Oaumnuaga mkoapbHukoB CII6I'Y mo maremaTtuke.

BakJsrounTtenbHbrii atan. 2020/2021 yuyebusiii rox. 10 — 11 kJaccsl.

[Ipu KakuxX HATYPAJIBHBIX N KJIETYATYIO JIOCKY N X M MOXKHO pa3pe3aTbh Ha KBajpaTbl 1 X 1 u 2 X 2

TaK, 9TO KBaJIPATOB PA3HBIX pa3MepOB Oy/eT MOPOBHY !

[TosoxKuTeIbHEIe TuCIa a, b, ¢ Takosbl, uTo a’b + b%c + c?a = 3. Haiiaure MUHIMAIbHOE 3HAYCHHE
BbIPaYKEHUs
A=a"b+b"c+ca+ab®+ b + ca’.

Jlau HepaBHOOE IpeHHbII OcTpOyTobHBIN Tpeyroabauk ABC. B nem nposesenst Beicotsl BBy u C'CY,
nepecekaroruecss B Touke H. OKpyKHOCTH wi U we ¢ TeHTpaMu H u C' cOOTBETCTBEHHO KacaroTCst
npsimoit AB. I3 Touku A K wq 1 wo MPOBEJIEHBI KacaTeabHble, oTandHble 0T AB. Obo3HaINM TOYKHI

X KacaHugd C 9TUMU OKpYKHOcTaAMU depe3 D u E coorBercrBenno. Haiture yron By DE.

[lerst Hammcas Ha JIOCKe TIOJPSIT N TOCIEI0BATE/IbHBIX JIBy3HAUHBIX dnces (n > 2), nepBoe u3 KOTo-
pbIX He cozepxkut 1udpy 4, a nocieanee — 1udpy 7. Baca moaymast, 9To 910 JlecaTUUHAS 3AINCH
HATYPAJBHOTO YUC/IA X, U PA3JIOXKUI & Ha IPOCThIe MHOKHUTE . OKa3a10Ch, 9TO UX BCErO JIBa U OHU

pasiauuarorcs Ha 4. Uro Hammcano Ha gocke?

B crpane JIumonun B 06paleHni HCIOIL3YIOTCS MOHETHI JJOCTOMHCTBOM 37, 3"~ 1.5, 3n=2.52 3n=3.53
., 35" 1 5" mmacTpos, re n — HaTypaiabHoe uucio. 2KuTesib crpaHbl 3alie] B 6aHK, He UMest

pu cebe HAJTUIHBIX JeHer. Kakyio HauboIbIIyI0 CyMMY eMy He CMOT'YT BBhIJIATh B OaHke?
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3apava 1.

OTBeT: Npu BCeX N>5 KPaTHbIX 5.

PeweHune: Pa3 KoanyecTtso KBagpatos 2x2 u 1x1 ogmHakoBso, TO
naowanb KBagpaTta A0/KHa Aenntbea Ha (2*2+1%1)=5. Toraa
n%5==0. 3ameTnm, 4YTO ec/in gIMHA CTOPOHbI KBagpaTa h, TO B
Hém poBHO (n”2)/5 KBagpaTos 2x2 (Tak Kak pa3 KBaApaToBs 2x2
n 1x1 nopoBHy, KNeTtok N2, naowagb 1x1 =1, naowanb 2x2 =
4). C Apyromn CTOPOHbI, B AaHHbIA KBaZApaT MOXeT MOMECTUTbCS
He 6osble [n/2]72 KBaapaToB 2X2, A0Ka3aTENbCTBO — OTMETUM
Ha BCeX nepeceyvyeHmax cToNbLuoB MU CTPOK C YETHbIMM
HOMepamM No KneTke. Torga KaxkAabl KBagpaT 2x2 3aHMMaeT
POBHO 1 KNEeTKy, a TaKNX KNEeTOK U ecTb [n/2]72. 3HauuT,
[n/2]72>=(n"2)/5. [n/2]>=(n-1)/2. Haliaém, Npu Kakux n
((n-1)/2)A2>=(n"2)/5. (n"2-2n+1)*5>=4n"2, => n"2-10n+5>=0.
D=1072-20=80, n>=(10+sqrt(D))/2<19/2<10. 3HauuT, npwu
Nobbix N%5==0 n n>10 Mbl CMOXXeM PaCMNO/IOKUTb BHYTPU
KBagpaTa nXn HyXXHOe YNCNO KBaapaToB 2X2, a Tor4aa B
OCTABLUMXCA KNETKAX MOXHO PacrnosiOXUTb HYXKHOE YNCNO
KBagpatos 1x1. 3ameTum TaKkKe, YTO NpuM N=5 B KBagpaTe nxn
MOKHO PacnoIoXKUTb He bonblle 4 KBaAPaTOB 2X2, @ HYXKHO
5/A5/5=5. 3HauuT, oTBeT — n>5 n n%5==0. KaKk cTpounTb Nnpmumep
ANnAa n>5 —nooyepeaHoO 3anosHAEeM Napbl CTPOK KBagpaTamu
2X2 A0 OTKasa, 3aTem nepexoAmm Ha cneayrouyo napy CTPOK.
N3 Hawero AoKa3saTenbCTBa BUAHO, YTO TaK Mbl CMOXKeEM
BMECTUTb HY)KHOE HaM YMCNO KBaApPaToB (T.K. 3TO YNCNO He
npesocxoauT [n/2]72 — pOBHO TO MaKCMMa/IbHOE KONMYECTBO
KBaApPaTOB 2X2, KOTOPOE Mbl CMOXEM PACcnON0KUTb, LENCTBYA
YKa3aHHbIM aTOPUTMOM).
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3apava 2.
OTBeT: A=6.

Beesém nepemeHHble: x1=a”(7/4)*bN(1/4),
x2=b"(7/4)*cN(1/4), x3=c~(7/4)*ar(1/4), yl=ar(1/4)*b~(3/4),
y2=bA(1/4)*c”(3/4), y3=cM(1/4)*a”(3/4). Torga a*2*b=x1y1,
bAr2*c=x2y2, cA2*a=x3y3. Toraa x1y1l+x2y2+x3y3=3, a A paBHO
X1MN4+y 1M 4+x2MN+y2 N 4+x3MN4+y3M4,

(x1yl+x2y2+x3y3)"2 =9 =
(x1y1)A2+(x2y2)"2+(x3y3)"2+2(x1y1x2y2+x2y2x3y3+x3y3x1yl).
Myctb n=x1y1l, m=x2y2, p=x3y3, Torga
9=n"2+m”"2+p"2+2(nm+mp+pn). 3ameTum, 4To pas
XA2+yA2>=2xy ana ntobbIX NONOKUTENbHBIX X N Y, =>
NA2+mA2+pA2>=nm+mp+pn, => 3(n*2+m"2+p~2)>=9, =>
n"2+mA72+p”2>=3. (3aMeHNIN B HALLEM BblparKeHUM
2(nm+mp+pn) Ha 2(n*2+m~"2+p”"2), TEM CaMbIM €ro He
YMEHbLIMB).

BbiuTem mn3 A BbipaxkeHue 2(n*2+m”2+p”2), nonyymm

(X1A2-y172)A2+4(x212-y272)"2+(x372-y3/2)A2, uyTo >=0.
MNepeHecém obpaTHO:

X1A4+X2 M A+x3NA+y 1A 44y 2 M+y3A4>=2 (nA24+mA2+pA2)>=6.

3Ha4unT, BTOPOE BblpaxKeHue Bceraga >=6. [lpnumep, Korga oHO
paBHO 6 —a=b=c=1:a"2*b+b"2*c+c"2+a=3, Toraa
A=1+1+...+1=6.

3apava 3.

”

3Hak yrna — “\”, HanpasneHHoro — “\_
Myctb \ABC=b. Toraa \HAD=\HAC1=90-b, T. K. AC1 u AD
KacaTesbHble K oKpy*KHocTn wl. \ADH=90%*, T. K. AD —
KacaTesnbHas, => pa3 \AB1H=\ADH=90%, To Toukn A, B1, D H



NleXKaT Ha OlHOM OKpPY*KHOCTU. Toraa
\_(AB1,B1D)=\_(AH,HD)=180-b, a B cBOIO OYepeab
\_(AB1,B1D)=\_(B1C,B1D).

3ameTum, 4To To4Ka E cummeTpuyHa Touke C1 OTHOCUTENIBHO
npamon AC (T.K. AC1 n AE — KacaTefibHble K OKPYKXHOCTU W2). B
Takom cnyyvae, \ (EB1,B1C)=\_(CB1,B1C1)=b.
\_(EB1,B1D)=\_(EB1,B1C)+\ (B1C,B1D)=b+(180-b)=0(mod
180*). 3HauuT, ToukM E, B1, D nexkaT Ha ogHOM npAamown, =>
\B1DE = 0*, 180*.

OTBeT: \B1DE=0%*, 180*.

3apava 4.
OTtBeT: 2021 (2021=43*47).

PeweHune: p(p+4)=x gna HeKOoToporo npocToro p. MocmoTpmm
Ha nocneaHtoto undpy p: oHa He 1, T. K. Toraa (p+4)%5==0, Ho
p!=1. OHa He 5, T.K. ecan p=5, T0 5*9=45<1011; oHa He 7, T. K.
1*7=7, =>Torpa nocnegHas umdpa ymcna x 6oina 6ol paBHa 7,
NO3TOMY e OHa He paBHa 9 (9*3=7(mod 10)). 3HauuT,
nocneaHas undpa ymcna p — 3, npu Tom 3*7=21<1011, => p>10.
Torga p=10t+3 gnAa HEKOTOPOro HaTypabHOrO t.
(10t+3)*(10t+7)=x, => 100t"2+100t+21=x. 3HauuT, X
OKaH4ymBaeTcs Ha 21. Toraa t(t+1) moxkeT 6bITb paBHo 20, 1920,
181920, ..., 1516..,, 1314..., ..., 1011...20. Mpwn t=4 t(t+1)=20, a
npu ntobbix apyrux t t(t+1) He paBHO HM OAHOMY YMCAY U3
AaHHoro Habopa. [Jokaxkem 3To0.

3ameTnm, YTo t Npun AeneHnn Ha 3 MOXKeT AaBaTb TONIbKO
ocTaTokK 1, Tak Kak 10t+3 u 10t+7 — npocTbie yncna > 3, =>pa3 7
AQAET OCTATOK 1 npu geneHnn Ha 3, To t He MOXKeT AaBaTb
OCTaTOK 2 (N0 NpU3HAKy AENMMOCTU Ha 3), a TaK Ke t He moxeT
aenntca Ha 3, T. K. Ttorga 10t+3 genutca Ha 3. Toraa
t(t+1)=2(mod 3). B Takom cnyyae, 3ameTum, uTo t(t+1) He



MO*KeT 6bITb paBHO 1920, 181920, 1617181920, 151617181920,
1314151617181920, 121314151617181920,
1011121314151617181920, TaK KakK Bce 3TN YnCaa AENATCA Ha 3
N0 NPU3HAKYy A4enmmocTh Ha 3. OCTannucb ToNbKO Ymncna 17... u
11...

CBOMMU pyumnamm A YCTaHOBUA, YTO
414572=17181025<17181920, npu Tom pasHumua <1000<4145,
=> T1akoro t, yto t(t+1)=17181920, He cywecTByeT (T.K.
4144*4145<17181920, 4145*4146>17181920). OcTtanocb ogHO
ymncno — 11... 3ameTrm, YTO NO NPU3HAKY Ae/IMMOCTU Ha 11
ymncno 11...-1 penntca Ha 11, => Hawe Yncno Aaét ocTtaTokK 1
npu aeneHun Ha 11. B Takom cnyyae, pa3s 1*2=2, 2*3=6, 3*4=1,
4*5=9, 5*6=8, 6*7=9, 7*8=1, 8*9=6, 9*10=2 (no moaynio 11),
To t=3, 7 no mogyno 11. Echn t paét octatok 3, 7o 10t+3 =-1 *
3+3=0(mod 11), => 10t+3 genutca Ha 11, Ho 10t+3>12. Ecau
t naét octatok 7, 7o 10t+7 =-1*7+7 =0 (mod 11), => 10t+7
aenntca Ha 11, Ho 10t+7>16. 3HauunT, He cyL,ecTBYyeT TaKoro t,
yto t(t+1)=11... (noTtomy yto 10t+3 n 10t+7 — npocTble).

NTOro mbl AOKa3ann, YToO He CyLW,eCcTBYeT TaKOro HaTypasbHOro
t, uto t(t+1) paBHO KakOMy-TO YMCAy M3 Hawero Habopa,
otimyHomy ot 20. Torpa t(t+1)=20, => t=4, =>
(10t+3)(10t+7)=43*47=2021, uto TpeboBanocb AOKa3aTb.



