Oaumnuaga mkoapbHukoB CII6I'Y mo maremaTtuke.

BakJsrounTtenbHbrii atan. 2020/2021 yuyebusiii rox. 10 — 11 kJaccsl.

[Ipu KaKux HaTYypaJbHBIX N KJIETYATYIO JIOCKY 1 X M MOXKHO pa3pe3aTh Ha MPAMOYTOJbHUKH 1 X 1 1

2 X 3 TaK, UTO MPsIMOYTOJIbLHUKOB Pa3HBIX PazMepoB Oy/eT mopoBHY?

[TomoxKuTeIbHEIE YuCIa a, b, ¢ TakoBbl, uTo a’b + b%c + c?a = 3. Haiinure MuHUMaIbHOE 3HAYCHHE

BbIPa2KCHUN A

\/CLG + b4 cb \/bG + cab \/CG + a’bb
=t

A

Bokpyr ocrpoyrosbroro rpeyronbanka ABC onncana OKpy:KHOCTh. Touka K — cepeaumHa MeHbIIIe
nyru AC 9Toiit OKpyzKHOCTH, a TouKa L — cepemuna Menbineir pyru AK sroit okpyzxuocTu. OTpesku

BK u AC nepecekaiorcs B Touke P. Haitmure yron mex iy npsmbivu BC' u L P, ecin m3BeCTHO, 9TO
BK = BC.

Ilers mammcaa Ha JOCKe IIOAPAI B y6bIBaIOLL[eM IopAaKe 1 I10CJIe0BaTC/JIbHBIX JBYSHAQYHbBIX YHCEJI,
ocJjie/inee n3 KOTOPLIX HE COHEPZKHUT LII/ICbpy 7. Baca HoayMaJi, 9TO 9TO JeCATUYIHad 3allUChb HaTy-
PaJIbHOI'O YHCJIa T, U Pa3JIOKMWJI T Ha IIPOCTbIEe MHOXKHUTEJIN. OK&S&HOCB, YTO HUX BCEro JIBa W OHU

pasaumuarorcs Ha 4. Uro Hammcano Ha gocke?

B crpane JIumonun B 06paleHni HCHOIL3YIOTCS MOHETHI JJOCTOMHCTBOM 27, 27~ 1.3, 2n=2.32 9n=3.33
.., 2-3""1 3" nmacrpos, rae n — HaTypaJsbHOe uncio. KuTeab cTpaHbl 3ales B 0aHK, He HMes

pu cebe HAJTUIHBIX JieHer. Kakyio HauboIbIIyI0 CyMMY eMy He CMOT'YT BbIJIATh B OaHke?
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3amaua 1

[TycTh y Hac K npsAMOYrobHUKOB 1X1 1 K mpsiMoyrosibHUKOB 2x3. Toraa Bcero B
kBajapare NXN Oyaet 1k+6k=7k kieTok. Tak kak BCero KJIETOK N*N To noixy4yaem
410 N*N paBHO 7K. OTCIO/A CAENyeT, UTO N JenuTcs Ha 7. 3HAYUT YTOOBI MOKHO
OBLIO TaK pa3pe3aTh KBaapaT N JOJKHO IEIUThes Ha 7. JIOKakeM 4To mpu J1I000M
N gensimemMcst Ha 7 KBaapaT MOKHO pa3pes3arth.

3amMeTHM, 4TO MOKHO pa3pe3aTh moJIocKy 7x2 (7 cTpok, 2 ctonbia) Ha 2
npsMoyroiibHuka 3*2 u nBe kietku 1x1. [Tomocky 7x3 MOXHO pa3pesaTh Ha 3
MPSMOYTOJbHUKA 2X3 U TpH KJIeTKH 1x1.

[TockoiibKy N 1enuTest Ha 7 MOXKHO MpeAcTaBuTh N=7k. Torma BecTh KBagpat
MOXHO pa30UTh Ha K TOPU3OHTAJIBHBIX TOJIOC pasMepamu 7xN. Kaxayro Takyro
M0JIOCY MBI MOKEM pa3pe3aTh Ha MPAMOYTOIbHUKU 7X2 U 7X3 Tak Kak Jiroboe
HaTypajibHOE N Oosbiee 1 MOKET ObITh IPEACTABICHO KaK CyMMa HECKOIbKHUX
ciaraemsbix 1o 2 u 3. JIeHcTBUTENBHO, Il YETHBIX N MBI MOXKEM pa3OUuTh N Ha
HECKOJIBKO CJIaraeMbIX I10 2, a U1 HeUeTHBIX N, T ¢ M1t N=2d+1 MBI MOKeM
peacTaBuTh N Kak cymmy 1 Tpoiiku u d-1 qBoek, T k d B 3TOM citydae Xots ObI 1.

Takum 00pa3om Mbl pa30MBaeM BeCh KBAJIpaT Ha MPSAMOYTOJIbBHUKH pa3MepaMu 7x2
U 7x3 ¥ KaXabli U3 TAKUX MPSMOYTOJIbHUKOB pa30MBaeM Ha paBHOE KOJI-BO
npsmoyroiibHUKOB 1x1 u 2x3. Toraa moaydum 4To U BECh KBaJIpaT pa3OUT Ha
paBHOE KOJI-BO MIPSAMOYTOJILHUKOB 1x1 1 2X3 4TO 1 TpeOOBaIOCh.

OtBet: N kpaTHBIE 7.

3agaua 2.

JloKaskeM 4TO BBIpRXKCHHE M3 YCIIOBUs 00JIbIIe JTH00 paBHO 35grt(2).

B pemennn sqrt(X) — kBaapaTHbIii KOpEHb U3 X, XY — X B CTCIICHH Y.

JlokaxkeMm, 4To:

sgrt(a™6 + b"4*c”6)/b + sqrt(b”"6+cr4*a”6)/c + sgrt(c"6+a4*b”6)/a >= 3sqrt(2).
Pasnennm o0e yactu Ha SQrt(2), mosydnm:

sgrt((a™6 + b™*c"6)/2)/b + sqrt((b"6+c4*an6)/2)/c + sgrt((c6+a4*b"6)/2)/a >=
3


moonstyle
Штамп


[To HepaBEHCTBY O CpPEeHEM KBAJAPATUIECKOM U CPEIHEM apU(PMETUUCCKHM :
sgrt((a”2+b”2)/2)>=(a+b)/2. [IpumeHrM 3TO HEPABEHCTBO B YHCIUTEISAX B HAIIEM
BBIPOKCHHH, ITOJTYIHM:

sgrt((a™6 + b™*c"6)/2)/b + sqrt((b"6+cN4*an6)/2)/c + sgrt((c6+a4*b"6)/2)/a >=
>=(a"3 + b"2*c"3)/2b +( br3+c"2*an3)/2¢ + (cN3+a2*b"3)/2a.
JIoka)xeM 4TO OJIy4YeHHOE BhIpa)keHHE O0JIbIIe JTUO0 paBHO 3.

[To ycioButo 3=a2*b + b"2*c + ¢2 *a, mojcTaBisieM 3TO B MPaBYIO YacTh U
JOMHOaeM 00e 4acTu Ha 2, TI0JIydaeM 4YTO HaJIO0 JI0Ka3aTh:

(@3 + b"2*c"3)/b +( b"3+c 2*aN3)/c + (c"3+a2*b"3)/a >=2(a"2*b + b"2*C +
c"2 *a)

3aM€TI/IM, 4TO I10 HCPABCHCTBY O CPCAHCM apI/I(i)MeTH‘IGCKOM N I'COMCTPHUYICCKOM
(x+y)>=2sqrt(xy). Toraa moxygaem:

a"3/b +a"2*b"3/a >=2 sqrt((a"3*a"2*b"3)/(b*a))=2sqrt(a4*b"3)=2a"2*b
AHaJIOTHYHO I[IoJy4acM cuic 2 HCPaBCHCTBA:

b*3/c+b"2*c"3/b>=2b"2*C

c"3/a+ch2*an3/c>=2c"2*a

CkunazipiBas 3TU 3 HEPAaBEHCTBA MbI KaK pa3 M MOJYy4YaeM TO, YTO HAJI0 ObLIO
noKa3aTh. Hamo 3aMeTuTh 4TO BCE HEPABEHCTBA O CPENHUX U MEPEXOAbI MBI
JIeJIaJIA Ha YCIIOBUU TOT'O YTO YHCJIA IO YCIOBUIO IIOJIOKUTEIIBHBIE.

Takum 006pa3oM MbI JOKa3alId, YTO HCXOIHOE BhIpakeHUe OOJIbIIe JTN00 PaBHO
3sqrt(2), ato 3HaueHue gocTUTaeTcs mpu a=b=C=1, Toraa Kaxxaas u3 Tpex apooeci
Oynet paBHa SQrt(2) u cOOTBETCTBEHHO X cymMMa OyneT 3sqrt(2).

Ortser: 3sqrt(2).

3amaua 3.

Oo6o3naunm BennunHy yria BAC 3a x, a Bennuuny yrina ABC 3a 2y. Toraa, Tk K
— cepenuna nyru AC, to yrisl ABK n CBK paBsbl, mostomy BK — 6uccexrpuca
yriaa ABC. 3naunt yriael ABK u CBK paBHbI 1 paBHBHI y.

Uetsipexyronsunk ABCK Bnucanusiii, noatomy yroi BKC pasen yriiy BAC u
paBeH X, a yron ACK pasen yrity ABK u paBeH y. 3aMeTnm, 4TO 10 yCIOBUIO



BK=BC, nostomy BKC paBnobenpennsiii, 3uauut yrisl BCK u BKC paBnbl u
PaBHBI X.

MBI noJib3yeMcs TEM UTO TPEYTOJIbHUK OCTPOYTOJIBHBIN TOBOPSI, YTO MEHbIIIAS
nyra AC 3To Ta Ha KOTOPOM He JIKUT Touka B Tak kak yron B no ycinoBuro
ocTpbli, moaToMy Touka K nexut Ha nyre AC He conepkaieid Touky B, orcrona
cienyet uro yroi BCK 6onbiie yrna BCA.

VYron BCA pagsen paznoctu yrioB BCK u ACK To ects paBeH x-y. [locuntaem
cymmy yrioB B TpeyrojapHuke ABC: oHa paBHa x+2y+x-y=2x+y. 3HauuT 2x+y
=180 rpaaycos.

3amerum, uto B TpeyroiabHuke ABP yron ABP pasen y, a yron BAP pageH X,
3HauuT yroyi APB pasen 180-x-y=x. [lomydaem uto TpeyroasHuk BAP
paBHOOenpeHHbIi ¢ ocHoBaHueM AP. B tpeyronsauke KCP yron KCP pasen y,
yron PKC pagen x, a yron KPC pasen yriny APB pasen x. [loatomy KCP
paBHOOeIpeHHbIN ¢ ocHoBaHueM KP.

N3 toro uto L — cepequna nyru AK caenyet uro BL- 6uccexrpuca yrina ABK, To
ecThb OuccekTpuca yriia ABP B Tpeyronbauke ABP, a Tak kak oH
paBHOOEIpEHHBIN, TO npsimMas BL Oynem Tak ke copepaTh BHICOTY U MEAUAHY,
orctoaa cineayet uto BL nepnienaukymnspaa AP. Ananoruuno CL — Ouccexrpuca
paBHOOenpenHoro Tpeyroasunka KCP nosromy CL nepnennuxymnsipaa KP.

Taxum o6pazom Mbl momyuwmin, uto BK nepnenaukymnspua CL u CA
nepreHaukynspaa BL. Orcrona cnenyer, uto BK u CA comepskaT BEICOTBI
tpeyronbarka BCL, a 3Haunt Touka P — opTonentpa B Tpeyronpauke BCL.
Otcrona cienyet uto LP conmepkuT BBICOTY 3TOTO TpEyrojbHUKa, TO €CTh LP
nepnenaukyisapia BC, To ects yron mexay BC u LP pasen 90 rpaaycos.

OtBet: 90 rpamycos.

3amaua 4.

[IycTh p 1 p+4 — NpOCTHIE YKCIIa MPOU3BEAECHUE KOTOPBIX 3AIMCAHO HA TOCKE.
OueBHIHO p HE paBHO 2 T K TOrga p+4=6 —He npocToe. 3HaYUT P — HEUETHOE
IpocToe U p+4 TOXkKE TOr1a HEYETHOE IIPOCTOE.

JlaBaiiTe HaiieM mocie a0 Mudpy yucia p. OHa HEYeTHas, TO €CTh U3 Habopa
1,3,5,7,9. 3ametum, uto 31O HE 1Udpa 5, T K TOrJa p ACIUTCS Ha 5, a TaK KaK p —
MPOCTOE TO TOT/a p paBHO 5, a p+4=9 — He npocToe.



3HauuT OcTaNoCh 4 BapuaHTa i nocieanei uudpsl yncna p. Paccmorpum torna
nocneaHio mudpy uncna p(p+4). Eciau mocnenusis mudpa p pasHa 1, o y p+4
31O 5, Toraa y p(p+4) ato 1*5 =5. Torna nonydaem p(p+4) nenurcst Ha 5. A Tak
KaK 3TO MPOU3BEIACHHUE JBYX MPOCTHIX YMCEN TO 3HAYUT OJTHO M3 HUX paBHO 5. P He
paBHO 5 10 paHee JoKa3aHHOMY. P-4 Toxke He paBHO 5 T K Torzaa p=1 — He mpocroe.

[Tomyyaem npoTuBOpeydre 3HAUUT Mocieanss nudpa y p ue 1.

Ecnu nocnennsis nudpa y p paBua 7, To y p+4 ona passa 1, Torma no moayio 10y
p(p+4) octatok 7, T € nmocienHss nudpa 3aMcaHHOTO YKCIia paBHa 7, a 3TO
MPOTUBOPEYUT YCIOBHIO.

Ecnu nocnennsis mudpa y p paBua 9, to y p+4 ona paBsa 3, Toraa no MmoayJito 10
p(p+4) cpaBuumo ¢ 3*9=27 , T e mocnenHss uudpa 3aMMCaHHOTO YKCIa paBHa 7, a
ATO MPOTUBOPEUUT YCIOBHIO.

3HauuT nocnenHss nudpa y uucna p paBHa 3, a'y p+4 ona Torja paBsHa 7.
3anumeM p=10k+3, p+4=10k+7.

Torna p(p+4)=(10x+3)(10k+7)=100x*k +30x +70x+21 = 100(x*k+K)+21.
[Tonywyaem uro nocneanue 2 uudpd uucna p(p+4) pasusl 21. 3HauuT nociueaHee
3alMCaHHOE YUCJIO0 paBHO 21.

I[OKEDKGM 4qTO 3TO CAMHCTBCHHOC 3aIlIMCaHHOC YHCJIO.

3ameTuMm, uto eciu eciau p(p+4) kpatHo 3 to b0 p 11b0 p+4 paBHO 3 T K 3TO
npocTeie yncna. P+4 odeBuHO He paBHO 3, a €Clii p paBHO 3, TO TOT/Ia Ha TOCKE
HanucaHo uucio 3*7=21.

Ecnu xe p(p+4) He kpatHO 3 TO cyMMa 1ud)p ATOr0 cujia He KpaTHa 3, 3aMETUM
YTO OCTATOK CYMMBI TP TT0 MOYJIO 3 BCEro Yucia CPaBHUM 110 MOAYIIO 3 ¢
CYMMOM OCTaTKOB IO MOJIYJIIO 3 cyMM ITU(P BCEX JIBYX3HAYHBIX YUCEN TO €CTh C
CYMMOU OTCATKOB 110 MOJYJIIO 3 BCEX ABY3HAUHBIX YUCEN. 3aMETUM, YTO TAK KaK
ATHU YUCJa NOAPAJ UIYIIHE TO OCTATKU B HUX UAYT MO LUKITY, IPUYEM
3aKaH4YuBaeM Mbl 9YuciioM 21 ¢ octatkoM 0 u yucia UAYT 10 yOBIBaHUIO, IIOITOMY
MOCJIEI0BAaTEIbHOCTh OCTATKOB UMeeT BuJ ...2, 1, 0, 2, 1, 0. 3ametum, 4To eciu
KOJI-BO YMCEN KPAaTHO 3 TO CyMMa OCTaTKOB 3TO HECKOJBKO pa3 no 2+1+0=3, e
nMeeT octatok 0 yTo HaM He moaxoauT. Eciim koj-Bo uncen nMeet BUI 3Kk+1, To
cyMMa OCTaTKoOB paBHa K(2+1+0) +0, To ecTh Toke KpaTHa 3 U HAM HE MOJIXO/IUT.
Ecnm ke ko1-Bo umeeT Bua 3Kk+2, TO cyMMa ocTatkoB paBHa K(2+1+0)+1+0, To
€CTh CpaBHUMA C | 4TO MOAXOAUT. 3HAUUT Yy YUCJIA 3aMMCAHHOTO Ha JOCKE OCTATOK
1 mo moxyto 3.



O0603HaynT yncno Ha gocke 3a 100mM+21, To ecTb M — 3TO YUCIIO HA JOCKe 0e3 IBYX
nocienHux mudp. Toraa ocTaTok ynciaa mo MOAYJIO 3 paBeH OCTAaTKY MO MOJYJIIO
3uncnam, Tk 21 genurtces Ha 3, a 100 cpaBHumo ¢ 1 mo moaymto 3, T € 4KCio
100M+21 cpaBHMMO € M IO MOZYJIO 3. 3HAYUM Y M OCTaToK 1 1o moxayito 3.

[Tpu sToM p(p+4)=100M+21. 3anuieM 3To Kak KBaJpaTHOE YpaBHEHUE
OTHOCHUTENBHO P.

p*p +4p —(100M+21)=0 [Tocuntaem TUCKpUMUHAHT. UTOOBI HaIIIEJICS 1IEIbII
KOPEHb JUCKPUMHHAHT JOJDKEH OBITh TIOJHBIM KBaIPATOM.

J=16+4(100M+21)=16+400m+84=400m+100=100(4m+1).

T x 100 —mtoHBIN KBaapat, TO 4M+1 AOIKHO OBITH MOJHBIM KBagpaToM. Ho 4m+1
JTAeT OCTATOK 2 MO MOAYJIO 3 T K cpaBHUMO ¢ 4*1+1=5 yt0 cpaBHUMO C 2.

Ho y kBagpaToB HaTypajJbHBIX YUCEN 10 MOAYJIO 3 BCerja ocTarok Jubol mudo 0
(mmst kpaTHbIX 3 310 0, /U1 YKcna ¢ ocTaTkoM 1 KBajpat naet ocrarok 1*1=1, ais
YHCJIa ¢ OCTATKOM 2 KBaApaT JAET OCTATOK 2*2=4 cpaBHUMO C 1) — MOTyIHIn
npoTUBOpEeYHEe. 3HAYUT ciiydail p(p+4) He KpaTHO 3 HEBO3MOXKEH, TOITOMY
p(p+4)=21 — equHcTBEeHHOE pemieHre. To ecTh Ha JOCKE 3armucano yuciio 21, a
IIPOCTBIE YMCIIa —3TO 3 U 7.

Otser: 21.

3amaya 5

O0603naunm f(N) — MEHUMaIBLHOE TAKOE YUCIIO, YTO OAHK MOXKET BBIJIATH JIFOOYIO
cymmy ot f(n) Bere.

3amMeTuM, 4TO 4TOOBI BbIAATh HEYETHYIO CYMMY JIeHEeT, OaHK JTOJDKEH BBIIAThH XOTS
Ob1 1 MOHETHI IIEHOH B 3N, T K HOMHHAJ BCEX OCTAJILHBIX MOHET YETHBIMN.

Y1006 0aHK CMOT BBIIATh HEYETHOE YMCIIO MOHET OHO JOJDKHO OBITH BHAa 3 N+Mm,
npu 3ToM M — yeTHoe yucio. [lycts m<2*3*n. Torga 6aHk HE MOKET OoJIbLIE
MCII0JIb30BaTh MOHETHI 1O 3*N Tak Kak TOrJa HE MOJYyYUTCS HEUETHAsl CyMMa.
3HauuT cymMmmy m=2K 6aHK HaOMpaeT YeTHBIMA MOHETAMHU. 3aMETHUM YTO YETHBIC
MOHETBI 3TO T€ K€ MOHETHI, UTO B CIIy4ae KOrja BMecTO N cTouT N-1 TOJbKO
YMHOKCHHBIC Ha 2, TO ¥ CyMMa y Hac paBHa 2K. 3HAYUT CyMMY K MBI JJOJKHBI
yMeTh HaOUpaTh B ciay4ae N-1, moaromy k>=f(n-1). [Monygyaem



f(n)>=m>=3"n+2f(n-1)-1, MbI BerauTacM 1 T K MBI IOCYUTAIA MUHUMAIbHYIO
HCUYCTHYIO CYMMY, & €CTh €III¢ YeTHBIC CYMMBI.

Mpsl nosmy4aeM pekypcuBHyo Gopmyiry ms f(n):

f(n)=3"n+2f(n-1)-1. MsI MOxeM TOJIYYUThH JIFOOOE YEeTHOE OOJIBIIE OO0 paBHOES
2f(n-1) mo3TOMY C YETHBIMH YUCIIAMH TTPOOJIEM TakKe He OyJIeT.



