Oaumnuaga mkoapbHukoB CII6I'Y mo maremaTtuke.

BakJsrounTtenbHbrii atan. 2020/2021 yuyebusiii rox. 10 — 11 kJaccsl.

[Ipu KaKux HaTYypaJbHBIX N KJIETYATYIO JIOCKY 1 X M MOXKHO pa3pe3aTh Ha MPAMOYTOJbHUKH 1 X 1 1

2 X 3 TaK, UTO MPsIMOYTOJIbLHUKOB Pa3HBIX PazMepoB Oy/eT mopoBHY?

[TomoxKuTeIbHEIE YuCIa a, b, ¢ TakoBbl, uTo a’b + b%c + c?a = 3. Haiinure MuHUMaIbHOE 3HAYCHHE

BbIPa2KCHUN A

\/CLG + b4 cb \/bG + cab \/CG + a’bb
=t

A

Bokpyr ocrpoyrosbroro rpeyronbanka ABC onncana OKpy:KHOCTh. Touka K — cepeaumHa MeHbIIIe
nyru AC 9Toiit OKpyzKHOCTH, a TouKa L — cepemuna Menbineir pyru AK sroit okpyzxuocTu. OTpesku

BK u AC nepecekaiorcs B Touke P. Haitmure yron mex iy npsmbivu BC' u L P, ecin m3BeCTHO, 9TO
BK = BC.

Ilers mammcaa Ha JOCKe IIOAPAI B y6bIBaIOLL[eM IopAaKe 1 I10CJIe0BaTC/JIbHBIX JBYSHAQYHbBIX YHCEJI,
ocJjie/inee n3 KOTOPLIX HE COHEPZKHUT LII/ICbpy 7. Baca HoayMaJi, 9TO 9TO JeCATUYIHad 3allUChb HaTy-
PaJIbHOI'O YHCJIa T, U Pa3JIOKMWJI T Ha IIPOCTbIEe MHOXKHUTEJIN. OK&S&HOCB, YTO HUX BCEro JIBa W OHU

pasaumuarorcs Ha 4. Uro Hammcano Ha gocke?

B crpane JIumonun B 06paleHni HCHOIL3YIOTCS MOHETHI JJOCTOMHCTBOM 27, 27~ 1.3, 2n=2.32 9n=3.33
.., 2-3""1 3" nmacrpos, rae n — HaTypaJsbHOe uncio. KuTeab cTpaHbl 3ales B 0aHK, He HMes

pu cebe HAJTUIHBIX JieHer. Kakyio HauboIbIIyI0 CyMMY eMy He CMOT'YT BbIJIATh B OaHke?
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3aganue 1

3aMeTHUM, 4TO €CIIA NPSIMOYTOJIBHHUKOB 2 * 3 U 1 * 1 oIMHAKOBOE KOJIMYECTBO, TO
CyMMapHas MX IUIOIaab AenuTes Ha 2 * 3 + 1 = 1 = 7, 3Hauut u n? geautcs Ha 7,
3HAUUT N JEIUTCS Ha 7 (Tak Kak 7 — npocrtoe). Jlokaxkem Tenepb, 4To s JIE000ro n =
7k, k € N, pazouenue cymectByeT. Pa3zgeanM nCXoIHBIN KBaIpaT Ha K KBaaApaToOB 7 *
7 ¥ KQXKAbI TAKOM KBAIpaT pa3/ieTuM TaKUM CIIOCOOOM:

B xaxxmoMm kBazipare 7 * 7 paBHOE KOJIMYECTBO MPSMOYTOJIBHUKOB 2 * 3 m 1 * 1,
3HAYMUT U BO BCEM KBaJpaTe UX TOXKE paBHOE Konu4ecTBO. [Ipumep nokasaHn.

OtBert: mig aroooro n = 7k, k € N.

3aganue 2

vaé + b*c® N Vbl + c*ab N Vce + a%bh®

b C a
OrneHnM KaXx o€ cjaracMoe IIpy MOMOIIA HEPAaBEHCTBA MEK/Ty CPEITHUM

KBaJIPAaTUYECKUM U CPEAHUM apU(PMETUUECKUM

a
va® + b*c® 7 5+ bc3
= 3
b - 2

OH@HI/IB TaK KaXXI0€ CJiaracMoc, 1nojayunuMm:
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[lepecTaBuB ciiaraempie, OIEHUM MOJTYYHUBIIHECS APOOH TTO HEPABEHCTBY MEXKTY
CpeIHUM apu(PMETUYECKUM U CPETHUM T€OMETPUUECKUM:

3
a
— +ab?
E2 s |2 b = Vot = o
A >2 % (a%b + b2c + c2a) = 32
3HAYUT MUHIMAIbHOE 3HaueHne A paBHo 3v/2. OHO nocTuraercinpu a = b =

6 4 -6 6 4 46 6 416
c=1(4= " T L e Y M2 = V2 + V2 + V2 = 3v2) u raxue 3

yyclIa MOAXOAAT 1o ycaosue ab + b%c + c?a = 3

Ortset: 3V2

3aganue 3

1) ITycte O — nenTp onucannoit okpyxkHoct AABC, ABLC, ABKC.

2) Tak kak BC = BK => £KBO = 2CBO (B cuny cummerpuu
paBHOOEApEeHHOTO TpeyroibHuka BO — HanmpaBieHue Ha BHICOTY, MEIHAHY,
OMCCEKTPUCY U HA LIEHTP OMUCAHHOU OKPY>KHOCTH).

3) £KBL = £ABL (L — cepenuna nyru AK)

4) £ABK = £KBC (K — cepenuna nyru AC)

5) U3 2) 3) u 4) cienyer, uro £KBO = 2CBO = £KBL = £ABL.

6) 3ameTum, uro Toraa BL u BO — u3oronanm oTHOCHTEIBHO yIUIa
£ABC (£CBO = £ABL), BO — nHanpaBiieHre Ha IIEHTP OIUCAHHOM
okpyxkxaoctr AABC, 3naunt BL — Beicota B AABC (CA L BL).

7) 3ametnM, urto Torna BP u BO — u3oronaim oTHOCHTEIBHO yriia
£LBC («£CBO = «£KBL), BO — nanpasienue Ha IEHTP OMHUCAHHOMN
okpyxHoctu LBC, 3Haunt BP — Beicota B ALBC (BK L CL).

8) Torma u3 6) u 7) cneayer, yto CA L BL,BK L CL,CANBA =P =>P-
oproueHtp ABLC, 3naunt LP L BC

Otser: 2(LP,BC) = 90°



3aganue 4

1) 3amMeTHM, YTO €CIIM UCXOTHOE YHCIIO — 3TO MPOM3BEACHHUE 2X MPOCTHIX YHCEIL,
pa3HuIa MEXAY KOTOPBIMU paBHA 4.

2) Eci cpeny 3THX 2X MPOCTHIX YUCEN €CTh 2, TO JOJDKHO OBITH eIlle Yncio 2 +
4 = 6, 4TO HE ABJSIETCS MPOCTHIM, 3HAYUT UCXOJHOE YUCIIO HE JICJIIUTCS Ha 2,
3HAYUT 3aKaHYMBAETCS HA HEUETHYIO UPpY

3) Ecam cpeau 3TUX 2X MPOCTHIX YUCEN €CTh 5, TO IOJDKHO OBITH €I11e Yucio 5 +
4 =9, mm 5 — 4 = 1. Hu ogHO U3 HUX HE ABJISCTCS IIPOCTHIM, 3HAUUT
HMCXOHOE YHCJIO HE IEIUTCS Ha 5, 3HAUUT 3aKaHYMBAeTCsd Ha 5.

4) Tlo yclioBHIO MOCACAHEE JBY3HAYHOC YHCIO HE COACPIKUT 7, 3HAUUT
BO3MOJKHBIE TIOCIeIHHUE UGPHI B unciie 310 1, 3 uaum 9

5) ITycTh 01HO M3 TPOCTHIX ynceN 3To k + 2, a BTopoe k — 2. Torna uncio Ha
nocke 310 (k + 2) * (k —2) = k? — 4.,

6) PaccMoTpuM Bce BO3MOXHBIE ocTaTtku k2 — 4 mo moaymo 10:

(10t)? — 4 = 6 (mod 10)
(10t + 1)? — 4 = 7 (mod 10)
(10t + 2)? — 4 = 0 (mod 10)
(10t + 3)2 — 4 = 5 (mmod 10)
(10t + 4)? — 4 = 2 (mod 10)
(10t + 5)? — 4 = 1 (mod 10)
(10t + 6)? — 4 = 2 (mod 10)
(10t + 7)?> — 4 = 5 (mod 10)
(10t + 8)2 —4 = 0 (mod 10)
(10t +9)° — 4 = 7 (mod 10)

7) DTH OCTaTKH, 3TO BO3MOKHBIC IMOCICTHUE IIU(PPHI UCXOTHOTO YHCIa, KOTOPBIC
1o myHKTy 4 o6s3arenbHo 1,3 vau 9. 3nauut k = 10t + 5, Torga

k? —4 = (10t + 5)?> — 4 = 100t? + 100t + 25 — 4 = 21 (;mod 100)
3HAUUT MOCEAHEE 3aMUCaHHOE ABY3HAUYHOE YU CIIO 00s13aTeNbHO 21.
8) HomycTrM y Hac Ha JOCKe OOJIbIIIe OJHOTO JBY3HaYHOTO yncia. Torma
nocienuue 4 mudpet 3To 2221. 3HaUuT
k* —4 = (10t + 5)% = 100(t* + t) + 21 = 2221 (mod 10000)
100(t% + t) = 2200 (mod 10000)
t? +t =22 (mod 100)
9) 3ameTnM, 4TO, CpaBHEHHUE MMeeT pemenue (Hanpumep npu t = 33) mosTomy

YTO A€JIaTh JaJbIIe, HE MOHATHO.
OtBer: 21

3aganue 5



1) [Tycth f(n) — HanbobIIas cymMMa, KOTOPYIO KIIMEHTY HE MOTYT BBIJIaTh B
Oanke. 3ameTuM, 4yTo Ipu n = 1, y 6aHKa €CThb MOHETHI IOCTOUHCTBOM 2 U 3 U
J100Yy10 CyMMy 0o0Jbliie 110 OH CMOJKET BbIJIaTh (€CU CyMMa 4ETHAs, OH BbIIAET
€ MOHETaMU JOCTOMHCTBOM 2, a €CJIM He4YETHAs, TO OJJHOM MOHETOM
JIOCTOMHCTBOM 3, a ocTajabHOe MoneTamu 2), f(1) = 1.

2) Pemmm 3aady o MHAYKIMU: MyCTh Jisi 1 = k — 1 3amaya pernieHa.
Haiiném f (k).

3) 3ameTuM, 4TO €CJM 3anpollieHHas CyMMa Heu€THasl, TO B HEM 00s3aTebHO
comepxuTes 3%, Tak Kak Bce ocTanbHBIE MOHETHI YETHOTO HOMHUHANA. Eciu ke
moHeTa 3% conepxurcs B cymme Gosblle 0JHOTO pa3a, TO TOTAA 3aMEHUM 2
moHeThl 3% Ha 3 Moners 2 * 3¥~1 u cymma ocranercs Toit xe.

4) [Ipennonoxum, uto cymmy 2 * f(k — 1) + 3% mp1 mokem Biats. Tora B
3TOi cymMe conepxkutca MoHeTa 3% posro 1 pa3 (1o nmyHKTY 3)) 3HAUUT MBI
MOKEM caenath cymmy 2 * f(k — 1) UCIIONB3yst MOHETBI, CPEIH KOTOPBIX HET
MOHeTHI 3%,

5) Pa3nenuB HOMUHAIBI BCEX MOHET U CYMMY Ha 2, TIOJTy9aeM, 4TO Mbl MOKEM
coopats cymmy f(k — 1) moneramu ipu n = k — 1, 4T0 HEBEPHO 110
npeanonoxenuto uaaykuud. 3uaunt f (k) = 2 * f(k — 1) + 3%, tak kak cymmy
2 % f(k — 1) + 3% MBI coOpaTh He cMOXKeEM.

6) JlokaxeM, 9To mobyro cymmy 6ombiue 2 * f(k — 1) + 3% cobpars
TOJTYIUTCS:

7) IIpennonoxkuM, uto cymectsyer cymma 2 * f(k — 1) + 3% +t,t > 0,
TaKasi, 4YTO MbI HE MOXKEeM coOpaTh €€ U3 HaIllMX MOHET.

8)  Ecmut —uetHoe, 2 * f(k — 1) + 3% + t — HedyeTHOe — B cymMMe OyieT
HCTIONB30BaHa oHa MOHeTa 3%. 3HaunuT MbI MoxkeM cobpats 2 * f(k — 1) + t, He
HCIIONB3Yysl MOHETHI 3%, PasenuB Bce HOMMHAIIBI Ha 2, TIOJTyYaeM, 4TO MbI He

MoxeM cobpath cymmy f(k — 1) + % MOHETaMu 1pu n = k — 1, 4TO HEBEPHO, TaK

KaK MaKCHMAaJbHOE YHCJI0, KOTOPOE MBI HE MOYKEM Moryduth 310 f (k — 1).
9)  Ecmut — HevyeTHoe,2 * f(k — 1) + 3% + t — 4eTHOe — B cyMMe MOKHO

BOOOIIIE HE MCIOJIB30BaTh MOHETY 3% (o mynkTy 3)). Pasnenus Bce HOMUHAIBI Ha

t+3k

2, TIOJIy4aeM, uTO MbI HEe MOXeM cobpats cymmy f(k — 1) + —,~ MOHETaMH HpH

n =k — 1, 4r0 HEBEPHO, TaK KAK MAKCUMAJILHOE YKCII0, KOTOPOE MBI HE MOKEM
noyuuth 310 f(k — 1),

10)  PaccMOTpeB Bee Caydau HOIy4aeM POTUBOPEUYHE C MPEIIOI0KEHNEM B
MyHKTe 7), 3HAYUT Bee cyMMbl bonbie 2 * f(k — 1) + 3% cobpats nmomyuurcs,
saaunt f(k) = 2 * f(k — 1) + 3%,

11)  Joxaxewm, uro f(n) = 3"+t — 2n+2

12) bBasa:n=1:f(1) =9 —8 =1 -BepHo

13) Tlepexom: ecmu f(n—1) = 3" —=2"*1 10 f(n) =2+ f(n—1)+3" = 2 «
3" — 2+l % 2 4+ 3" =3"(2 + 1) — 2"*2 = 3+l _ 2742 _ pepexon 10Ka3aH
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