CAHKT-IIETEPBYPI'CKUI I'OCYJAPCTBEHHBLIN YHUBEPCUTET
OJIUMITUAJA TIKOJbHUKOB 10 MATEMATUKE 2020-2021
3aK)'HO‘-H/ITe)'IbeIIZ oTan
8-9 knaccel

1. [okaxknTe, 4TO Anst NtobbIX BELIECTBEHHbLIX YMCEN A 1 D ypaBHeHune
(a®—b®)x? +2(a®> —b°)x+ (a* —=b") =0

MMeeT peLleHme.

2. Ha ocTpoBe xunByT sixeubl 1 pbinapu. Pbiuapu Bcerga roBopsiT npasay, Jixewbl
Bcerga AryT. Kaxkabiii XuTesb 0CTPOBa NPO KaXKAoro U3 oCTasbHbIX 3HAET pbilapb OH
nnm nxed. Kak-To pas sctpetununce 28 ocTpoBuTsiH. [lgoe n3 Hux ckasanu: «PosHo
ABOE U3 HAC JiXKellbl», 3aTeM YeTBEPO U3 OCTasbHbIX Cka3anu: «PoBHo 4eTBepo U3 Hac
JKELbI», NMOTOM BOCEMb W3 OCTABLUMXCS CKasanu: «POBHO BOCEMb M3 HAC JKeLbI»,
HakoHel, Bce ocTaBwmecs 14 ckasanu: «PosHo 14 u3 Hac mxeubl». CKOMBKO NXKELOB
bbino cpean BcTpeTuslimnxcs? [pueeguTe BCe BO3MOXHbIE BApUAHTbI U JOKAXKNTE, HTO
APYrUX HeT.

3. Cymma HeoTpuuaTenbHbix Yncen a, b u ¢ pasHa 3. Haigute Hanbosbluee 3Have-
Hue BblpaxxeHus ab + bc + 2ca.

4. OxpyxHocT w1 1 w;y nepecekatotcst B Todkax K u L. lpsimas € nepecekaer
OKPY»XXHOCTb W1 B Todkax A n C, a oKpyXHOCTb Wy — B Toudkax B un D, npudyem
TOUKU nayT Ha npsmoit £ B andpasutHom nopsigke. ObosHaunm yepes P n Q cootset-
ctBeHHo mpoekuun Todek B u C Ha npamyto KL. [okaxunTe, 4to npsimele AP n DQ
napanfesbHsbl.

5. Hana knetuatasn gocka 2021 x 2021. lets n Bacs urpatoT B cnegyrouyto urpy.
OHu no oyepean CTaBsAT UK B CBODOAHbIE KNETKU AOCKM. BblurpbiBaeT ToT Urpoxk,
nocfe xofa KOTOPOro B KaXKAOM MpsiMOyrosibHuke 3 X 5 n 5 X 3 byger ctoaTe duLlka.
Haunnaet MNeTs. KTo 13 nrpokoB MoxkeT obecrneyunTs cebe nobeay BHe 3aBUCMMOCTW OT
neiicTBuii conepHuka?

6. HaiignTte BCe Takue HaTypasbHble Yucna N, 410 Ymcno 2™ + n? + 25 aensiercs
KybDOM MpOCTOro 4mucna.
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Nol
Ham gaHo ypasHeHue (a8 — b®) * x2 + 2(a°— b°)x + (a*—b*) =0

Ecrma=-bT10a®—b®=0;a>-b’>=-2b> a*—b*=0
Monyunm -2b° * x = 0. 3HaumnT ecTb KopeHsb X = 0.

Ecrma=b,T0a%°-b®=0;a°-b°=0;a*-b*=0
0x2 + 0x + 0 = 0, 3HauMT, X — N06OE HMCNO N Y HAC ecTb BECKOHEUYHOE KOTMHYECTBO KOPHEWA.

Ecnm |a| He paBeH |b| (a He paBHO b 1 —b), Toraa nocuMTaem AUCKPUMMHAHT.
D=4*(a5—Db%)2—4* (a®—bE) * (a* — b*) = 4(al® — 2a°b° + b'°) — 4(a® — a®h* — a*b® + b1?)

Mocne npuseaeHUn Nogo6HbIX CAaraembix NOAYYUM:

D = 4a%* - 8a°b’ + 4a%b® = 4a*b*(a® — 2ab + b?) = 4a*b?*(a — b)?

Tak Kak 4, a%, b?, (a — b)? — HeoTpuLaTenbHOE YMCna, TO U UX MPOU3BEAEHNE HeOTpULATENbHO => D
HeoTpuLaTesIeH, a 3TO 3HAUYUT, YTO Y ypaBHeHUA ByaeT MUHMMYM 1 KopeHb.

Ne2

OcTpoBuTsiHe pa3busatoTca Ha 4 yCNoBHbIX rpynnbl No 2, 4, 8 n 14 yenoBeK COOTBETCTBEHHO.

3ameTuMm, YTO KaXK[aa 13 STUX FPynn B NOPAAKE YBEIMYEHUA KO/IMYECTBA OCTPOBUTAH B rpynne roBopuT:
«POBHO n U3 Hac — /KeLbl», F4e N — KOJIMYECTBO YE/I0BEK B 3TOW rpynne. TakXKe 3aMeTUM, YTO B KarKA0M
rpynne nMbo Bce mKewbl, b0 BCe pbiuapu. Ecam B ogHoM rpynne ByayT v pbillapu, U KeLbl, TO OHK
KTO-TO ByaeT NpoTMBOPEUNTDb, BEAb M PbILLApb, U JIKEL, He MOTYT CKa3aTb O4HY U Ty e dpasy.

PaccmoTpum BapmaHT, Korga Bce rpynnbl COCTOAT M3 XKeL0B. Toraa y Bce 28 oCTPOBUTAH — /ixKeLbl. Tak
KaK KaKaasa M3 rpynn COMKET, CKas3as, YTO «cpeaun HUX N NxeloBs (N nocnegosaTelbHO NPUHUMaET
3HaueHus 2, 4, 8, 14)», To B cyMmme NosiyunTca 28 IXKEL 0B, U 3TOT BapUaHT AeUCTBUTENbHO NOAONAET.

Tenepb paccMOTPUM BapuaHT, KOrga ofHa U3 rpynn ABAAETCA rpynnom pbiuapei. 3ameTum, 4To ecu B
rpynne pbluapein 6bla10 CKa3aHo, YTO Cpeam OCTPOBUTAH POBHO N JIXKELLOB, TO B OCTa/IbHbIX rpynnax
(ocTaBLIMXCA FpynNax /KeLoB) AOIKHO ObITb, KaK pa3 N OCTPOBUTAH. TO eCTb KOIMYECTBO OCTPOBUTAH B
3TOW rpynne (Tak Kak OHO PAaBHO N) PAaBHO CYMMe KOJIMYECTB OCTPOBUTAH B OCTAJIbHbIX rpynnax.2n = 28
Toraa n = 14, 3Ha4YUT e AUHCTBEHHBIM BapWUAHTOM AJ/18 O4HOM rpynnbl pbiLapen byget rpynna us 14
OCTPOBUTAH, 1 MKeLoB 6yaeT 14. HeTpyaHo ybeamnTbea, 4To 3Ta CUTyaLMA He NPOTUBOPEYUT YCI0BUIO.

PaccmoTpurm BapuMaHT, Koraa ABe rpynnbl ABAAIOTCA Fpynnamu pbiuapei. AHanormyHo, nyctb Cymma
KOJINYECTB OCTPOBMUTAH U3 3TUX [ABYX «PbILAPCKUX» FPYNM PaBHO N, HO TOrAa, MO UX YTBEPKAEHUAM,
NXKeuoB Toxe Nn. 3HauunT 2n = 28, n = 14, HO N — KOAMYECTBO OCTPOBUTAH B ABYX rpynnax. Ho mMbl HUKaK He
MoXKeMm BblbpaTb 2 uncna us uncen {2, 4, 8, 14}, utobbl Mx cymma bbina pasHa 14, a 3To 3HAYUT, 4TO
BapMaHTOB C ABYMA rpynnamu pbilapei HeT.

PaccmoTpmm BapmaHT, Korga y Hac 3 rpynnbl pbilapei. MycTb cymma KOANMYECTB OCTPOBUTAH M3 3TUX
TPEX rpynn paBHO n, TOrAa, N0 UX YTBEPKAEHNAM, KEL0B ToXe N. 2n = 28, n = 14, 3HAYUT CyMMa KaKuXx-
TO Tpéx uncen us {2, 4, 8, 14} pasHa 14 v ocTaBLUeeCcs YUCNO TaKKe paBHO 14. Takoi BapMaHT BO3SMOMKEH,
NOIY4YUTCA, YTO rPYNMbl Mo 2, 4 N 8 OCTPOBUTAH ABAAIOTCA PbiLAPAMM, a rpynna us 14 — mxkeuamu. Obuiee
ymncno mxKeuos —14.

Ecnu e y Hac 4 rpynnbl pbiLapein, To cpean ocTpoBUTAH byaeT 28 poiuapeit 1 0 N3KeLoBs, a 3HaYUT BCe
pbiuapu (M3 KaxkaoM rpynmnbl) COMTYT, TaK KaK OHU CKaxKyT ¢pasy oTAnYHYI0 oT ppasbl «Cpeam Hac 0

JKeuoB». ITOT BapuaHT He NoAXOAMUT.

[pyrnx BapnaHToB HeT. Bcero nxkewos morno 6biTe 28 naum 14,
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OTtBer: 14, 28.
Ne3

Ham paHbl 3 HeoTpuuaTesbHbIX YMcna a, b, ¢, Takne, ytoa+ b + ¢ = 3.

Hapo HallTu makcumasibHoe 3Ha4YeHue BblpaxeHua ab + bc + 2ac

BbiHecem b 3a ckobKy. b(a + ¢) + 2ac

3adpuKcupyem 3HaveHne b 1 byaem «pasgBuraTb» 3HaueHus a u c. MycTb M3HAYaNbHO a = C, @ MOTOM Mbl
YBEANYMM a Ha X, @ C YMeHbLMM Ha X (0 < X < a), BeAb ec/iv X = a, TO NPOU3BEeAEHME HOBbIX a U C ByaeT
paBHO 0, YTO rapaHTUPOBAHHO YMEHbLUWUT 3HAYEHME HaLero BbipaxkeHua. Mpu Takom npeobpasoBaHMm
CYMMa HOBbIX @ U C He U3MeHUTCA. (a + X + C—X) = a + ¢, a NPpoU3BEeeHNE USMEHUTCA.

2(a +x)(c —x) = 2ac — 2ax + 2cx — 2x%. ITO BbIpaKeHME MOXHO pa3buTb Ha ABa:

2ac 1 -2ax + 2cx — 2x%. BTopoe 13 HUX XxapaKkTepusyeT M3MeHeHue Npou3BeaeHNs a U ¢. PaccmoTpum ero.
BblHecem 2x 3a CKOBKY, nonyumm 2x * (c—a—x), 2x > 0, Ho ¢ — a — X = -X < 0, 3HaUuT U3MeHeHune byaeT
OTPULATENbHbIM, @ 3TO 3HAYUT, YTO ONTUMAJIbHbIN BapMaHT a = C.

HeMHOro M3smeHuMm ycnoBmue ¢ y4ETOM AO0Ka3aHHOTO BbiLIE YTBEPKAEHUS.
2a+b=3

Hy}KHO HalTX MaKCMManbHOE 3HaYeHue BblipaXkeHua 2ab + 2a°.
BbiHecem a 3a CKObKy, noayumm a * (2b + 2a).
3aMeHMM B 3TOM BbipaykeHuu 2a + b Ha 3, nosyunum a * (3 + b) = 3a + ab.

MycTb M3HavanbHO a = b. byaem «pasgsurate Ux Ha x». 0 < x < a.

3*(a+x)+(a+x)(b—x)=3a+ab+3x+bx—ax—x%

Pa3o6bEm 37O BbiparkeHme Ha 2 YacTu.

Mepsas 3a + ab (paBHa cTapoit), a BTopas 3x + bx — ax — x* (M3meHeHue)

PaccmoTpum BbipaxkeHue 3x + bx — ax — x°. BbiHecem x 3a CKOBKy. x * (3+b—a—x)=x* (3 —x) =3x—x?
TaK Kak X < a <= 3, To BblpaxeHue 3x — x? <= 0, @ 3HaumMT, ONTUMa/IbHbINA BapuaHT a = b.

Tak Mbl goKasann,ytoa=b=c=3/3=1

MocunMTaem 3HaveHue BbipakeHua ab+bc+2ac=1*1+1*1+2*1*1=1+1+2=4
OTBeT: 4.

Ne5
TaK KaK pa3mepbl Aockn 2021x2021, TO OHa CUMMETPUYHA OTHOCUTE/NIbHO LLEHTPANbHOM KNETKU.

Toraa, ecnn NepBblit CXOAUT CBOMM NEPBbIM XO40M B LLEHTPA/IbHYIO KNETKY, a 3aTem ByAeT XoanTb
CUMMETPUYHO (OTHOCUTE/IbHO LLEHTPAIbHOM KNEeTKM) BTOPOMY, TO OH NobeauT.

[encTButencHo, Tak Kak AOCKAa CUMMETPUYHA, TO CYMMapHOEe KOIMYeCcTBO NPAMOYFo/IbHMKOB 3x5 n 5x3

(moryT nepecekatbca) YETHO. na NPAMOYTrosIbHUKOB 5X3 Mo ropnsoHTann oHu Bmewatotca 2017 pas, no
BepTuKanm — 2019. MpamoyronbHUKKM 3x5 no ropmsoHTaaun emewtatotca 2019 pas, no septukanm —2017.

N =2017 * 2019 + 2019 * 2017 =2 * 2017 * 2019.

MepBbiM X040M B LeHTp nepsbii co3aacT 30 (5 * 3 + 3 * 5) npAMoyronbHUKOB ¢ PULLIKOKN BHYTpK. be3
duwkm octaHytca N = 2 * (2019 * 2017 — 15) npAMOYro/IbHUKOB, HO 3TO BCE TaKKe YETHoe Yncno. MNycTtb
BTOPOM UTPOK oYepesHbIM X0A40M A06aBuUA GULLKY B N NPAMOYTro/IbHUKOB, TO NEPBbIN, B CUAY
CUMMETPUU, CBOMM XOA0M TaKKe 406aBUT CBOIO QUMLKY B N NPAMOYrO/bHMKOB. 3HA4YUT nocse
oyepeaHoro xoga N yMeHbLUMTCA Ha 2n, TO eCTb OCTaHeTCA YETHbIM. 3HAaYMT O NPAMOYrONIbHUKOB TaKXe
OCTaHeTCA Noc/ie Xo4a NepBoro, a 3T0 3HAYMT, YTO NEePBbI CXOAUT NOCAEAHUM U BbIMrpaeT. Tak Kak lNeTa
Hayan, 1o MeTa n nobeaunr.



OrBert: NeTta

Ne6

BbiparkeHune 2" + n? + 25 gomxHO BbITb paBHO Kyby NpoCToro umcna.

PaccmoTpum ocTaTtku KyboB oT geneHus Ha 4. Ecan y uncna, BO3BOAMMOrO B Ky6 octaTok O unm 2, 1oy
Kyba uncna octatok 0. Ec/im xe y umcna octaTok oT AesieHus Ha 4 paseH 1 uaum 3, To ocTaTok Kyba uncna
OT Aenenuns Ha 4 6yaeT paseH 1. 3HaumT y Kyb6oB npu geneHnn Ha 4 He BbiBaeT ocTaTKa 2.

PaccmoTtpum n. MycTb N — HeYéTHoe uncno, bonbwee 1. Mpn n =1 nonyumm 2 +1 + 25 = 28, yto He
ABnAeTca Kybom.

Ecnmn>1,70 2" npu aenenuun Ha 4 gact octaTok 0. 25 npu geneHun Ha 4 aact octatok 1. Myctb n = 2k +
1. Torpa (2k + 1) = 4k? + 4k + 1, Ho 4k? v 4k npu geneHnn Ha 4 paayT octatok 0, a 1 pact octaTok 1.
Mocumtaem ntorosbii ocTaTok: 0 + 1 + 1 = 2. 3HAUMT NPM HEYETHOM N TAKOTO ObITb HE MOXKET. 3HAUYUT, N —
udTHOoe ymcno. Mpu yéTHom n 2" 1 n? aaayT octatok O Npu AeneHnn Ha 4, a 25 pact octatok 1. O6wmi
ocTatok = 1.

PaccmoTpum Tenepb uncna, Kotopble 6yaem Bo3BOAUTb B Ky6. ITO NPOCTbIe YMCNa => OHU HEYETHbIe (2
He NoAXoamT, TaKk Kak 23 < 25). Tak KaKk Mbl paccmaTpuBaem HeuyéTHble YnCna, TO NP AeNeHnn Ha 4 OHU
MOryT Aatb ocTtaTok 1 naun 3 npu geneHnn Ha 4. Ho uncna, gatowme octaTtok 3 npu geneHnun Ha 4 He
NOAONAET, TaK KaK TakMe uncna B Kybe TakxKe AaayT OCTaToK 3 Npu AeneHnn Ha 4, Ho ocTaToK 2" + n? +
25 npu geneHnn Ha 4 paseH 1, 3 He paBHO 1, nosy4yaem NpoTMBOpPeEUME. 3HAYNT BO3BOAMUTLCA B KYD
MOTYT TONbKO uncna 5, 13, 17, 29, 37, 41 v 1.4. EAMHCTBEHHDbIN noaxoaawmii sapuaHTt — 5. 53 = 125,
Torgan=6. 2%+ 62+ 25 =125.

OtBeT:N=6



