Oaumnuaga mkoapbHukoB CII6I'Y mo maremaTtuke.

BakJsrounTtenbHbrii atan. 2020/2021 yuyebusiii rox. 10 — 11 kJaccsl.

Harypasibabie ancita or 1 1o 2021 3anmcanbl B psiJi B HEKOTOPOM 1opsike. OKa3aoch, 9To y JIIo00ro
YHCJIa €ro JIEBBIH U ero MpaBblii cOCeT UMEIOT Pa3HYI0 YeTHOCTh. Kakoe Iuc/io MOXKeT ObITh Ha TIEPBOM

mecre?

IIpu a,b,c > 0 HaiijuTe MaKCHMAIbHOE 3HAYCHHUE BHIPAZKEHNUSI
_ a4+ b+
~ (a+b+c)3 — 26abc’

OKpy?KHOCTH W1 ¥ Wy TIEPECEKAIOTCSI B TOUKaxX A n B, a OKPYKHOCTD ¢ IIeHTPOM B Touke () 0XBaTHIBAET
OKPY?KHOCTH Wi U Wsy, Kacasch uX B Toukax C' u D coorBercrBenHo. Okazasoch, aro Toukun A, C' n

D nexar na oauoit npsamoit. Haiture yron ABO.

[lerst Hammca Ha JOCKe MOJAPS/L N JIBY3HAYHBIX BOCBMEPUUHBIX duces (n > 2), obpasyomux apud-
MEeTHYEeCKYyIO IPOI'PECCHIO ¢ pas3HoCcThbio —8&. Baca momymasi, 9To 3TO BOCBMEPHYHAs 3alliCh HaTYy-
PaJIBHOTO YUCIA X, W PA3JIOKWI & Ha MpocTble MHOKHUTE . OKa3a/10Ch, 9TO WX BCErO JIBA, U OHU

Pa3/IMdatoTCd Ha 6. Yro mammcano Ha ,ZLOCKG?

B crpane Jlumonnu B oOpallleHUU KCIIOIb3YIOTCS MOHETHI JOCTOMHCTBOM 3n — 1, 6n + 1, 6n 4+ 4 n
6n + 7 macTpoB, IJe n — HaTypaJjbHoe uucio. ZKurenb cTpaHbl 3aies B OaHK, He UMes Ipu cede

HaJIMIHBIX JeHer. Kakyto HanboIbIyI0 CyMMy eMy He CMOT'YT BbIIATh B OaHKe?
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1) MycTb 1 4ncno, aTo Yncao a, Toraa 3 YNCNO APYron YETHOCTM OT a,

5 — TaKoM e yeTHOCTU U TakK aanee, 2021 yncno Takomn xe
4YeTHOCTU. Mbl MOXeMm TaK roBOPUTb, MOTOMY 4YTO YMC/la, HOMepa
KOTOPbIX OTANYAIOTCA Ha 2, Pa3HOM YETHOCTM, TaK Kak 3T yncna —
coceAin Kakoro-to ymcna. Toraa ceyac ymcen yetHoctn a 506 (1 5
9..), auucen gpyrom yetHoctn 505(3 7 11 ...). Tenepb
PACcCMOTPUM YeTHble MecTa, NyCTb BTOPOE Ymcao —yumcno 6, Torga
4 ynucno Apyrom YeTHOCTM OT 6, 6 — TaKOM XKe, Kak uy 6, 1 TakK
fanee, Toraa aHaNOrMYHO NOay4Yaem, YTo ymcen YyetHoctm 6 -505
LITYK, @ Yncen 4yeTHocTn He 6 — 505 WITYK, TO €CTb UX MOPOBHY.
Toraa uncen 4yeTHOCTM a Ha 1 6onblue, Yem Yncen YeTHOCTU He a,
HaM faHo, YTOo BCe uncna ot 1 o 2021, Toraa B 3TOM NPOMEXKYTKE
HeYyeTHbIX Yncen Ha 1 6onblie, Yem YETHbIX, TOTAA YNCO a-
HeyeTHOe, a 3HauuT, Ha 1 mecTe A0/IKHO BbITb Nt060E HeyeTHoe
4ymcno.

3) MpoBeaem KacaTesibHble K OKPYXHOCTAM B TouKax C n D, Toraa
NyCTb OHW NepeceKkyTcA B Touke P, torga yron ODP =yron OCP
=90 rpaaycos, TaK Kak 6onblasa OKPYHOCTb € LeHTpom B O
KacaeTca MasleHbKUX, @ 3HAYUT LEHTPbl 60/1bLLION 1 MaNeHbKOM
OKPYXHOCTU NeXKaT Ha NepneHANKYAspe K KacaTelbHOM K TOUKe
KacaHusa. Toraa OCPD — BNnMCaHHbIN YeTbIPEXYTONbHUK, TaK KaK
CYMMa NPOTMBOMNOIOXHbIX YranoB paBHa 180 (90+90). AB-
paAnKanbHaa OCb ANA 2 MaJIEeHbKUX OKPYXHOCTEN, TOUKa P nexunt
Ha paAuKa/ibHOM OCU 3TUX OKPYXKHOCTEMN, TaK CTeNeHb TOYKK P ans
KaXkAo0M N3 okpyr*KHocTen paBHbl: PCA2=PD”2, Tak Kak PC=PD, TakK
Kak PC n PD — KacaTenbHble K 60/1bLION OKPYKHOCTU C LueHTpom O
M3 TOYKKM P, noaTOMy TO4YKa P nexxut Ha npamoi AB. MycTb yron
PCO = x, Toraa yron CBA=x, TaK yron mexay KacatesbHoW u
XOpAoW paBeH BMMCAaHHOMY YI/ly ONMPAOLWLLEMYCA Ha 3Ty XOpAY.
Yron PDC=x, noTomy 4to TpeyroabHUK CPD — paBHObGeApeHHbIN U
yrnbl NPy OCHOBAHMK paBHbl. Yron PBD=yron PDC, TaK KaK yron
MeXKAy KacaTe/ibHOW 1 XOpA0oM paBeH BMUCAaHHOMY Yray
onupatowemyca Ha aty xopay. Torga yron CBD =yron CBP + yron
PBD= 2x. OCPD — BNMCaHHbIN YETbIPEXYroNbHUK, Toraa yron COP
=yron PDC=x(onupatotca Ha PC) n yron POD=yron PCD(onupatoTca
Ha PD), Toraa yron COD =2x, Torga yron COD = yron PBD. A
3HaynT, CBOD — BNMCaAHHbIN YETbIPEXYTO/IbHUK, TaK PaBHbI YI/bl,
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onupatoumecs a ogHy un Ty xe ayry. OCPD nerkat Ha oaHOM
OKpY*HOoCTU, 1 CBOD nexxaT Ha 04HOMN OKPYXHOCTU, OKPYKHOCTb
3agaeTca no 3 Toukam, nostomy CPDOB nexaT Ha ogHOM
OKpYy»KHOCTU, Toraa yron PBO = yron PCO ( onupatoTca Ha ayry
PO), oHu paBHbl 90 rpaaycos, Tak Kak yron PCO=90 rpaaycos.
Torga yron ABO=yron PBO =90 rpaaycos.

5) JaBaiTe paccMOTPUM OCTaTKU HaMX AOCTOMHCTB MO MOAYNHO 3H-
1, Torga 3H-1 cpasHumo ¢ 0, 6H+1 cpaBHMMO C 3, 6H+4 cCpaBHUMO
c 6, 6H+7 cpaBHMMO € 9 no moaynto 3H-1. Tenepb AaBanTe Ans
KaX0ro octaTtka no moaynto 3H-1, noCMOTPUM KaKoe
MaKCMMANIbHOE YNCNO C STUM OCTAaTKOM Mbl HE CMOXEM MOJYYUTb.
Yucno 3H-1 He BANAET HA U3MEHeHMe OCTaTKa No moayato 3H-1.
Ham gatoT octatok no moayato 3H-1, Mbl NbITaeMCA NOJYYUTb 3TOT
ocTaTok npubasnasa kK 0 ckonbko-1o 0, 3, 6, 9. Ham Bar*KHO
MMWHNMaAJ/IbHOE KOJIMYECTBO B3ATbIX YMCces, No3ToMy npmnbasnsatb 0
HaMm He Haao. Ecan Ham ganum octaToK No moAayato 3H+1, KOTopbIn
KpaTeH 3, TO Ham NOHaA0bUTCA He Tak MHOTO YNCes, MOTOMY YTO
Mbl MOXeM NPOCTO NPMBaBAATb 9, NOKa MaKCMMaANbHO He
NPNBAN3NUMCA K HYXXHOMY OCTaTKy, a Noc/ieAHMM AeNCTBUEM
npnbaBum 3 6 MM 9, TaK Kak Hall OCTAaTOK AeNNTCA Ha 3, M HalWK
cnaraemble AenAaTtca Ha 3, Hanpumep, oCTaTok 24 byaeT noayyeH
TakK (9+9+6). Echmv Ham ganu oCcTaToK, KOTOPbIN cpaBHUM ¢ 1 no
Mmoaynto 3, To Ham npugetca 6paTb Hawm ocTaTkm 3 6 9 mHoTrO,
TaK KaK Ham Haao byaeT nepenTtn xoTa 6b1 1 pa3 octaTok 3H-1,
4yTObObI TENEPb Hal OCTATOK bbln cpaBHMM ¢ 1 no moagynto 3, a Ao
nepexoaa OH 6b1n1 cpaBHUM ¢ 0 No moay o 3, eCNun e Ham Aanu
OCTaTOK CPaBHMMbIM C 2 MO MOAY/IO 3, TO HAM HYXKHO byaeT XoTs
6bl 2 pa3a nepeckakmBaTtb 3H-1, 4TOObI MONYYUTb OCTATOK
CPaBHUMbIM C 2 MO MOAYAO 3, HY TOrAa O4YeBUAHO, YTO ANA
NOJIy4eHUA OCTAaTKOB, CPAaBHMMBbIX C 2 MO MOAY/I0 3, HY)KHO byaeT
KaK MOXXHO H60o/blue YNCen., Tak KaK HYXKHO KaK MMHMMYM 2 pa3a
nepenTtn 3H-1. Tenepb CKaXKem, 4To ANa nonyvyeHma nrboro
OCTaTKa MUHMMaANbHbIM KOIMYECTBOM YMCEN, HYXKHO BpaTb MHOIO
9 A0 TOro MOMEHTa, Koraa Hall OCTaToK byaeT cpaBHMM Mo
MOAYN0 3 C OCTaTKOM, KOTOPbIN HamM Aa i U MAaKCUMaIbHO
6/1M30K K HEMY, 1 B KOHLLe NPOCTO NpnbaBuTb 3 6 1AM 9 B



3aBMCMMOCTHU OT NpubamxkeHuns. Toraa NOHATHO, YTO OCTATKK,
CpaBHMMbIE C 2 NONYy4aTb A40/blUe BCEro, MpUYem 3TOT OCTATOK
AOMXKEH ObITb Kak MOXHO 6bonbwe. Hanbonblunii ocTaTtoKk nNo
moaynto 3H-1, KoTopbIv cpaBHMM € 2 no moaynto 3 1o 3H-4. [Ana
ero noJsiyyeHua npuaetca xota 6ol 2 pa3a nepeckoynTb 3H-1,
TOraa B utore ¢ nomoulbto 3 6 9 HyXKHO byaeT nony4nTb 2x(3H-
1)+3H-4=9H-6, 4yTOObI 38 MMHMMANbHOE YNCNO OCTaTKOB 3 6 9
NONY4YnUTb 9H-6, HYXKHO H-1 pa3 B3ATb OCTAaTOK 9, 1 1 pa3 B3ATb
OCTaTOK 3, Toraa Nony4ymMm Yncno (H-1)x(6H+7)+6H+1=6H"2+7H-6,
npuyem 3TO YUCNO Mbl NONYUYUTb CMOMKEM, @ BOT YNCNO Ha 3H-1
MeHbLUEe Mbl MOJYYUTb YXKe HE CMOXKeM, TO eCTb YNCNO0 6HA2+4H-5
Mbl HE CMOXeMm nonyuntb. OHo byaeTt Hanbonblem M3 BCex
HEMNONYYEHHbIX YMNCEN, TaK KaK Mbl PAaCCMOTPENN BCEBO3MOKHblE
OCTaTKM No moAaynto 3H-1, Ana BCcex OCTaTKOB A0Ka3a/u, 4YTo
MWUHUMANIbHOE YMNCNO0, NoNYyYeHHOe C nomowbio 369,
MaKCMMaJIbHO Npu ocTaTke 3H-4. Toraa Bo BCeX OCTa/IbHbIX
CNy4anx 3TO MMHUMaA/IbHOE YNC0 ByaeT MeHbLUe Hallero,
npuyem nycTb AaHO YNCNO I CPaBHUMOE C K NO moaynto 3H-1, Mmbl
bepem MMHUMANbHOE YNC/I0 M, KOTOPOE CPAaBHMMO C K MO
moaynto 3H-1, nonyyeHHoe octaTkamu 3 6 9, n 3aTtem bepem
ymucno m n npubasnaem K Hemy 3H-1 A0 Tex Nop, NOKa He
NONYYMM YNCAO T.

OTtBeT: 6HM2+4H-5

Ha BcsikMIA cayyal elle pa3 NOBTOPHO OLEHKY.

Ana KaXXaoro octatka X Nno moaynto 3H-1, 4 HaxoXKy
MWHUMaNbHOE YUCNO M CPpaBHUMOE C X N0 moaynto 3H-1, KoTopoe
MOHO MOAYYUTb CYMMOMN 6H+1 6H+4 6H+7, HY UK B TEPMUHAX
ocTaTKoB no moaynto 3H-1: 36 9. Toraa Bce unucna y, bonbwive m u
CpaBHUMbIE C X N0 moAaynto 3H-1 A cMmory NnoayyYmTh: A npocTo byay
NpnbaBaaTb K M 3H-1 A0 Tex Nop, NOKa He MOoAy4y Y, A MOTy TaK
AenaTtb, TaK KaK Y CPAaBHUMO C M No moaynto 3H-1.

Tenepb Hac nHTepecyeT camoe 60/1blLOe YNC0, KOTOPOE Hesb3A
NOJIY4YUTb CYMMOM KaKUX-TO AOCTOUHCTB. TOYHEE HAac UHTepecyeT
TAKOM OCTATOK I No moaynto 3H-1, 4To ANA ero Noay4YeHus
noTpebyeTcA MHOro cnaraembix n3 cnmcka 3 6 9. Ytobbl
MWUHUMU3UPOBATb KOJMNYECTBO C/AaraemMblX, HYXKHO
MaKCMMM3NPOBATb CaMU Cnaraemble, NO3TOMY ANA NOJyYEeHUA



ocTaTKa I A byay 6paTb MHOro ocTaTkoB 9, A0 Tex Nop, NOKa He
NOJIy4y OCTATOK P, CPAaBHUMbIM C T MO MOAYIO 3, U MAaKCMMANbHO
6/1M3KMIM K HEMY, @ 3aTEM NPOCTO BO3bMY OCTATOK 3 Uan 6 nnm 9 B
3aBMCMMOCTM OT Pa3HOCTU MOEro npmbanKeHna 9 n camoro
yucna. Torga NOHATHO, YTO A1A OCTATKOB, CPAaBHUMbIX C 2 NO
Mmoaynto 3 Hy*KHO byaeTt 6osblue BCEro cnaraemblx, Tak MOU
cnaraemble genAatca Ha 3, npu nepexoge yepes 3H-1 moa u3
CYMMbI MOUX CNaraemblix BblumMTaeTca 3H-1, B TEpMMHAX OCTaTKOB
No MOAY/H0 3 Bbl4MTAETCA OCTAaTOK 2, TOrAa NoJsiydaem OCTaTok 1
no moAyAt 3, Noc/e ewe 0AHOro nepeckoka Yyepes 3H-1 mbl yxKe
NoJlydaemM HYXKHbIM Ham OCTaToK 2 no moayato 3. Noatomy ana
OCTaTKOB, CPAaBHMUMbIX C 2 MO MOAYO 3, HY*KHO, YTO CYMMa HaLIuUX
OCTaTKOB 3 6 9 Kak MUHUMYM bbina 2*(3H-1). OcTanbHble
paccyXaeHua A o6 bACHUA paHbLUe.

2) OtBert: 3
A=3 pocturaetca npu a=b6=c, Toraa B nonyymm 3a*3/a’*3=3
JoKaxem, noyemy A<=3, xouy A0OKa3aTb, YTO:
(a”3+b”3+c”3)/((a+b+c)*3-26abc)<=3
(a*3+b”3+c”3)<=((a+b+c)*3-26abc)*3
a’3+b”"3+cr3<=3*(aNr3+b"3+cM3+3*(aN2b+ar2c+bM2a+b 2c+cM2a
+c"2b)-20abc)
a’3+b”"3+cr3+60abc<=3a”3+3b"3+3cA3+9*(ar2b+ar2c+b 2a+bA
2c+cM2a+cM2b)
60abc<=2a"3+2b"3+2c*3+9*(a2b+b"2c+c”2a)+9*(cr2b+b”2a+a
A2c)
Mbl 3HaeMm, YTo:
a’3+b"3+c"3>=3abc (HepaBeHCTBO O cpeAHUX MeXKAay CpeaHUM-
reOMEeTPUYECKUM U CpeaHUM-apUPMETUYECKUM)
a’2b+b”2c+c”2a>=3abc (HepaBEHCTBO O CPeAHUX MEXKAY
CpeaHUM-TEOMETPUYECKMM N CpeaHUM-apUPMETUYECKUM)
cA2b+b”2a+a”2c>=3abc (HepaBEHCTBO O CPeAHUX MEXKAY
CpeaHUM-TEOMETPUYECKUM N CpeaHUM-apUPMETUYECKUM)
TOrAa, NCNo/ib3yA 3TU 3 BbiPaXKeHMUS, Mbl NOYYUM, YTO:
2a*3+2b”3+2cM3+9*(a”2b+b”2c+cM2a)+9* (c2b+b”r2a+at2c)>=6a
bc+27abc+27abc
TO eCcTb



2a*3+2b”3+2c*3+9*(a”2b+b”2c+cM2a)+9* (cM2b+b”2a+a”2¢)>=60
abc

MMmeHHO 3TO A 1 xoTen gokasatb, UT/.

3HauuT A<=3



