Oaumnuaga mkoapbHukoB CII6I'Y mo maremaTtuke.

BakJsrounTtenbHbrii atan. 2020/2021 yuyebusiii rox. 10 — 11 kJaccsl.

Mozkno Jin B Tabsmuie 25 X 41 paccTaBUTh pa3/jddHbIE Ie/Ible YUCIa TaK, 9TOObI 9HC/a, CTOSIINE B

KJIETKAX, UMEOIINX OOIIYI0 CTOPOHY, OTJINYAINCh He Oojee dem Ha 167

IIpu a, b, c > 0 HaiiguTe MaKCHMAILHOE 3HAYCHUE BbIPAYKCHUS

_aP(b+ce)+ 0¥ (c+a)+P(a+D)
 (a+b+c)t =179 (abe)V/3

OKpyKHOCTH W1 U Wy ¢ HeHTpaMu O u Oy COOTBETCTBEHHO Iepecekaiorcs: B Touke B. [Ipomomkenne
orpeska Oy B 3a TouKy B mnepecekaeT OKpPY>KHOCTh wi B To4uKe K, a npojosnKenne orpeska OB 3a
TOUKY B mepecekaeT OKpyKHOCTL ws B Touke L. [Ipsimast, mpoxojsdinas yepe3 TOUKy B napaJsiie/ibHO
K L, BropudHO 1iepecekaeT OKPY:KHOCTH wy 1 we B Toukax A u C' coorBercrBenno. Jlyun AK u C'L

nepecekaroTcs B Touke N. Haiinure yrosr mex iy npambivu O1N u OsB.

B daitne 3ammcano mojpsi 2023 aBy3HAYHBIX TATEPUIHBIX THCEN, TPUUEM YHUC/Ia Ha HEYETHBIX I10-
SUIUAX PaBHBI U Ha 1 60,)'[le€ quceJl Ha Y€THBIX ITO3UIIMNAX. KOMHBIOTep CHHUTaJI JaHHbIEC U3 (bafma
KaK OJIHO ISTEPUIHOE YUCIO0 U PA3JIOKUI ero Ha IpocTble MHOKATEIN. OKa3a/10Ch, YTO TAKUX MHO-

JKUTeJIell POBHO JIBa M OHM pasymdaiorcs Ha 2. Morio jim Takoe ObITh?

B crpane JInMonun B 06paIeHni HCIOIL3yIOTCS MOHETHI JJOCTOMHCTBOM 37, 37 1.4, 3n72.42 3n=3.43
..., 34" 4" mmacTpos, rie n — HaTypaiabHoe uucio. ZKuTesb cTpaHbl 3ames B GaHK, He nMest

1pu cebe HaJUYIHBIX JieHer. Kakyio HauboIbIIy0 CyMMy eMy He CMOTYT BbIJIATh B OankKe?



1 2 3 4 3 Cymma
3agaua 1.
20 10 10 0 20 60

JomycTuM, 4TO TaKasi pACCTAHOBKA YHCeJI CYylleCTBYeT.

Bbynem o6o3nayath (8, b) kBagpatuk B Tabmuie 25x41 Takoi, 4To OH UAET a-M I10
cuéTy B CBOCH CTpOKe (CuMTas ciieBa HarpaBo) u D-M 1o c4€Ty B CBOEM CTOJIOIE
(cuuTasi CHU3y BBEPX).

ByneM Ha3bpIBaTh pacCTOSIHUEM MEXKIy KBaapaTukaMu (a, b) u (¢, d) MuHHMAIBHYIO
JUIMHY TTOCJIeIOBATEILHOCTH (J1aiee OyeM Ha3bIBaTh 3TY IMOCIICIOBATCIIEHOCTD
MUHUMAJIHOM JUTMHBI TyTEM) M3 KJICTOK, HauMHaromekcs (a, D) n 3akaHunBaromeics
(c, d) Tako¥, 4TO KaXcaas CICAYyroIIas KJICTKa B MOCIICI0BATSIIPHOCTH HMEET OOIITY IO
CTOPOHY C NPEABbIAYIICH.

Jnuna nytu mexay (@, b) u (¢, d) paBua |a—c| + |[b - d| + 1. JlelicTBUTEIBHO, €CIIH MBI
nporaEM IoCIeq0BaTEeIFHO 110 BCceM KieTKaM myTH u3 (@, b) B (C, d), To MBI JOKHBI
OyzeM XoTs OBl |a - C| pa3 mepelTH B KJIETKY, COCEIHIOI0 110 TOPH30HTAIN (MHAYE MBI
He nomnaaéM B C-i ciieBa crosber), u |b - d| pa3 — B coceiHIO0 MO BEPTHKAIN KICTKY
(uHa4e He nomaaéM B 0-10 cTpoky cHU3y). OYeBHIHO, YTO €CIIM MBI POBHO |a - C| pa3
IEPEILIN B KJICTKY, COCEIHION0 110 TOPU30HTAIM, K poBHO |b - d| pa3 — B cocenHIO0 110
BEPTHKAJIM KJIETKY, TO MbI monanu u3 (a, b) B (¢, d).

3aMeTuM TOIJIa, YTO YKcia B KiieTkax (a, b) u (c, d) paznuuarorcs He OoJiee, 4eM Ha
16(Ja - c| + |b - d|), pa3 B cocenHux KJI€TKax 4Kciia OTIIMYAIOTCS He OoJee, ueM Ha 16.

PaccMOTpuM MUHMMAaIbHOE M MAKCUMAJIbHOE YHUCIA, cTosAME B Tabauue. [1ockonbKy
B Tabnuie ctosT 25 * 41 = 1025 paznuyHbIX HEIbIX YUCET, Pa3HOCTh MEXITY

HaMCHBITUM U HanOoJbmuM He MeHee 1024. [lycTh HanMeHbIlee CTOUT B KIIEeTKe (8,
b), HanGomwmree — B (C, d); Torma 16(Ja-c| +|b - d|) >= 1024 u |a - c| + |b - d| >= 64.

3aMeTHM, YTO TOT/Ia HaUMEHBIIIee U HauOOJIbIIIEE YUCIIO HE CTOSIT B OJTHOM BEPTHKAIIH
WJIH TOPU30HTAIH (MHAYe |a - C| + |b - d| < 64). IToaromy myTh Mexmy (a, b) u (c, d)
MOJKHO TIOCTPOHUTH XOTs OBl ABYMS CIIOCOOAMHU — MOKHO IPOMTH CHavaja [a - C|
KJICTOK TIOJIPSIJ 0 TOPU3OHTANH, a TOTOM |D - d| KJIeTOK MoApsT 10 BEPTHUKAIIH, a
MOKHO Ha000poT — cHavaa |b - d| kineTok mo BepTuKasu, a moToMm |a - C| KIETOK 110
ropusoHTany. [IoHATHO, YTO 3TH JBa MyTH OyAyT pa3IHUHbEL. PaccMoTpuM BTOpBIE TIO
CUéTy KJICTKHU B IyTAX (TO ecTh coceqauue ¢ (a, b)). [lorstHO, 4TO M1 XOTS OBI OJTHOIA
U3 3TUX JIBYX KJIETOK BEPHO, YTO Pa3HOCTh YHUCJIa, HAXOAIIEIOCS B HEH M YHCIIa,
Haxogmerocs B (4, b), He 6oyee 15 (Tak kak B TaOIUIIE YKCIA PA3TUIHBI).
PaccMoTpuM Takyro KIETKY U IIyTh, TPOXOMALINN Ye€pe3 ATy KIETKY. Toraa uucia B
(a, b) u (c, d) pasnuyarorcs He Oogee, uem Ha 15 + 16(jJa-c|+|b-d|) =16(ja-c|+|b -
d| - 1. (pa3 B Apyrux coceHMX KJIETKAaX MyTH YKCjIa OTIMYA0TCS He Ooiee, yeM Ha

16)


moonstyle
Штамп


[Tpu 3TOM, MO-TIPEKHEMY JOJIKHO OBITH BepHO, uto 16(|a- c| + [b - d|) - 1 >= 1024

|a-c|+|b-d|>=1025/16 > 64. ITosTtomy |a - ¢| + |b - d| >= 65. To ecThb paccTosiHUE
MEXKIy HauOOJIbIINM 1 HAMMEHBIITUM YUCJIOM XOTs Ol [a - C| + |b - d| + 1 >= 66.

O4eBUHO, UTO HAUOOJIBIIIEE PACCTOSIHUE MEXKTY KJIETKaMU B Ta0JIULE — 3TO
PaCCTOSIHUE MEXKY YTJIOBBIMU KJIETKAMH C Pa3HBIMU KOOPJAWHATAMH; OHO PaBHO 24 +
40 + 1 = 65. IIpoTuBOpeUHne, MOCKOJIBKY MbI HAIILIUA APy KIETOK C OOJIBIIUM
PaCCTOSTHUEM.

3agaua 2.
CAX +atz* by * e x +atz * b x * ¢y

T(3, 1, 0) <=T(4, 0, 0) mo HepaBeHCTBY Mropxena, moaromy bat3 + ca™3 + ab”3 +
cb”3 + ac"3 + bc"3 <= 2a™4 + 2bM4 + 2cM4

(b + c)a3 + (a + c)b”"3 + (a + b)c"3 <= 2a™M + 2b™M + 2¢cM

To ecthb uncnuTeas He MpeBocxoauT 2(a4 + b + cM).

Jist JHOGHIX X, Y, Z BEpHO (1)

Packpoem ckoOku: X2 + y"2 + z"2 >= 1/3(x"2 + y"2 + z"2) + 2/3(xy + yz + Xz)
2[3(x"2 + y"2 + 2"2) — 2/3(xy + yz + xz) >=0

2(x"2 + y"2 + 727"2) - 2(xy +yz + x2) >=0

Yro BepHO 1o HepaBeHCTBY Mropxena: T(2, 0, 0) >=T(1, 1, 0)

[ToaTomy mo HepaBeHcTBy (1) a2 + b"2 + ¢"2>=1/3(a+ b + )2

N 1/3(a"2 + b"2 + c"2)"2 <= (a™4 + b4 + cM4)

[Toatomy (a4 + b + c™M) >= 1/3(a™2 + b2 + c"2)"2 >=1/27 (a + b + c)"4, kak
BBIITMCAHO BBIIIIC.

(a+ b+ c)M — (@M + b™M + cM) = 1/2T(4, 0, 0) + 4T(3, 1, 0) + 3T(2, 2, 0) + 6T(2, 1,
1)~ % T(4,0,0)=4T(3, 1,0) + 3T(2, 2, 0) + 6T(2, 1, 1)

(Tak kak pu X +y +Z =4, X >y >z T(X, Y, Z) Bcrpeuaercs CJC;_ pas,
T(X, Y, Y) BcTpeuaercs % CyCy_, pas).

T(X, Y, z) >=6(xyz)(4/3) npu X +y + z = 4. J|eliCTBUTEIBHO, 10 HEPABECHCTBY O
CpCaHUX

TX,y,2)/6=@Xx*bry*crz+a™x*brz*chy+aty *bAx*chz+ally * bz *
CAX +az * by * X + anz * b * cMy)/6 >= ((abc)™M2x + 2y + 2z})M1/6}=




= (abc)(4/3)

Tostomy 4T(3, 1, 0) + 3T(2, 2, 0) + 6T(2, 1, 1) >= (4 + 3 + 6)* 6 * (abc)™(4/3) =
78(abc)™(4/3)

(@+b+c)™M—-79(abc)M4/3) =(@™M +bM +cM) + ((a+b+c)™M - (a™ + bM + cM)
— 79(abc)™(4/3)) >= a™ + b + ¢ + (78(abc)N(4/3) — 79(abc)N(4/3)) = a4 + b +
cM —abc™N4/3) = 2/3(a™4 + bM + cM4) + (1/3(a™4 + b + c™M) — abe™N4/3)) >=

>=2/3(@™ + b + cM), Tak kak 1/3(a™4 + bM + ¢cM4) >= abc™(4/3) o HepaBeHCTBY
0 cpeHeM apu(METHICCKOM U CPETHUM T'eOMETPUICCKUM.

3HauuT, pa3 YUCIUTENb He Ooee 2(a4 + b + ¢™N), a 3HameHaTenb xots Obl 2/3(aN
+bM +cM), To A<=2/(2/3)=3. A=3, ectu a =b =c =1 (roraa yucnurensb paBeH
6, a 3HAMEeHaTeb 2).

OtBerT: 3.

3agaua 3
(3mecw u manee 6ynem obo3nauarh yros XYZ kak \XYZ)

O1K = 01B, O2L = O2B, nostomy

\O1KB =\01BK =\02BL =\O2LB (ucmonp30Baiu TaK)Ke BEPTUKAIBHOCTD YIJIOB)
3HauuT, o cymMmaM yrioB TpeyroiasaukoB O1KB, O2LB, \KO1B =\LO2B.

I[To Teopeme o BrmcannoMm yrie \KAB = 15 \KO1B = 1/2\L0O2B =\BCL

3naunt, tpeyronsauk NAC PABHOBEIPEHHBIN (YTJIBI ITIPU OCHOBAHUU
AC PABHDEI).

O603naunm \KAB =2 \KO1B = 1/2 \LO2B = \BCL = x. Torna pa3 \O1KB =\0O1BK
=\02BL =\02LB, no cymmam yriaos O1KB, O2LB (pa3 \KO1B =\L0O2B = 2x),

\O1KB =\01BK =\02BL =\02LB =90 - x.
Pa3 (KL) [| (AC), To \NKL =\NLK = x u NKL paBHOOeIpeHHBII TOXKE.

[TosTromy NK = NL m NA = NC. 3raunt, NA * NK = NC * NL u N mexur Ha
paIUKaIbHOM OCH JIByX OKPYX)HOCTEH 13 yciaoBus. To ecth N JISKUT HA OpsIMOW,
COCIMHSIONICH TOYKH TiepeceueHus okpykHocTel. 3uaquut, (BN) u (0102)
NEePHEHINKYIISPHBI.

Kpome Toro, 3ameTtum, uro pa3 \O1KO2 = \O1KB =\02LB = \01L02,

To Touku O1, 02, K, L nexaTt Ha 0gHON OKPYKHOCTH.



Oo6o3naunm \LKB =y. Torma \NKB =x +yu
\0201B =\0201L =\LKO2 = \LKB =y 1o Teopeme 0 BIIHCAHHOM yTJI€.

O6o03naunM M Touky nepecedenust npssmMbix BN 1 O102. Torma \OLIMN = 90 (kak
OBLIO CKa3aHO BhIIIE), MO TeopeMe o BHerHeM yriie \O1BN =90 + .

[Tockonbky \O1BK =90 — X, To \KBN = (90 +y) — (90 - X) = x + .

T. E.\NKB =\NBK u NBK — pasuno6enpennsiii, NB = NK. Ho O1B = O1K, 3Hauwur,
O1 u N nexar Ha cepenuaHoM neprneHaukyJsape k BK. To ecte O1N
neprenaukyssipao BK. 3nauut, O1N nepnenaukynsipao O2B.

Otser: 90 rpaaycos.
3amaua S.
OtBet: 2 * 4"Nn + 1) — 3™(n + 2).

JlokaxkeM 110 uHAyKIuH. O003HaYuM a_N HaHOOJIBIIYIO CYMMY, KOTOPYIO
HEBO3MOJKHO pa3MEHsATh TakuMU MoHeTamu: 3N, 3Mn- 1) *4, ..., 3*4(n - 1), 4"'n.

bazan=1
Torna y Hac ecTh TOJILKO MOHETHI 110 3 U 4 muacTpa.

cymmy Buaa 6 + 3K, rie K — 1iesioe HeoTpunaTenbHOE, BCera MOXHO Pa3MEHSTh
MOHETaMH 1O 3 muacTpa

Cymmy Bugna 7 + 3K, rioe K — riesioe HeoTpHIiaTeabHOe, BCET/1a MOKHO Pa3MEHSTh
MOHETaMH 3 muacTpa 1 MOHETOM 4 mracTpa

Cymmy Buaa 8 + 3K, rie K — 1iei1oe HeoTpuIiateapHOE, BCET1a MOKHO pa3MEHSTh
MOHETaMH 10 3 TMacTpa U 2 MOHETaMu 1o 4 muacTtpa

2 * 472 — 3”3 = 5 muacTpoB pa3MEHATh HENb34; 5 — 4 = 1 — Heb3s pa3MEeHATh, D — 3 =
2 (TOXE HEJbs).

ITepexog (ornhkn+1)

HYCTB HCKOTOPYIO MOHCTY X MBI KaK-TO PasMCHAIIN:
Bemomueno X =¢ {n+1}*3*n+1)+cn*3™M*4+...+c 0*4n+1)

3ameruM TorAa, 4To C_{N + 1} MOXKXHO CUMTATH MEHBIINM YeTHIPEX. JlelicTBUTENBHO,
BEb MBI MOXKeM BbraecTh U3 C_{N + 1} uncno 4K mas HekoToporo HaTypanbHOTO K, 1

npuOaBuTh K C_N urcio 3K. Torma cymma He IOMEHSIETCS, TaK Kak €€ N3MCHEHHUE
paBHO -4k *3Mn+1) +3k*3™ +4 =-4k*3"n+ 1) + 4k *3Mn + 1) = 0.

JlokaxkeM, uTo m00yr0 cymmy Y > 4a n + 3™n + 2} M0oKXHO pa3MEHATh MOHETaAMU
3Mn+1}, 3 *4,...,3*4™, 4Mn + 1}.



3ameTrM, uyTo XOTs ObI oqHO M3 uncen y,y —3Mn+ 1}, y—2*{3n + 1}, y—3*3{n +
1} nemutcs Ha 4. ITycth 310 uncio S. Torga s/ 4 > a_n. Pasmensiem S MoHeTamu 3N,
3MNn-1)*4,...,3*4"n - 1), 4™n o npeanoIOKCHUIO HHAYKIUU:

Us=b {n}*3™"+b {n-1}*3{n-1}*4+...+b 0*4™n
JlomHOX 1M Ha 4:

Tormay=4s+b {n+1}*3"n+1}=b {n+1}*3*n+1)+b n*3™n*4+ .. +
b 0*47Mn +1)

To ecTb cymMMy Y TOXE MOKHO Pa3MEHSTh.

Cymmy 4a n+3*3Mn+ 1} =4a n+ 3™n + 2} pasmenars Henb3st MoHeTaMu 3N
+1}, 3 *4, ..., 3*4"n, 4n + 1}.

[Tpenmonoxum nporuBHoe. Toraa Bo3eMéM X = 4a_n + 3™n + 2}.
x=c{n+1}*3"n+1)+cn*3*n*4+...+c 0*47n+1)
Torna (kak yxe ObLIO CKa3aHO) MOXxeM cuutaTh C_{n + 1} <= 3.

B cymme Bce cimaraemeie, kpome C_{n + 1} * 3*(n + 1) nensarcs Ha 4. [Ipu aTOM, X
cpaBauMo ¢ 3Mn + 2} mo moayiio 4 (1. .k X =4a_n + 3Mn + 2}).

3nauut, ¢_{n + 1} * 3™{n + 1} cpaBuumo ¢ 3*{n + 2} no moxymio 4. T. E.
c {n+1}=3.

[Mostomy 4a n=x-3n+2}=x-3*3Yn+1}=cn*3™"n*4+ ... +c 1*3*4
"Mm+c 0*4™Mn+1}

an=cn*3n+..+c1*3*4Mn-1}+c 0*4"™n
TO €CTh &_N MOXHO pa3MeHsITh MoHeTamu 3N, 3™M(n-1) *4, ..., 3*4"Nn - 1), 4"n

npotuBopeune. 3HaunT, a_{N+ 1} =4a n+3n+ 2} =4(2*4™n + 1) —3*n + 2))
+3Mn+2}=2*4"n+3}-3"n+ 3}

orBeT: 2 *4Mn + 1) —3™Nn + 2)

3axaua 4.

[TycTh Halle 4rcIIo 3alMCchIBAaeTCs B MATEPUIHON cucTeMe kak abcdabed...abcdab
Hainéwm ero B JeCATUUHON CUCTEME CUUCIICHHUS.

CyMMa I10 BceM paspsigam ¢ Homepamu Buaa 4K + 1 u 4k + 2 paBHa (HyMmepyeMm clieBa
HaIpaBo, HAYMHAs C HYJIEBOTO)

(@+5b) + (a + 5b) * 5/ + (a + Sb)"8 + ... + (a+ 5b) * 5/4044 =
= (a + 5b) * (574048 - 1) / (54 - 1)



CyMMa 110 OCTaJIbHBIM pa3psiiam

(¢ + 5d)*5°2 + (c + 5d) * 576 + ... (¢ + 5d)* 574042 = (c + 5d) * 572 * (574044 -
1)/(5™4 - 1) = (a + 5b — 1) * 572 * (54044 - 1)/(5™4 - 1)

Cnoxum, osryuum P2 + 2p mis HekoToporo npoctoro p. T.e. (p + 1)2 — 1.



