Oaumnuaga mkoapbHukoB CII6I'Y mo maremaTtuke.

BakJsrounTtenbHbrii atan. 2020/2021 yuyebusiii rox. 10 — 11 kJaccsl.

[Ipu KaKux HaTYypaJbHBIX N KJIETYATYIO JIOCKY 1 X M MOXKHO pa3pe3aTh Ha MPAMOYTOJbHUKH 1 X 1 1

2 X 3 TaK, UTO MPsIMOYTOJIbLHUKOB Pa3HBIX PazMepoB Oy/eT mopoBHY?

[TomoxKuTeIbHEIE YuCIa a, b, ¢ TakoBbl, uTo a’b + b%c + c?a = 3. Haiinure MuHUMaIbHOE 3HAYCHHE

BbIPa2KCHUN A

\/CLG + b4 cb \/bG + cab \/CG + a’bb
=t

A

Bokpyr ocrpoyrosbroro rpeyronbanka ABC onncana OKpy:KHOCTh. Touka K — cepeaumHa MeHbIIIe
nyru AC 9Toiit OKpyzKHOCTH, a TouKa L — cepemuna Menbineir pyru AK sroit okpyzxuocTu. OTpesku

BK u AC nepecekaiorcs B Touke P. Haitmure yron mex iy npsmbivu BC' u L P, ecin m3BeCTHO, 9TO
BK = BC.

Ilers mammcaa Ha JOCKe IIOAPAI B y6bIBaIOLL[eM IopAaKe 1 I10CJIe0BaTC/JIbHBIX JBYSHAQYHbBIX YHCEJI,
ocJjie/inee n3 KOTOPLIX HE COHEPZKHUT LII/ICbpy 7. Baca HoayMaJi, 9TO 9TO JeCATUYIHad 3allUChb HaTy-
PaJIbHOI'O YHCJIa T, U Pa3JIOKMWJI T Ha IIPOCTbIEe MHOXKHUTEJIN. OK&S&HOCB, YTO HUX BCEro JIBa W OHU

pasaumuarorcs Ha 4. Uro Hammcano Ha gocke?

B crpane JIumonun B 06paleHni HCHOIL3YIOTCS MOHETHI JJOCTOMHCTBOM 27, 27~ 1.3, 2n=2.32 9n=3.33
.., 2-3""1 3" nmacrpos, rae n — HaTypaJsbHOe uncio. KuTeab cTpaHbl 3ales B 0aHK, He HMes

pu cebe HAJTUIHBIX JieHer. Kakyio HauboIbIIyI0 CyMMY eMy He CMOT'YT BbIJIATh B OaHke?
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3agaua 1

[TycTh Bcero mpssMOyrofibHUKOB 1*1 — X mITyK, Torga 2*3 — Toxe X. Torga obijas romags
KBaZipata n*n paBHa x*(1*1 + 2*3) = 7x. 3HauuT, n*n JeUTCs Ha 7, a TaK KaK 7 — MPOCTOEe UKMCJIO,
N KpaTHo 7.

Torma KBagpaT MOXKHO pa3pe3arhb Ha KBaZipaThl 7*7 (Tak Kak n KpatHO 7). [Tokaxkem, Kak pa3pe3arb
KBaj[paT 7*7 Tak, uTo0Obl B HeM ObLIIO TIOPOBHY TIPSIMOYTO/TBHUKOB 2*3 1 1*1.

1 1 2 2 3 3 3
1 1 2 2 3 3 3
1 1 2 2 4 4 4
11 12 13 14 4 4 4
10 7 7 6 6 5 5
9 7 7 6 6 5 5
8 7 7 6 6 5 5)

Uucna ¢ 1 no 7 — npamoyroysHUku 2*3, ¢ 8 mo 14 — 1*1. Hec/10)XHO NIPOBEPUTH, UTO
TIPSIMOYTO/IBHUKOB 2*3 1 1*1 mopoBHy. Takum 06pa3oM pa3pekeM KaxKZbli KBazipat 7*7, u
C/lejoBaTe/IbHO BeCh KBaJpar N*n. 3HauuT, /11 BCeX N, KpaTHBIX 7, UCKOMOe paspesaHue
CylLL[eCTBYeT.

OrtBert: 11pu BCex N, KPaTHbIX 7.

3ajgaua 2

[ycTs a’b = x, b’c =y, c’a = z, abc = P. 3HauuT, X + y + z = 3 1o yc/ioBui. Torga BOCIONb3yeMcst
HEPaBeHCTBOM MEXXY CPeJHUM apu(MeTHUeCKUM U CPeJHUM reOMeTPUYE CKUM:

(x+y+z) /3 >= (xyz)"?. Torga 1 >= P =>P <=1, Py = 1.

Ternepsb MOCMOTPYM Ha Hallle BLIPAKEHME.

sqrt(n® + m?) >= sqrt(2m*n) /19 BCeX TOIOKUTEIbHBIX M, N, TaK KaK eC/IM BO3BECTU 00e 4acTu B
KBaZIpaT U pas/le/IuTh UX Ha 2, O/lyYdM HepaBeHCTBO MEXKAY CPeJHUM apu(MeTHUeCKUM U
cpegHUM reomeTpryeckum ((n® + m?)/2 >= sqrt(m®*n®) = m*n).

[MogcraBum n = a°, m = b’c’. Torpga sqrt(a® + b*c®) >= sqrt(2a® * b*c®) = sqrt(2)* a* * b’c’, => Bca
neBasi po0b Halllero BeIpakeHus >= sqrt(2)* a® * b’c®/ b = sqrt(2)* a® * bc®. Ananornuso jis
OCTa/bHBIX Apobeii. 3HauuT, Hallle BeIpakeHue A >= sqrt(2)*(a’bc®+ ab’c® + a’b’c) =
sqrt(2)*P*(a’c’+ b’c? + a’b?).

CHOBa BOCIIO/Ib3yeMCsl HePABeHCTBOM MEXKAY CPeJHUM apu(MeTUUeCKUM U CPeJHUM
reoMeTpUUe CKHM:

(@’c?+ b’c? + a’h?)/3 >= (a’c** b*® * a’h?)*=P?3, => (a’c®+ b*c® + a’b?) >= 3*P**, 3ngauur, A
>= sqrt(2)*P*(a’c®*+ b’c* + a’b®) >= sqrt(2)*P*3* P?°, Ho P >= 1, => A >= sqrt(2)*3*1*1 =
3*sqrt(2), => Amin = 3*sqrt(2).

OtBet: Anin = 3*sqrt(2).

3agaua 3

ITycte yron ABL = X, BKC =Y. Tak kak L. — cepeguna ayru AK, yrisl ABL 1 LBK paBHbl X.
Torma yron ABK = 2X. K — cepeaguna AC, => ananoruyto yron ABK = KBC, => yron KBC =
2X. Tak kak BK = BC, yron BCK =Y, =>Y +Y + 2X =180, => X + Y = 90 (43 CyMMBI YIJIOB
TpeyronbHrka BKC).

N3 BrimcanHoctH vetbipexyroibHuka BAKC cnenyert, uro yron BAC = BKC =Y. Torga yron BPC
=180 — 2X -Y =Y, => yron BAP = BPA, => BA = BP.

Yron BPA = KPC =Y kak Beptukanbhblii, yron PKC =Y, => yron CPK = CKP =Y, => CP = CK.


moonstyle
Штамп


BR — 6uccekrpuca tpeyrombHruka ABP (R — nepeceuenrie AC u BL). Tak kak TpeyrosisHUK ABP
paBHOOeZpeHHBIH, BR ellle ¥ Me[uaHa ¥ BbICOTA 3TOTO TPEYTOJIbHUKA. 3HAYUT, TOUKH A 1 P
CUMMeTPHUYHbI OTHOCUTeJBLHO npsiMmout BL, => Tpeyronbauku BAL = BPL, => yron BLA = BLP. U3
BIMCAaHHOCTU ueTbipexyronbHuka BALK cnenyert, uto yron BLA = BKA. Haiinem yron BKA u3
TpeyrojsHUka BKA.

Yron ABK = 2X, yron BAK = BAC + CAK = CAK + Y. 13 BriucanHocty BAKC cengyert, yto
yron CAK = CBK = 2X, => yron BAK =Y + 2X, => yron BKA =180 - 2X - (Y + 2X) =180 - 3X -
(X+Y). Ho X +Y =90 (moka3aHno BbIie), => yron BKA = 180 - 3X - 90 = 90 - 3X. 3Hauur, u yroa
BLP =BLA = BKA =90 - 3X.

[Tyctb N — Touka nepeceuenusi BC u LP. Torga yron LNB (uckomsiii) = 180 - BLP — LBC. Ho
yrosn LBC = KBC + LBK = 2X + X = 3X, a yron BLP =90 - 3X, => yron LNB = 180 — (90-3X)-
3X =90.

OT1Bet: yron mexay rpssMbiMu BC u LP pasen 90 rpazgycos.

3agaua 4

Ec/mm ofuH U3 MpOCTBIX MHOKUTEIER =5, Torzia BTOpoi — b0 5-4, mubo 5+4, Ho HU 1, HA
9 He SBJISIOTCS MPOCTBLIMU. 3HAUUT, OJJUH U3 MHOXKUTE/IEH He MOXKeT ObITh paBeH 5.

3HauuT, 06a MPOCTBIX MHOKUTE/ISI He 3aKaHUMBAIOTCS Ha 5 (MHaue oHU MO0 =5, uero He
MOXXeT ObITb, TMOO AENATCS Ha 5, HO 3TO HEBO3MOXKHO, TaK Kak OHM TpocThie). [TocmoTpum. Ha uto
OHU MOT'YT 3aKaHUMBaTbCS:
1u5—Her

3u7—pma
5u9 — Her
7ul—ga
9u3—pa

Tak KaK MHOXKUTE/TU OT/IMYArOTCS Ha 4, UX nocieHue 1[Mdphl TOKe OTIMYar0TCs Ha 4
(BO3MOXKHO, C Tepexo/ioM Yepe3 /IeCsITOK, Kak B ciiydasx 7 u 1 u 9 u 3).
Ho B ciiyuae 7 v 1 nocniefnsisi qugpa ux rnpovssesieHus (To eCTh UKc/a X) paBHa 7, 4ero He MOXKeT
OBITB 10 yC/IOBUIO. AHA/IOTHYHO B C/ydae 9 U 3. 3HAUMT, HAIIIK MPOCThIE MHOXXUTETN
o0si3aTe/TbHO OKaHUMBAKOTCSI HAa 3 U 7.
[Tycts Torga onu paessl (10a + 3) u (10a + 7) coorBeTcTBeHHO. Toraa ux NpousBefieHNe
pasHo 100a®+ 10a*(3+7) + 21 = 100*(a” + a) + 21, TO eCTb X JO/KeH 3aKaHUMBaTLCA Ha 21.
Paccmorpum 2 ciyuas:
1) a = 0, Toryila MHOXXUTE/IM PaBHBI 3 U 7 COOTBETCTBEHHO, X = 21 — MOAXOUT.
2) a > 0, Torza 06a MHOXKUTe st Gosbitie 10 (Tak Kak oHu Oosibiiie 10a), => oHu 00a He KpaTHbI 3
(Tak Kak OHU TPOCThIE).
10a + 3 He kpatHO 3, => 10a He KpaTHO 3, => a He KpaTHo 3.
10a + 7 He kpatHO 3, => 10a + 1 He KpaTHO 3, => 9a + a +1 He KpaTHO 3, => a+1 He KpaTHO 3, =>y
a He MOXXeT ObITb ocTaTKoB 0 UM 2 Npu fieJieHWH Ha 3. 3HaUWT, @ MOYKHO TIPe/ICTaBUTh B BUje 3y +
1.
Torga x = (10a+3)*(10a+7) = (10*(3y+1)+3)*(10*(3y+1)+7) = 900(y* + y) + 221.
Yucno x uMmeet BUJ ...2221, Tak KaK OHO COCTOMT M3 0C/1e/0BaTe/IbHbIX HaTypabHbIX YUCeI U
okaHuMBaeTcs Ha 21 (ciyuyaid, Korza X = 21, pa3obpaH B .1).
3HauwT, (x - 221) =...2000 = 900*(y*+ y), To ecTb uncIo ...2000 gemrcs Ha 9, => yncio q = ...2
nemurcsd Ha 9, Tak kKak 1000q = ...2000 genmutcs Ha 9, a 1000 He genuTcs Ha 9.
Pacrivimem q:

q=2
q =232
q = 24232

q = 2524232



V3HauanbHO y q OCTaTOK 2 TIpH fiefieHnu Ha 9. Jlasbiiie K HeMy npubasnsieTcsi 5, 6, 7, ... (Tak Kak y
Ka)X/IOTO CJIeYIOIIero IByX3HAauyHOTO UMC/ia 0CTaToK Ha 1 Gosbiie mpeabiayiero). Jokaem, 4to q
HUKOT/ZIa He OyJeT Jie/TuThCs Ha 9.

lecTBUTE/ILHO, OCTATOK ( TIPU ZieJieHUH Ha 9 Oy/1eT MeHSThCS Tak:

+5, +6, +7, +8, +0, +1, +2, +3, +4, +5, +6, +7, +8, +0, 1 CHOBa 10 LUKITY.

2+5=7

7+ 6 =13 = 4(mod 9)

4+7=11=2(mod9)

2+8=10=1(mod 9)

1+ 0=1(mod9)

1+ 1=2(mod?9)

2 +2 =4(mod 9)

4+ 3 =7(mod 9)

7 +4=11=2(mod 9)

2 +5=7(mod9)

7+ 6 =13 = 4(mod 9)

4+7=11=2(mod 9)

2+8=10=1(mod 9)

Llukn 3akoHUmMsICs, ocTatka 0 B HEM HeT, U TaKUM 00pa3oM Tocjie ApyryX LUK/I0B ocTaTka 0 Toxe
He OyzeT. Jloka)keM 3TO CTPOTO.

[TpenmnonoykKum NpOTUBHOE, TOTAA B KAKOM-TO MOMEHT OCTaTOK Bce ke ctaj paBeH 0. Torzga 3To
TPOU30LLLIO MOCJIe «ripeuukna» (+5, +6, +7, +8, +0), Kakoro-To KojsiMyecTsa UUMKIOB (+1, +2, +3,
+4, +5, +6, +7, +8, +0) u «mocTHMKIa» (TO eCTh KaKOro-To rnpedukca 1juK/ia). 3aMeTuM, UTo
TIOJIHBIM L[UKJT HEe MeHsieT OCTaTKa g MpH JieJieHnH Ha 9, Tak Kak cymma 1 + 2 + .. + 8 + 0 = 36, uto
KpaTHO 9. 3HauuT, BeCh MPOL[eCC M3MeHEeHUs OCTaTKa q SKBUBA/IEHTEH ero U3MeHEeHUIO B
«TIPELIMK/IE» U «TIOCTI[UKIIe», @ Mbl Y>Ke TIPOBEPHJIH, UTO TaM He MOXKEeT ObITh ocTaTka 0. 3HauuT,
octarka 0 He MokeT OBITH BOOOIIIE, IPOTHBOPEUHE.

[Tonyunnu, uto  He AenuTcs Ha 9. Ho Takoro He MOXeT ObITh, Befib q = 900*(y* + y). 3Hauwur,
cuTyaluu, Korga a >0 , ObITb He MOXKET, ¥ => e[UHCTBEHHbBIM BapUaHT YKC/Ia X — KOTJja OHO PaBHO
21.

OTBeT: Ha JJ0CKe HalMCcaHo uucio 21.

3agaua 5

Jlemma. C nomoribto MoHeT Buzia 2k u 3k, k — Hekoe HaTypasibHOe UMC/I0, MaKCHMa/IbHOe KpaTHOe
k umrcso, KOTOpoe HeJib3s BbiZIaTh, PaBHO K.

Jloka3arenbCTBO:

[TpennonioykKum NPOTUBHOE, TOTAA CyL{eCTBYeT YUC/IO0 X > 1 Takoe, UTO ero Hesb3sl BblJaTh
BbIllIeyKa3aHHBIMU MOHeTamMu Ecu x = 2, BbIJJaZiM ero MoHeTow 2k, X = 3 — moHeToi 3k. MHaue
ec/i X — ueTHoe (X = 2y), BbIJaIMM ero y MoHeTaMmu 1o 2K, ecim X — HeueTHoe (X = 2y + 3,y >
0, Tak Kak ciay4aii X = 3 pa3o0OpaH OT/ie/IbHO), BbijaiuM ero 1 MoHeTol 3k u y MoHeTamu 2K.
[TpoTuBOpeure, TakK Kak MbI CMOT/IM BbIIaTh CyMMY XK MCKOMBIM criocobom. JleMMa /10Ka3aHa.

3aMeTuM, UTO eC/Id Mbl He CMOIVIM BbIZAaTh YMC/I0 2°*K, To MBI He CMOXKeM BBIZATh U UnC/Io 2**k +
2X1#3NX TIpeinonoKuM MPOTUBHOE, TOL/A Mbl BhIZAIM UMCI0 2%*k + 2% 1*3NX1 Pacemorpum
ero pasjoxeHue Ha ciaraemele Buga 2°*3%* rne A <= N. TaM 00s13aTe/IbHO BCTPETUTCS UUC/IO
2% 13N-X1 1aK Kak MHaue

[Tycte G — MakcHMa/ibHOe YeTHOe UKCJ/I0, KOTOPOe Mbl He CMOIJIU BblJjaTh. TOr/ja 3aMeTUM, UTO Mbl
He CMOykeM BhIath U uncio G + 3N, JleiicTBUTe/IbHO, Beb B Pa3/IOKeHUH Ha c1araeMele urcina G +
3" o6s13arebHO npucyTcTByeT uncio 3N, Tak Kak uncino G + 3" HeuetHo, a 3V - eauHCTBEHHOE



JIOCTYTTHOe HaM HeyeTHOe urc/10. Torma cyMMa OCTa/IbHBIX C/araeMbix paBHa G, uero He MOXKeT
ObITh, TaK Kak G MbI He MOXKeM BhlZaTh. [IpoTHBOpeure, => Mbl He MOXKeM Bhigath unucio G + 3N,
Tenepsb gokaxeM, uto urcio G + 3V~ MakcMMabHOe, KOTOPOe Mbl He MOXKEM BbIATh.
ITpearonoKuM pOTUBHOE, TOrga eCTh uncio F > G + 3Y> G, uto Mel ero He MO BelfaTh. Eciu
F — ueTHo, G He sB/II€TCS1 MaKCMMa/IbHbIM YeTHBIM UMCJIOM, KOTOPOe MbI He MOXKEM BbI/IaTh,
nportuBopeurie. Eciu ke F — HeueTHo, TO ero MOXXHO TpeCTaBUTh Kak 3" + Q, npuuem Q —
yetHO M Q > G (Tak Kak F = 3" + Q > G + 3V). 3HauuT, MBI He MOXXeM BbIZIaTh UeTHoe uucio Q > G,
NpoTHUBOpeure, Beb G — MakCHMa/lbHOe YeTHOe UMCJ/I0, KOTOPOe Mbl He CMOIJIU BblJaTh.
[Monyunnu npotuBopeure, => unciao G + 3N~ Makcuma/ibHOe, KOTOPOE MbI He MOXKEM BbI/IaTh.
Haiinem uncno G.

OueBUJHO, UTO TPH BbIZaye UeTHOM CYMMbI Mbl MOYKEM MCII0JIb30BaTh TOJILKO YeTHbIE MOHETHI (TakK
KaK MCI0/b30BaHre 2k MoHeT 3" 5KBHMBA/IEHTHO MCIO/Ib30BaHMI0 3k moHet 2*3N1), Torga
paccmoTtpum Habop Mowet 2N, 2N1*3 2*3N! C oMolIbH0 Hero Mbl XOTUM MOTYYUTh Yncio G =
2*H (tak kKak G — ueTHOe). Pa3jenM Bce Ha 2: Terephb Mbl XOTUM BbIaTh unci0 H Monetamu 2N
12853 .., 3%, Hec/l0XXHO 3aMeTHUTh, 4TO H — MakcHMabHOe 4MC/I0, KOTOPOe Mbl He MOXKEM
BbiiaTh nipy N = N-1. 3HauuT, pyHkums H(t), rge H(t) — MakcumanbHOe Urc/io, KOTOpOe Mbl He
MO>XeM BblJjaTh NpU t = N, peKypCUBHO 3a/]aeTCsl TakK:

H(t) = 2*H(t-1) + 3" (Begp 2*H(t-1) = G).

[Mpuuem H(1) = 1, uto cnexyet u3 semmbl ipu k = 1.

H(t-1) = 2*H(t-2) + 3™, => H(t) = 4*H(t-2) + 2*3"! + 3%,

H(N) = 28" * H(0)+ 2V * 32 + ... + 3V =2"1+ 2% * 32+ | + 3V,
Otser: 2"+ 282 % 32+ | + 3V,



