBIX NOPH30HTAJIEN
U BepTUKAJIEH, TIOMECTUM YeTBEPKH, B OCTAJIbHbBIE KJIETKU TIOMECTUM €JIMHUIBI (CM. PUCYHOK ).
Cymma Becex uncen pasa 64 - 4 + (225 — 64) - 1 = 417.

1111111141 j1|1f1j1ry141
1141414141141 |4]|1|4]|1
11141111 j1j1}j1}j1|1j1]1¢1
141411411414 |1(4]|1|4]1
1114111 fy1rj1j1}j1j1|1j1j1¢1
1141141414141 |4]1]4|1
11141111 j1rj1}j1j1|1j1j1¢1
11414141414 |1(4|14]1
1j1{1(1j1 11141 j1|1f1j1y141
1141414141141 |4]|1|4]|1
1114111111111 |1]1|1
114|141 411|414 |1(4|1|4]1
1111|111 j1j1}j1j1|1j1j1¢1
1141141414141 |4]1]4|1
1114111 f1rj1rj1}j1j1|1j1j11

3. Jlanbl HaTypagbHble dnciaa a u b. OKazamoch, 9TO JjIst JII0OOr0 HATYPAJTBHOTO YUCTA T
quciia a +n u b+ n He ABISIOTCA B3auMHO IpocTbiMu. Jlokaxkurte, 910 a = b.

IlepBoe permenmne. Bo3bMem Kakoe-HUOY/Ib ITPOCTOE YHUCJIO P > @ U MOJIOXKUM N = P — a.
Torna a +n = p — WpoOCTOE YHUCJIO U 1O YCJIOBUIO b + n JTOJKHO JIETUTHCA HA P, B YACTHOCTH,
b+n > p=a+n. Takum obpazom, b > a. AHAJOrUYIHO TOJIydaeM, 9To a > b u, 3Hadur, a = b.



Bropoe perttenne. [Ipemmnonoxkum, uro a < b u noaoxkum n = (b—a—1)a+1 > 1. Torma y
ancen a+n u b+n ecrs obmuit gesmrens d > 1. Crenosarensuo, b—a = (b+n)— (a+n) Takxe
aemures Ha d. Ho a+n = (b—a)a+ 1, nostomy na d gemurca u 1 = ((b—a)a+1) — (b— a)a,
YTO HEBO3MOKHO.

4. /s 1100bIX TOJOKUTEIbHBIX YUCeI a, b 1 ¢ JJOKaKuTe HepaBeHCTBO

2
Pemenne. Ilycrs x = 3, y = g Mz = £, TOrJia HaJI0 JIOKA3aTh, 9TO

a b e\2_ 37a+b b4+c cHa
( ) 23

b ¢ «a c a b

3 1 1 1
(x+y+z)2>—<x+y+z+—+—+—>.
2 r Yy z

SameTnm, ITO

1 1 1
x2+y2+z2+2<—+—+—> =(z+y+2)°
x Yy oz
[IOSTOMY JIOKA3bIBAEMOE HEPABEHCTBO MOXKHO 3aITUCATH B BHJIE
95 9 o 1 1 1 3 1 1 1
4y +z ~|—2<—+——|——> = —<x+y~|—z~|——+——|——>.
T Yy =z 2 T Yy =z
JloMHOXKUM Ha 2 U TPUBEJIEM TOJI00HbIE CIaraeMble, OCTAHETCS HEPaBEHCTBO
1 1 1
2@+ + 22+ -+ -+ - =3@@+y+2).
xr Yy oz
[Tociemmee ecTh cymMMa Tpex HepaBeHCTB BHIa 212 + % > 3x, 9TO NPOBEPSETCs, HAIPUMED,
rpynmupoekoit 2z° — 322 +1 = (v — 1)?(2z 4+ 1) > 0.
5. Hana tpanemus ABCD ¢ ocuoBanusimu AB u CD, yrimavu ZC = 30° u /D = 80°.
Haiture ZAC B, eciin uzBectro, uro DB — 6uccektpuca yria ZD.
Orset: 10°

D/

[Iycrs ' — Touka mepecedenust npsimbix AD u BC, a D' — Touka, cuMMeTpUYHAs TOUYKE
D ornocurensno npamoit BC. Torna CD = CD' w £DCD' = 2/BCD = 60°. CienoBareinb-
Ho, Tpeyroubiauk DCD’ pauocroponnuit 1 DD = CD. B cuny cummerpun DE = D'E n
rpeyroabuuk DE D' pasuobeapennstii. [lostomy /ED'D = /EDD' = ZADC — ZCDD' =

80° — 60° = 20°.
/
ITo Teopeme Pajeca % = %, a 110 CBOHCTBY OMCCEKTPHUCHI % = % = gg,. Crnemosa-

TeJIbHO, % = lE)—g u D'A — 6uccekrpuca yrina ZED'D n, snauur, ZAD'D = ZAD'E = 10°.

CraJio 6bith, ZAD'C = ZAD'D + /DD'C = 10° + 60° = 70° = LZAEC. Takum obpaszom,
yerbipexyroibauk AED'C snucannbiit u ZACB = ZACE = ZAD'E = 10°.




6. Ha miockocTu mpoBeJieHbl n > 2 IPSAMBIX, HUKAKHAE JIBE U3 KOTOPBIX HE HapaJsiie/bHbl 1
HUKAKHUe TPU He ITepeceKaroTcs B 0HoM Touke. OHM pa3duBaIOT IJIOCKOCTD Ha YacTh. Jlokaxkure,
YTO KOJIMIECTBO YacTeil, OrpaHMIeHHbIX POBHO TPeMs IIPsIMBIME, 110 KpaitHeil Mmepe Ha 4 00JIbIlre
KOJIMYECTBa YacTeil, OrpaHnYeHHbIX 0OJiee YeM UeThbIPpbMs IPAMbIMH.

Pemenue. Ob6o3naunm uepes a; KOJUIECTBO YacTell, OrPAHUIEHHBIX K TpAMbIMU. OTMETHM,
9T0 ay < n. [elicTBuTE/NIbHO, OrpaHUYEHUE POBHO JBYMs MPIMBIMU O3HAYAET, UTO TPAHUIA
YaCTU TPEJICTaB/IsAeT cOoOOM JiBa Jiyda, KayKJIbI JIyd MOXKeT OBITh T'paHulieil He 6ojiee JIBYX
TaKuX 00JIacTell, I09TOMY 00Ilee KOJMIECTBO TaKUX obJiacTeil He OOJIbIle, YeM I0JIOBUHA OT
OOIIIo KOJIMYECTBA JIydeil.

[To wHAYKIUM HECTIOXKHO MOKa3aTh, YTO OO0IIee KOJUYECTBO YacTell PaBHO %(n2 +n)+ 1.
[TosTomy

1 2
a2+a3+a4+...+an:§(n +n)+ 1.

SameTnMm Jslasiee, 9TO KaxKias npsaMast pas/iesidercd TOYKaMU [IePeceueHns ¢ OCTaJIbHbIMU Psi-
MBIMI Ha N KYCKOB, KaXKJIbIif I3 HUX SIBJIETCS CTOPOHOM I ABYX JacTeil mitockocTu. [Ipocym-
MHUPOBaB KOJIMYeCTBa CTOPOH y BCeX dacTeil, 10y InM

2ay + 3as + day + ... + na, = 2n*.
YMHOKUM TI€pBOE PABEHCTBO Ha 4 U BLIYTEM U3 HEIO BTOPOE PABEHCTBO, IOJIYYUM
2a9 + a3 —as —2a6 — ... — (n—4)a, = 2n + 4.
CretoBaTesIbHO,

az=4+2(n—ay)+as+2a5+...+(n—4)a, =4+ a5+ asg+ ...+ an.
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67 KJACC. [IEPBBIVT BAPUAHT

1. Harypamnbuble uncia x u y He gendarcd Ha 59, a uncio 3r + 28y — genurtcd. Jlokaxkure,
4To Hx + 16y He JesmTca Ha 9.

Pemenne. /lomyctum, aro 5z + 16y nenurca wa 59. Torma wymcio
3 (3z+28y) + 10 - (5z + 16y) = 59z + 244y

Toxe geurcsa Ha 59. CretoBarebuo, 244y nemures Ha 59. A Tak Kax 244 u 59 B3amMHO TIPOCTHI,
TO U ¥ JIJIUTCA Ha 59, 4ero He MOXKeT OBbITH O yCJIOBUIO.

MozkHO 6b110 1T07106paTh U JIpyrue paBeHCTBa, HarpumMep 5- (3z+28y) —3- (5x + 16y) = 92y,
I BOOOIIE 3aIlyCTUTDh aaropuT™M EBKjma.

2. B memke Jiexkut 21 0OBIYHBIN KyOWK, Ha I'PaHdAX KaXKJIOTO HaIMCAHBbI ducia oT 1 jio 6.
Bce xybukn mponyMepoBaHbl. 3pUTeNb OepeT 13 MeITKa 3 KyOuKa, MoKa3biBaeT nxX (POKYCHUKY
u oJinH KyOuk KjajeT B kKapman. QOKYCHUK KJIQJIET JBA OCTABIIUXCA KyOUKa Ha CTOJI. 3PUTEITH
3aIUChIBAET YUC/Ia HA BEDXHUX IPAHAX KYOUKOB (B KAKOM UMEHHO TIOPsJIKE — OH BBIOUPAET CaMm )
1 coo0IIaeT ux BropoMy (bOKyCcHUKY. A TOT Ha3bIBaeT HOMep KyOuKa B Kapmane y 3putesis. Kak
3apaHee JIOTOBOPHUTHCs (DOKYCHUKAM, ITOOBI (DOKYC yIaIcst?

Pemenue. 3puresnnb coobimaeT BTopoMy (DOKYCHHUKY JIBa YUCIa, KaxKj10e oT 1 10 6, mpuyem
HOPSIJIOK, B KOTOPOM COODIIAIOTCS YUC/a, He HeceT Hukakoit madopmaruu. Beero cymectByer

21 mapa Takux dmces:
11 12 13 14 15 16

22 23 24 25 26
33 34 35 36
44 45 46

25 96

66

QoKyCHUKH JIOJIZKHBI 3apaHee IMPOHYMEPOBATDH 9TU Hapbl ducjaaMu oT 1 10 21, n Kor/ia nepBbIit
dOKyCHUK YBUIUT HOMED KyOuKa, KOTOPBIil 3pUTeNb KJIaJeT B KapMaH, OH JIOJI?KEH BBLIOKUTH
C MOMOIIBIO KYOMKOB COOTBETCTBYIOIIYIO HAPY UUCET.

3. Moxkuo jiu B BepimHax Kyba pacCTaBUTh 8 pa3/IMYHBIX YUCEs U3 auana3ona ot 1 1o 220
TaK, IYTOOBI YUC/Ia B COCEJHUX BEPIINHAX MUMeJH OOIIuil jJeauTesib OoJbine 1, a B HECOCeIHUX
He uMe I ObI?

OTBerT: HeT.

Pemenue. /i1 KaxKIbIX JBYX YUCEJ, COEIMHEHHBIX PEOPOM, HAIWIIEM Ha 3TOM pebpe mx
obImumit mpocToii emreb (00ii, eciim ecth BHIOOD). Tora Ha pasHbIX pedpax Oy/IyT HAIMCAHBI
pa3Hble pocThle yucia. JleifictBure/ibHo, ecim Obl Ha JIBYX pebpax 0Ka3a/I0Ch HAIMCAHO YUCTIO
p, TO JIIOObIE JBa YHC/Ia B BEPIIMHAX ITUX pedep JIeATCd Ha P U MOITOMY JIOJIZKHBI OBITDH
coeJIMHEHBI PEOPOM, B HaCTHOCTH HAlTyTCS TPU BEPINUHBI, TIOTAPHO coenHeHHble pebpamu. Ho
TOTO HEe MOXKET ObITh, IIOTOMY YTO HUKaKue Tpu pedpa Kyba He 00pa3yloT TPeyroabHUK.

Hanmenbimme 12 npocreix uncen — vro 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37. 3unaqur,
Ha OJHOM M3 pebep KyOa JI0/IKHO ObITh Hamucano uucio p > 37. llyere A — yobast u3 nByx
BepIuH 3TOro pebpa. V3 Hee BBIXOIUT elrie jBa pedpa, TPOU3BeIeHne YUCe/I Ha HUX He MEHbIIe
2 - 3 = 6, 3HaunT, YnCcI0, HanmcanHoe B A, He Mmenbie 6 - 37 = 222. [IporuBopeune.

4. Ha cxeme jlabupuHTa Ha PHC. 1 KaXK/Iblil OTPE30K (3BEHO) — 9TO KOPUJIOD, & KPYKOUEK —
HeOOoJIbINas KOMHATA. B HEKOTOPBIX KOMHATAX CTOAT MasiKU, OHU YKYKKAT — KaKJIbI CBOUM
rojiocoM. Haxosisich B 10001t KoMHaTE, POOOT CJIBIIIUT CUTHAJ KAXKI0T0 MasKa U 110 3aTyXaHUO
orpesiesIgeT PAcCTOgHUE JI0 HEero, T. €. KOJIMYeCTBO 3BEeHbEB HA KpaTdailieM yTu K Masdaky. Ha-
IpUMEp, eIl MasiK HaXOMUTCs B KOMHaTe A (B maxMaTHbIX 0OO3HAYEHHsIX 9TO KOMHATa B4 ),



a pobor B KoMHaTe B (3T0 KOMHaTa r4), paccTosiHue Mexkjy HuUMU — 7 3BeHbeB. Cxema J1abu-
puHTa y pobOTa €CTh U MadAKH Ha Hell yKasaHbl. i KAKOro HaMMEeHBIIIero Ync/ia MagKoB pobOT,
OKa3aBIIUCh B JII0OOOI KOMHATE, CMOXKET Ha CJIYX OJHO3HATHO OIPEIE/UTh, T/1e OH HaXOMUTCS !
a) YKaxKure, KaK MOXKHO PACCTABUTH TaKoe KOJIMIeCTBO MasgkoB. [louemy pobor cymeer 1o
HUM OIIPEJIEJIUTH CBOIO KOMHATY?
6) dokaxkure, 9T0 HeJib3s1 OOOUTUCH MEHBIITUM YHCIIOM MasiKOB.

5 @ @ L]
4 A B
3
2
1
a o B r I

Puc. 1: Jlabupunt

OTBeT: HanMeHbliee 9ucJjio MadKOB PaBHO 3, HallpuMep, UX MOXKHO IIOCTaBUTb B KOMHAaTbI
al, 13, ab.

Pemienne.
5 @ . ° 5
4 4
3 K L 3
2 N 2
1 1
a [§) B r bi a 8] B r b
Puc. 2: HYacTu jrabupunra Puc. 3: Paccrosinus 10 masika ab

6) Omnenka. /lokazkeMm, 9TO JBYX MasKOB HE XBATUT. PaccMOTpuM Tpu 9acTh HaIrero Jjabu-
punta (puc. 2): yactb K — 310 KOMHaTa K ¥ J[Ba JIJIMHHBIX TYIHKOBBIX KOPHJIOPA, KOTOPHIE
BBIXOJ[SIT U3 HEE BJIEBO U BIIPABO, 9acTh L — 9TO KOMHaTa L U JiBa TYNUKOBBIX KOPHUIOPA, KOTO-
pBle BBIXOJIAT M3 Hee BBEPX M BIIPaBo, 9acTb N — 370 KoMHaTa N M 1Ba TYIHKOBLIX KOPUIOPA,
KOTOPbIE BBIXOJIAT U3 HEe BJICBO U BHU3. Kcjm MasgkoB He OOJIbIIE 2, TO B KAKOW-TO U3 9TUX Ya-
creit HeT Maska. [lycTh jiy1g nnpumepa 1o OyieT 9acTh K, CUTHAJIBI OT MAAKOB IMPUXOJIAT B 9TY
JacTh 110 3BeHy, BXoJsdiieMy B KomHary K cuusy. Torma pobor, Haxomsch B KOMHaTe ad, Oyaer
CJIBIIIIATH TaKWe Ke CUT'HAJIbl, KaK U B KOMHATe B3, U IIO9TOMY HE CMOXKET Pa3niuTh, B KOTO-
poit U3 3TUX JBYX KOMHAT HAXOAUTCHA. AHATOTUYIHO MOJOMPAIOTCS HEPA3ININMbIE KOMHATHI B
JPYTHUX YaCcTsX, €CJIN Te He COJepxKaT MasiKa.

a) Ilpumep. IIposepum, uro Masiku B KoMHaTax al, 13, ab mo3BoJAT pobOTY COPUEHTUPO-
BaThCA B 9TOM JIADUPUHTE. 3J€Ch IIPOIIE BLIIOJHUTEL epebop BapUaHTOB, Ue€M IIPULYMbIBATD
Kakue-To obrue coobpazkenus. Ha pucyHke 3 Mbl OTMETH/IM PACCTOSHUS OT BCEX KOMHAT IO



Masgka ab. Kak BunmM, KOMHATHI ¢ paccTogHusMu oT 0 J10 5 ompe/ie/ieHbl 0/IHO3HAYHO. KoMHa-
TBI C PACCTOAHMEM 0 HAXOMATCA Ha Pa3HOM PACCTOAHUM OT MadgKa 3. AHAJOIMIHO KOMHATBI
¢ paccrogaueM 8, 9, 10, 11. Yro kKacaercsa deTbIpex KOMHAT C PACCTOHUEM 7, JIB€ U3 HUX —
B2 1 B4 — HaXOJATCS Ha PACCTOAHUU 3 U 7 OT Masika JI3 ¥ TeM CaMbIM OJIHO3HAYHO 3a/Ial0TCs
PACCTOSTHUAMM JIO ad U JI0 J13. Y JIpyrux JABYX KoMHAT — a2 u 61 — paccrognue J1o 13 paBHO 5,
HO OHM HAXOJIATCS Ha PA3HOM PaCCTOSHHUU OT al.

5. B y3max KjeTdaToil pemeTKn 1Mo CuupaJii paccTapiadioT yucia 1, 2, 3... [lorom B 1ienTpe
KazKJI0il KJIETKHU THIITYT CYMMY 9HcesT B ee y3jax (cM. puc. 4). Bepro Jin, 9T0 B 1IeHTpax KJIETOK
OECKOHEYHO MHOI'O pa3 BCTPETSTCS JUCa, Jedinmecs Ha 527

10—11—12—13
| 32 28 | |

Puc. 4: Hucsa o cumpasnn

OrtBert: 1a, BepHO.

Pemenue. Kirerkn niockoctn 06pa3yioT CIUPaJIb, COCTOAIILYIO U3 MPAMOJIMHENHBIX «KOPU-
JIOPOB», ITIOBOPAYUBAIONINX 110/ IPAMBIMU yIJIAMHU.

10 11 12 13
9------ 2-——3----- 14
‘ ‘A B
D | C
8- 1----- 4---|--15
‘ ‘ l A { By
7777777 | D, ¢y
7——6 ——5----- 16
Puc. 5: [IBmxkemcsa mo crum-
paJim Puc. 6: Beprukanbublii mar

JleMmma. Ecim nBurarbes mo MapiipyTy, HOKa3aHHOMY CTPeJIKaMU Ha PUC. D, YHACJIa B KJIeT-
KaX BO3PACTAIOT: IIPU KaKJIOM BEPTUKAJIHLHOM WJIM TOPU30HTAJILHOM IIEPEMEIIECHUN TI0 CTPEIKEe
Ha PUC. 5 YUCJIO B KJIETKE YBeJIMINBAeTCd Ha 4, a IIPU JMaroHaJIbHOM IepeMeleHnn — Ha 8.

Jloxazameavbcmeo. DTo cpaly CleJyeT U3 MpaBUja PACCTAHOBKU UHCes 1o crupasu. Ha-
[IpUMEP PacCMOTPHUM IIE€pPBBIA BepTuKaabHbIN mrar u3 kierku ABCD B kierky A;B1C1 Dy, cm.
puc. 6 (ocTanabHbIEe BepTUKAJIbHBIE U TOPU30HTAJIbHbIE MIArM aHAJIOTMYHEL). B Hammx obo3nave-
Hugx D u Ay — 910 oauH u TOT XKe y3eq, C' u By — Toxke, 3aT0 yA00HO CpaBHUBATH UHCJ/IA B
y37ax KJIeTOK. lorma umcyo B y3ie A; Ha 1 OoJibliie, 9eM 9ucjao B y3jae A, 9ucio B y3ie B
Ha 1 GombIie, 9eM Yucyo B y3ie B u T. 1. B pesynbrare cymma duces B y3/ax HUXKHeNH KJIETKN
Ha 4 6oJbIle, YeM B y3JjiaxX Bepxueil. AHajormdHoe spjenne HaOJIIOIACTCA MPHU BBITIOTHEHUN
JIMArOHAJILHOTO IIIara.

[TockosibKy B IEPBOI KJIETKEe MapPIIPYyTa, YKA3aHHOTO Ha PUC. H, CTOUT YUCJTIO, JeJdIeecs Ha
4 (910 uncsio 28, ¢M. PUCYHOK K YCJIOBHIO 331491 ), BCE YHC/Ia B KJIETKAX MAPIIPYTa JIEJIsATCs Ha 4.
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[Ipoitaem maaeko mo cuupasn, 9To0bl OYepeIHON TPSIMOJINHENHBI KOPUIOP CIIIPAJIA COIePKaI
6osibirie 15 kjaeTok. Tora B HEYIVIOBBIX KJIETKaX CTOAT IOCJIE/I0OBATE/IbHBIE KpATHbIE 4 U 9TUX
qucesl He MeHbIle 13, 3Ha4YuT, CpeJin HUX 3aBeJIOMO HaMIeTcsd 9uCyI0, gessieecsd Ha H2. Takum

0o0pa3oM, B KazKJIOM JJIMHHOM ITPAMOJIMHEITHOM KOPHJIOpE CIUPAJIN HailJIeTCs 9MC/I0, KPATHOE
52.



67 KJIACC. BTOPOU BAPUAHT

1. Harypamnbuble uncna x u y ne gendarcd Ha 61, a uncio 7x + 34y — nenurcd. Jlokaxkure,
4To Hx + 16y He jesmTca Ha 61.

Pemenne. /lomyctum, aro 5z + 16y nenurea wa 61. Torma uucio
3+ (Tx 4 34y) + 8 - (bz + 16y) = 61z + 230y

toxke geurcsa Ha 61. CieoBarebro, 230y neures Ha 61. A Tak kax 230 u 61 B3amMHO TIPOCTHI,
TO U Yy AeauTca Ha 61, 4ero He MOKeT ObITH 0 YCIOBUIO.

MozkHo 6bLTO T10/106paTh U JApyrue paBeHcTBa, Hanpumep b - (7z +34) — 7+ (5z + 16y) = 58y,
WM BOOOIIE 3aIlyCTUTh aaropuT™M EBKmia.

2. B kopoOke JiezkuT 23 00bIYHBIX KYOMKa, Ha IpaHdX KaxKJ0ro HalucaHbl yncia ot 1 1o 6.
3puresib Geper 3 KOPOOKH HECKOJBKO KyOMKOB (MOYKHO JlaxKe BCe, HO 00sI3aTeJIbHO He MeHb-
e Tpex KyOUKOB), TOKa3biBaeT X (bOKYCHUKY, JiBa KyOuKa oTjaer (hOKYCHUKY, & OCTAIbHbIE
KyOukn Kiajier B Kapman. QOKyCHUK KJIaJIeT JBa OCTABIINXCA KyOWKA Ha CTOJI. 3pUTENh 3a-
[IChIBAET YUC/IA Ha BEPXHUX IPAHAX KYOUKOB (B KAKOM MMEHHO MOPSJIKE — OH BBIOMPAET CaMm )
u coo0IaeT uX BTOPOMYy (POKYCHUKY. A TOT HA3BIBAET, CKOJIbKO KyOUKOB JIC2KUT B KapMaHe Y
spuressa. Kak 3apanee joroBoputbes hboKycHIUKAM, 9TOObI (DOKYC yraacs?

Pemmenue. 3puresb coobiaeT BTopoMy (DOKYCHHUKY JBa YUCIA, KaxK10e oT 1 10 6, mpuiem
HOPSJIOK, B KOTOPOM COODIIAIOTCS YHUCIa, He HeceT HUKaKoit nndopmaruu. Beero cyriecrByer

21 mapa Takux Gmcest:
11 12 13 14 15 16

22 23 24 25 26
33 34 35 36
44 45 46

25 96
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KonnyecTBo KyOMKOB B KapMane 3puTesist — 3T0 9ucio oT 1 710 21. GokycHUKU JOJIZKHBI 3apaHee
[IPOHYMEPOBATDH 3THU Hapbl uucjamu oT 1 70 21, u Korja nepsbiit (DOKYCHUK YBUIUT, CKOJIHKO
KyOMKOB 3pUTE/Ib KJIAJIET B KapMaH, OH JIOJIZKEH BBLIOXKHUTH C TIOMOIIBIO KYOUKOB COOTBETCTBY-
IOILYIO T1apy YHUCelI.

3. MoxxHo Jin B BepimnHax Kyba pacCTaBUTh 8 Pa3/JUIHBIX HEYETHLIX YUCE]T U3 JIalla30Ha,
or 1 1o 600 Tak, 9TOOBI YMCJIA B COCEIHMX BePIINHAX MMEJIN OOIU Je/nTe/ib Oosbire 1, a B
HECOCEIHNX He UMeJI Obl?

OTBer: Her.

Pentenmne. /[yig KaxKIbIX JIByX YUCEJ, COEIMHEHHBIX PEOPOM, HAIMIIIEM HA 3TOM pedpe mx
obrmuit mpocToit gesurens (11060i, ecm ectb BoIOOP). Toraa Ha pasHbIX pedpax Oy1y T HATHCAHBI
pasHble MpoCcThle uncia. leficTBuTeNbHO, ecim OBl Ha JIBYX pedpax 0Ka3aJoCh HAIMCAHO YUCTIO
p, TO JIOObIE JIBa YHCJIa B BEPIINHAX 3TUX pebep JeJIATcs Ha P U IMO3ITOMY JIOJIZKHBI OBITDH
coeJInHEHBI PeOPOM, B YaCTHOCTH, HaiijyTcs Tpu pebpa, momapHo coejuHeHHble pedbpamu. Ho
9TOrO HE MOXKET OBbITh, IIOTOMY YTO HUKaKue Tpu pebpa Kyba He 06pa3yioT TpeyrobHUK.

Hawnmenbimue 12 HedeTHBIX TIPOCTHIX Yyucesa — 3to 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41.
BuaunT, Ha OJHOM U3 pebep Kyba JO/KHO ObITh HammcaHo uucyo p = 41. Ilyere A — mobast
U3 JIBYX BepIInuH 3Toro pebpa. I3 Hee BBIXOIUT elle /iBa pebpa, NPOU3BEEHIEe YHCe) Ha HUX He
MenbIie 3 -5 = 15, 3HaunT, 9muciio, Hanucannoe B A, He Mmenbine 15 - 41 = 615. [Iporuopeune.



4. Ha cxeme jlabupuHTa Ha PHC. 7 KaXK/IbIil OTPE30K (3BEHO) — 9TO KOPUJIOD, & KPYKOUEK —
HeDOJIbIIasi KOMHATa. B HEKOTOPBIX KOMHATAX CTOAT MAAKH, OHH YKYK>KAT — KarKJIbIil CBOUM
rosiocom. Haxosisich B s11000#1 KoMHATE, pOOOT CJIBINIAT CUTHAJ KayKJI0I0 MasgKa U 110 3aTyXaHUIO
oIpeiesIsieT PACCTOSHUE JI0 Hero, T. €. KOJNIeCTBO 3BEeHbeB Ha KpaTdaillieM IyTH K Magky. Ha-
IpUMep, eIl MasK HaXOAUTCs B KOMHaTe A (B maxmaTHbIX 0OO3HAYEHHsIX 9TO KOMHATa B4 ),
a pobor B KoMHaTe B (3T0 KOMHaTa r4), paccTosiHue MexKy HUMU — 5 3BeHbeB. Cxema J1abu-
puHTa y poboTa eCTh U Masiki Ha Heil yKaszaHbl. J[J1s1 KaKOro HanMeHbIIIero 9rc/ia MasikoB pooboT,
OKa3aBIIUCh B JII0OOI KOMHATE, CMOXKET Ha CJIYX OJHO3HATHO OIPEJIE/UTh, I/le OH HAXOMUTCS !

a) YKaxKure, KaK MOKHO PACCTABUTDH TaKoe KOJIMIeCTBO MasgkoB. [louemy pobor cymeer 1o
HUM OITPEJIEJINTH CBOIO KOMHATY?

6) Jokazkure, 9T0 HeJb3s1 OOOUTUCH MEHBIITUM IHCIOM MasiKOB.
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Puc. 7: Jlabupunt

OTBeT: HaMMEHbIIIee YNCI0 MAasgKOB PABHO 3, HAIIPUMED, UX MOXKHO MOCTABUTH B KOMHATHI
al, 63, 14.

Penienue.

6) Ouenka. /lokaxkeMm, 9To JBYX MasKOB HE XBATUT. PaccMOTpUM TpU YaCcTH HAIIEro Jiabu-
punTa (puc. 8): gactb K — 910 KOMHaTa K, JUIMHHBINA TYTHKOBBIH KOPUJIOP, KOTOPBIA BBIXONUT
13 Hee BJIEBO, W TYNUKOBBII KOPUJIOP BHU3, YaCTh L — 3TO KOMHAaTa L 1 JIBA TYNUKOBBIX KOPH-
JI0pa, KOTOPBIE BBIXOAAT U3 Hee BBEpX M BIpaBo, yacTb N — 310 KomHaTta N ¥ J1Ba TYyIMKOBBIX
KOPU/JIOPAa, KOTOPBIE BLIXOJIAT U3 Hee BJAEBO U BHU3. Ecim MasgKoB He 0oJIbIle 2, TO B KAKOH-TO 13
9TUX YacTeil HeT Maska. [lycTs jjist mpumepa 3to Oyzer gactb K, CUTHAJIBI OT MasKOB IPUXOJSAT
B 9Ty YacTh II0 3BeHY, BXojdIeMy B KoMHaTy K crpasa. Torga pobor, Haxoasch B KOMHATE ad,
OyJeT C/BbIIAThL TaKhe YK€ CUTHAJbI, KaK U B KOMHaTe 04, U IMO3TOMY HE CMOXKET pa3/InyduTh,
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Puc. 8: Yacrtu sabupunra Puc. 9: Paccrognus 1o maska 63



B KOTOPOI M3 9THUX JBYX KOMHAT HAXOJAUTCA. AHATOTWIHO MOJOMPAIOTCS HEPA3ININMBIE KOM-
HaTBI B JIPYIUX YacCTdAX, €CJIM Te He COoJlepxKaT MadKa.

a) [Ipumep. IIpoBepum, uto Masiku B komHarax al, 63, 14 1MO3BOJISIT POOOTY COPUEHTUPO-
BaTbCsl B 9TOM JIAOUPUHTE. 3/1€Ch IMIPOIIE BHIOJHUTDH Iepedop BAPUAHTOB, U€M IIPUIYMbIBATH
KaKme-To obirme coobpaxkenus. Ha pucynke 9 Mbl OTMETH/IN pacCTOAHUSA OT BCEX KOMHAT JIO
Maska 03. Kak Buanm, koMmHaThl ¢ pacctogausamu 0, 1, 2, 3, 4, 8 u 12 onpejiesieHbl OJHO3HAY-
Ho. KomHaTh! ¢ paccrostHueM 5 HaXOIATCsl Ha Pa3HOM PACCTOSHUN OT MasKa al. AHAJIOITIHO
KOMHATHI ¢ paccrosinreM 6 u 7. VMeeTcss Tpu KOMHATBI ¢ paccTosdsHueM 9: ojHa u3 HUX — 62 —
HaXOJIUTCS Ha PACCTOSHUM 2 OT MasdKa al, a ocrajbHble JiBe — Ha paccTosguuu 4 ot al, HO oHHU
UMeIOT pas3Hble paccTosHud 10 4. /IBe KomHaTh! ¢ paccrosauem 10 — 12 u 13 — HaxoIATCs HA
paccrosinugax 4 u 2 oT MasdKa ji4, a Tpu Jipyrue — 01, a2 u rl — na paccrogauu 6 ot 14, HO HaA
pa3HbIxX paccrogaugx ot al. Hakoner, 1Be komHaTh ¢ paccroganeM 11 — 13 u 14 — HaxoagaTcd
Ha paccTodHuAX 5 u 1 oT Masgka 4, a aBe japyrue — al u a1l — Ha paccroguuu 7 oT 14, HO HA
PAa3HBIX PACCTOSTHUAX OT al.

5. B y3ax kjerdaroii pemeTku 1o cnupaJjy paccrasiidioT yucia 0, 1, 2, 3... [lorom B ienTpe
KasKJIO! KJIeTKU UMY T CyMMY 4rces B ee y3iaax (cum. puc. 10). BepHo Jiu, 9T0 B eHTpax KJIETOK
HECKOHEYHO MHOI'O Pa3 BCTPETATCA JHC/Ia, jlesimecd na 687 BepHo jin, 94T0 B 1eHTpax KJIeTOK
YUCTIa HE MOBTOPSIOTCH !
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Puc. 10: Yucna no crmpasn

OTBeT: ja, BEepHO.

Pentenne. Kiietku miockoctun 06pa3yioT ClupaJib, COCTOAILYIO U3 IPIMOJUHEHHBIX «KOPHU-
JIOPOB», TIOBOPAYUBAIOIIIX 10/ IPAMBIME YTJIAMU.
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Puc. 11: IBukemcs 1o crn-
pau Puc. 12: BeprukaibHblii miar

JleMm a. Eciii 1BUTaTHCA 110 MApIIPYTY, MIOKA3aHHOMY CTPEJIKaMu Ha puc. 11, ynciia B KaeT-
KaX BO3PACTAIOT: IIPU KazKJIOM BEPTUKAJJIBHOM WJIU TOPU30HTAJIBHOM IE€PEMEIEHNH 110 CTPeJIKe
Ha puc. 11 uncio B KjaeTke yBeqnduBaeTcd Ha 4, a IpHU AUAroHaJIbHOM IIepeMeIeHn — Ha 8.



Jlokazameavcmeo. DTo cpaly CleJyeT U3 MpaBUja PACCTAHOBKU YHCces 1o crupasu. Ha-
IpUMEpP PACCMOTPUM TIEPBBIN BepTUKaIbHBIH Tar u3 kiaetku ABC D B kietky Ay B1C1 D1, M.
puc. 12 (ocrajibHble BEPTUKAILHBIE U TOPU30HTAJBHBIE MIATM AHAJOTUYHBI). B HaImmx 0603Ha-
gennsax D u Ay — 310 omua u tor xke y3eya, C' u By — ToxKe, 3aT0 yI00HO CpaBHUBATH UHCJIA
B y3Jax KJeToK. lorma amciio B y3ie A; Ha 1 Gosbire, dem qucio B y3ite A, qucio B y3ie B
Ha 1 OoJsibiie, YeM 9ucyo B y3jie B u 1. 1. B pesysnbrate cymma dmcest B y3siax HUKHEH KJIETKA
Ha 4 6oJIbIle, YeM B y3JjaX BepxHeil. AHajormdHoe spjieHne HaOJIIOIACTCA MPHU BBITOJTHEHUN
JIMarOHAJILHOTO Iara.

[TockosibKy B 1epBOil KJIE€TKe MapIipyTa, YKa3aHHOro Ha puc. 11, crout 4mcso, aesdiieecs
Ha 4 (910 Ym0 24, ¢M. PHCYHOK K YCJIOBUIO 3a/1a4H ), BCE THCIA B KJIETKAX MapIIPyTa JeJIaTCs
na 4. Ilpoiijem jajieko 1o cuumpaJju, 9ToObl OYepeIHON MPAMOJIMHEHHBIN KOPUJIOP CIIMPAJIN
cozepzkaJt 6ombine 19 kirerok. Torma B HEYTJIOBBIX KIIETKAX CTOAT IOCTIeI0BATETbHbIE KDATHBIE
4 1 3TUX 4uces He MeHbIe 17, 3HAYNT, CPe/In HUX 3aBEJIOMO HAMJETCd YUCIIO, JeIslneecsd Ha
68. Takum oOpazoM, B KaxKJIOM JIJIMHHOM ITPSIMOJIMHEITHOM KOPHJIOpPE CIUPAJIA HANHJIETCS YUCIIO,
KpaTHoe 68.



67 KJIACC. TPETUN BAPUAHT

1. Harypanbuble uncia x u y He gendarcd Ha 67, a uncio 7x + 32y — nenurtcd. Jlokaxkure,
yro 10x + 17y + 1 we nenurca na 67.

Perttenne. Ilo yciopuio uncno 11(7x+32y) = 77x+ 352y nenurcs Ha 67, Torga 10z 417y =
T7x+ 352y — 67z —5- 67y Toxke fmenurcsd uHa 67. [TosTomy uuciio na 1 Gosibiitee na 67 He jreures.

2. B ceitdpe xpanurcs 20 KOIeIbKOB, B KaxKJI0M JiexkaT MoHeTwl B 1, 2, 5 u 10 py6seit. Ko-
IIeJIbKH [IPOHYMEpPOBaHbl. 3pHUTe/ib OepeT u3 ceiida 4 KoleabKa, IOKa3bIBAET UX (POKYCHUKY U
OJINH KOITesIeK KiiajgeT B kKapMmaH. DoKycHUK Geper n3 KayKI0r0 U3 TPEeX OCTABIITUXCS KOIIETbKOB
0 OJTHOW MOHETe, JaeT WX 3PUTEJ0 M TOT KJaJeT WX Ha CTOJ (Kak cYuTaer HY:KHbIM). [Ipn-
IJIAAI0T BTOPOro (pOKyCHUKA, OH CMOTPHUT Ha MOHETKHU Ha CTOJIE M HA3BIBACT HOMEDP KOIIETbKA
B KapMmaHe y 3puressd. Kak 3apanee JoroBopuThcs (hOKyCHHKaM, ITOObI (okyc yuascsa! Kak
oKa3aTh Takoi Gpokyc?

Pemenue. Bropoit hoKyCcHUK BUIUT HOMUHAJBI TPEX JIEYKAIUX MOHET, HO HU WX IOPd-
JIOK, HU DACIOJIOKEHHEe Ha CTOJIe, HU CTOPOHBI MOHET (<«Opeji», «pelliKa») He HeCyT HUKAKOMN
nHGOPMAIINH, TOCKOIBKY MOHETHI BBIKJIAJIbIBAJI 3puTe/ib. Beero cymecrByer 20 Tpoek MOHET:

111 222 555 1010 10
125 1210 1510 2510
112 115 1110
221 225 2210
051 552 5510
10101 10102 10105

Homep komenbka B Kapmane 3puTesisds — 310 4ucjo oT 1 10 20. QoKycHUKHU JIOJIZKHBI 3apaHee
MPOHYMEPOBATH 9TH TPOWKM uncjaMu oT 1 10 20, u Korjia 1nepBblil (DOKYCHUK YBUJIUT HOMED
KOIIIeJIbKa, KOTOPBIil 3pUTesb KJIaJeT B KapMaH, OH JIOJI?KEH J0CTaTh U3 CBOMX KOIIEJIBKOB CO-
OTBETCTBYIOIINE TPU MOHETHI.

3. MoxxHo i B BepiimHaxX Ky0a pacCcTaBUTh 8 PA3JIMIHBIX dUCEs, He Jessumxcsa Ha 13,
u3 auaraszona oT 1 j10 245 Tak, 9TOOBI YUCIA B COCEIHUX BEPIIUHAX UM OOIIUIl /e TUTe b
6osibirie 1, a B HECOCEIHUX HE UMeJIH ObI!

OTBerT: Her.

Pentenne. /[j1g KaxKIbIX JIBYX YUCETI, COCTUHEHHBIX PeOPOM, HAIUIIIEM Ha 9TOM pedpe mx
obrmuii mpocroit Jesurens (1060i, ecm ectb BoIGOP). Toraa Ha pasHbIX pebpax OyiyT HATUCAHBI
pasnble MMpocThie uncia. leficTBuTesbHO, eciim Obl Ha JIBYX pedpax 0Ka3a/oCh HAIMCAHO YUCTIO
p, TO JIOObIE JiBa YHCJIa B BEPIINHAX ITUX pedep JIe/IATCsS Ha P U IMO3ITOMY JIOJIZKHBI OBITD
COeJIMHEHBI peOPOM, B YaCTHOCTH, HAWyTCsAd TpHU pedpa, MoNapHo coejinHeHHbie pedpamu. Ho
9TOr0 HE MOXKET OBbITh, IIOTOMY YTO HUKaKue Tpu pedbpa Kyba He 06pa3yioT TPEyrobHUK.

Hawnmenbinue 12 mpocThix duces, He paBHbIX 13 — sro 2, 3, 5, 7, 11, 17, 19, 23, 29, 31, 37,
41. BunaunT, Ha OJHOM U3 pedbep Kyba JT0/KHO ObITh Harmucano ducyio p > 41. [lycts A — robast
u3 JIBYX BepiiuH 3Toro pebpa. 3 Hee BBIXOIUT elrie JiBa pedpa, NPOU3BEICHIE TUCe/l Ha HUX He
MeHbIre 2 - 3 = 6, 3Ha4uT, Ynca0, HarmcanHoe B A, He menbine 6 - 41 = 246. [IporuBopeune.

4. Ha cxeme abupunTa Ha puc. 13 KaxK/Iblit 0Tpe30K (3BEHO) — 9TO KOPUIOD, & KPYKOUeK
— HeDoJIbITasg KOMHATa. B HEKOTOPBIX KOMHATAX CTOAT MasikKi, OHU YKY2KKaT — KaKJIbIii CBOUM
rojiocoM. Haxosscns B s1000it KoMHaTE, pOOOT CJBIIIUT CUTHAJ KaXKJ0T0 MasgKa U 10 3aTyXaHUIO
oIIpeiesIeT PACCTOSdHUE JI0 HEeTo, T. €. KOJIMYeCTBO 3BEHbEB Ha KpaTdaileM IyTu K Masdky. Ha-
[IpUMEp, eCIM MasiK HAXOAUTCst B KoMHaTe A (B ImaxMaTHBIX 0003HAYEHUAX ITO KOMHATa B4 ),
a pobor B KoMHaTe B (9T0 KOMHaTa r4), pacCcTosiHIe MKy HUMU — 5 3BeHbeB. Cxema j1abu-
pUHTa y PoOOTa €CTh ¥ MasAKM Ha Hell yKazaHbl. (I KAKOro HaMMEeHBIIIero Ync/ia MagKoB poboT,
OKa3aBIIUCH B JIIOOON KOMHATE, CMOYKET Ha CJIYX OJIHO3HAYHO OIPEJIC/INTh, TJIe OH HAXOIUTCS !



a) YKaKuTe, Kak MOXKHO PACCTaBUTh Takoe KOJIM4IecTBO MaskoB. [logemy pobor cymeer mo
HUM OIIPEJIEJIUTh CBOIO KOMHATY?
6) Jlokaxkure, 9T0 HEIB3sT OOONTHCH MEHBIMUM THCIOM MASIKOB.

5 @ 4 4 @ ®

Puc. 13: Jlabupunt

OTBeT: HANMeHbIIIee YNCIO0 MAasgKOB PABHO 3, HAIIPUMED, UX MOXKHO TTOCTABUTH B KOMHATHI

al, 63, 14.

Pemenne.

6) Orenka. JlokarkeM, 9T0 JByX MasikOB He XBATUT. PACCMOTPUM TpH YacTH HAIIEro J1abu-
punta (puc. 14): gacte K — 310 KOMHaTa K U TYINUKOBBIE KOPHJIOPHI, KOTOPBIA BBIXOIUT U3
Hee BIPAaBO U BHU3, 9acTh L — 9TO KOMHaTa L 1 JBa TYIUKOBBIX KOPUIOPA, KOTOPHIE BBHIXOIST
U3 Hee BBepX U BHpaBo, 4acTb N — 310 KomHaTa N U JBa TYIUKOBLIX KOPUIOPa, KOTOPbLIE
BBIXOJIAT U3 Hee BJEeBO U BHU3. Ec/im MadgKkoB He 60JIbIle 2, TO B KAKOH-TO M3 3TUX YacTell HeT
Masgika. [lycts st mpumepa 910 Oyier dacth K, CHTHAJIBI OT MAdKOB MPUXOJST B 3TY YaCTh
110 3BEHY, BXojdIeMy B komHaTy K crpasa. Torga poboT, Haxo/sich B KOMHATE ad, OYIET CJIbI-
IIaTh TaKWe YKe CUTHAJIBI, KaK U B KOMHaTe 064, 1 TT09TOMY He CMOXKeT Pa3/IuInuTh, B KOTOPOH U3
9TUX JBYX KOMHAT HAXOAUTCA. AHAJOTUIHO IMOAOUPAIOTCA HEPa3/JIMIMMble KOMHATHI B APYTHX
JaCTAX, €CJI Te€ He COJIEPYKAT MasiKa.

a) IIpumep. IIposepum, uto mMasgku B KomHaTax al, 63, 14 mo3BossT PobGOTY COPHEHTHPO-
BaTbCsl B 9TOM JIaOUpHUHTE. 3/1eCh MPOIIE BHIOJHUTEH 1Iepedop BapuaHTOB, YeM IIPHIYMbIBATH
KakKme-To obiue coobpazkenus. Ha pucyrke 15 Mbl OTMETU/IN PACCTOAHHUSA OT BCEX KOMHAT JI0
Masika 03. Kak BugnM, komHaThl ¢ paccrosausamu 0, 1, 2, 5 u 8 onpegenersbl oiHO3HATHO. Kom-
HATBI C PACCTOSHUEM 3 HAXO/ATCSA Ha PA3HOM PACCTOSHUE OT Maska al. AHAJIOrMIHO KOMHATEI C
paccrosinueM 4, 6 u 7. ImeeTcsa Tpu KOMHATBI ¢ paccTodguneM 9: ojHa u3 HuX — 62 — HAXO0IUTCA
Ha PACCTOSHUU 2 OT MasKa al, a ocTaJibHbIE JBe — Ha paccTodHun 4 oT al, HO OHU UMEIOT pa3-
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Puc. 14: Yactu nabupunrta Puc. 15: Paccrognus o maska 63
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Hble paccTosiHus 70 j14. JIBe KoMHATHI ¢ paccTosgareM 10 — 11 u 13 — HAXOAATCA HA PACCTOSTHUN
5 oT Masika al, HO pa3/IMvaroTcs paccTossnueM o ji4, a eme ogHa — 61 — Ha paccrogauun 1 ot al
U 9TUM OHA OTJIMYAETCS OT MPeJbLAyIunX AByX. /IBe KoMHaTHI ¢ paccroganem 11 — 13 u rd —
HaXO/IATCA Ha paccroguusax 1 m 3 or magka 14, a jgBe jpyrue — al u jl — Ha paccrognuu 7
oT 14, HO Ha pa3HbIX paccTodHuAX oT al. Hakomner, KoMHATDHI ¢ paccTogaueM 12 pazjmdaloTcd
paccTogHreM JI0 4.

5. B yzmax keTdaToil permeTkn o CIupaJiid PAcCTaB/ISIOT [TOC/IeI0BATETbHbIE HATYPaIbHbIE
qucsia 2, 3,4, 5... [ToroMm B neHTpe KazK 10l KJIETKH MUIITYT CYMMY YUCesl B ee y3jaax (cM. puc. 16).
Bepuo jiu, 9110 B 11eHTpax KJIeTOK OECKOHEYHO MHOI'O pa3 BCTPETATC YUC/Ia, Jejdiuecst Ha 767

Bepno /1, 9T0 B 1IeHTpax KJIETOK UUCIA HE TIOBTOPSIOTCS !

14— 13—12—11
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Puc. 16: Yucna no crimpasn

OTBer: 1a, BEpHO.

Pemenue. Kiterkn niockoct 06pa3yioT CIUPaJIb, COCTOAILYIO U3 MPAMOJIMHENHBIX «KOPU-
JIOPOB», ITIOBOPAYUBAIONINX 110/ IPAMBIMU yIJIaMHU.
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Puc. 17: /IBuzkemcd 110 criu-
paJim Puc. 18: BepTukaJbHblii mar

Jlemm a. Ecin gurarbest 1o MapipyTy, HOKa3aHHOMY CTPeJIKAMU Ha puc. 17, 4uc/ia B KJIeT-
Kax BO3PACTAIOT: MPU KayKJOM BEPTUKAJILHOM UJIN TOPU30HTAIHLHOM IIEPEMEIECHUH 110 CTPEJIKEe
Ha puc. 17 4ncjio B KJeTKe yBeJndnuBaeTcd Ha 4, a Ipu JUaroHajJbHOM IlepeMeIeHnn — Ha 8.

okxasamenavcmeo. DTo cpasy cjeayeT W3 MpaBUIa PACCTAHOBKHU dYHCeN 1O crmpajn. Ha-
[IpUMeEp PacCMOTPHUM IEepPBBI BepTuKaabHbIN 1rar u3 kierku ABCD B kierky A;B1C1 Dy, cm.
puc. 18 (ocranbHble BepTUKAIbHBIE W TOPU30HTAJbHBIE [IAMM AHAJOTUYHBI). B Hamux o603Ha-
yernsax D u Ay — 910 onun u Tot ke y3esqa, C' u By — ToxKe, 3aT0 y/100HO CpaBHUBATDH UUCTIA
B y3JaxX KjaeTok. Torma ducio B y3ie A; Ha 1 6osibiine, gem uncio B y3iae A, auciio B y3me By
Ha 1 OoJibllie, YeM 9ucjo B y3jie B u T. 1. B pesyiabrare cymMma dmces B y3/1aX HUKHEH KJIETKH
Ha 4 OoJibIlle, 9eM B y3JlaX BepxHeil. AHAJIOIMYIHOE sSIB/IeHNE HAOJIOMAETCS TP BBIIOJTHEHNN
JIMArOHAJILHOTO IIara.
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[TockosibKy B TIEPBOIt KJIETKE MapPIIPyTa, YKA3aHHOTO Ha PUC. 17, CTOUT YUCTI0, JIeJIAIeecs Ha,
4 (310 uncso 32, CM. PUCYHOK K YCJIOBUIO 33141 ), BCE YUC/Ia B KJIETKAX MaPIIPYTa JIeJsITCs Ha 4.
[Ipoiigem HaIeKo 110 crimpasiv, 9T0ObI OUEPEIHON IPIMOIUHERHBI KOPUIOP CIUPATIN COAEPIKAI
oosibirie 21 kerku. Torsia B HEyroIOBBIX KJIETKAX CTOAT IMOC/IeI0BATEIbHbIE KPATHBIE 4 1 9THX
quces He Menblre 19, 3Ha4uT, cpejim HUX 3aBeJIOMO HaJIeTCsd 9HUCIo, Jessieecd na 76. Takum
00pa3oM, B KazKJIOM JIJIMHHOM ITPAMOJIMHEHTHOM KOPHIOpE CIUPAJIN HaIeTCs 9HC/I0, KPATHOE

76.
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