Oaumnuaga mkoapbHukoB CII6I'Y mo maremaTtuke.

BakJsrounTtenbHbrii atan. 2020/2021 yuyebusiii rox. 10 — 11 kJaccsl.

[Ipu KaKux HaTYypaJbHBIX N KJIETYATYIO JIOCKY 1 X M MOXKHO pa3pe3aTh Ha MPAMOYTOJbHUKH 1 X 1 1

2 X 3 TaK, UTO MPsIMOYTOJIbLHUKOB Pa3HBIX PazMepoB Oy/eT mopoBHY?

[TomoxKuTeIbHEIE YuCIa a, b, ¢ TakoBbl, uTo a’b + b%c + c?a = 3. Haiinure MuHUMaIbHOE 3HAYCHHE

BbIPa2KCHUN A
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Bokpyr ocrpoyrosbroro rpeyronbanka ABC onncana OKpy:KHOCTh. Touka K — cepeaumHa MeHbIIIe
nyru AC 9Toiit OKpyzKHOCTH, a TouKa L — cepemuna Menbineir pyru AK sroit okpyzxuocTu. OTpesku

BK u AC nepecekaiorcs B Touke P. Haitmure yron mex iy npsmbivu BC' u L P, ecin m3BeCTHO, 9TO
BK = BC.

Ilers mammcaa Ha JOCKe IIOAPAI B y6bIBaIOLL[eM IopAaKe 1 I10CJIe0BaTC/JIbHBIX JBYSHAQYHbBIX YHCEJI,
ocJjie/inee n3 KOTOPLIX HE COHEPZKHUT LII/ICbpy 7. Baca HoayMaJi, 9TO 9TO JeCATUYIHad 3allUChb HaTy-
PaJIbHOI'O YHCJIa T, U Pa3JIOKMWJI T Ha IIPOCTbIEe MHOXKHUTEJIN. OK&S&HOCB, YTO HUX BCEro JIBa W OHU

pasaumuarorcs Ha 4. Uro Hammcano Ha gocke?

B crpane JIumonun B 06paleHni HCHOIL3YIOTCS MOHETHI JJOCTOMHCTBOM 27, 27~ 1.3, 2n=2.32 9n=3.33
.., 2-3""1 3" nmacrpos, rae n — HaTypaJsbHOe uncio. KuTeab cTpaHbl 3ales B 0aHK, He HMes

pu cebe HAJTUIHBIX JieHer. Kakyio HauboIbIIyI0 CyMMY eMy He CMOT'YT BbIJIATh B OaHke?



1 2 3 4 5 Cymma

20 0 20 10 20 70

3agava 1. MNycTb NPAMOYroNbHMKOB KaX4,0ro pasmepa no a WTyK, Toraa naowaab Bcero Ksagpara 3to
CymMMa nsollaaen scex NpaAmMoyronbHMKoB. Maolaab npamoyronbHMKka 1*1 3to 1, naowaab
npamoyronbHuKa 2*3 sto 6. Toraa naowaab KBajpata paBHa 6*a+1*a=7a, 1.e. nnowaab KBaapaTa
AeNUTCa Ha 7, 3HAYUT AJ/IMHA CTOPOHbI KBaAapaTta Aenutca Ha 7. [loKkaxkem, 4To ana nboro n,
Aensuerocs Ha 7 KBaapaT MOXKHO Tak paspesaTtb. Ecin n=7k, To paspexem ana Hadyana KBagpart Ha kA2
KBaApaToB 7*7, a NOTOM pa3spekem KaxkAbli U3 HUX Ha 7 NPAMOYTronbHUKOB 1*1 1 7 npAMOyroiibHUKOB
2*3. MNocneaHIo0 CTPOYKY pa3aenmm Ha 7 npAMoyronbHMKoB 1*1, B ocTaBLUeCcA YacTM cnpaBa BblAennum
NPAMOYronbHUK 4*6 1 pasgennm ero Ha 4 npsaMmoyrosibHMKa 2*3 (2 no ropusoHTanu n 3 No BepTUKaIM),
a OCTaBLUMIACA NPAMOYTrONIbHUK 3*6 pa3gennm Ha 3 NpsAMoyroabHMKa 3*2 (3 no ropMsoHTann 1 2 no
BepTUKaAn). Takoe Npoaenaem C KaxkablM KBagpaTom 7*7, Toraa B KaXkA0M MasieHbKOM KBagpare
NPAMOYronbHMKOB 1*1 1 2*3 NOpOBHY, 3HAYUT U B 6O/IbLLIOM KBaApaTe UX MOPOBHY.

3apava 3.

Myctb yron KBC paseH 2a, Torga yrabl BKC n BCK paBHbl 90-a, T.K. BKC paBHobeapeHHbI U cymma ero
yrnos 180, yron ABK = KBC=23, T.k. K-cepeaunHa ayrmn AC, Torga yrnol ABL LBK paBHbl a, T.K. L- cepegmHa
aym AK. Yron BAC =BKC=90-3a, T.K. oHM onupatoTca Ha ogHy ayry. MNyctb H-Touka nepeceveHna AC n BL.
Torpa B TpeyronbHuKke BAH cymma yrnos ABH 1 HAB 310 a+(90-a)=90 3HauuT yron BHA npamoii. Torga B
TpeyronbHuke BAP BH 3To 6uccekTpumca 1 BbICOTa, 3HAUYUT OH paBHobGeapeHHbIN, 3HaUMT BH ewte n
MeAnaHa, 3HauuT B TpeyrosbHuke ALP LH 3To megmaHa v BbicOTa, CnefoBaTe/ibHO OH paBHOGeApeHHbIN,
3HauuT yrabl LAP n LPA pagsHbl. Yron LAP=LAK+KAC=LBK+KBC(T.K. onup Ha oaAnHaK ayru) =a+2a=3a.
LAC=3a cnegosatenbHo LPA=3a, cnepoBatenbHo XPC=3a (Kak BepTUKabHbIN), rae X-Tovka
nepeceyeHus LP n CB. BCA= BCK-ACK=90-a-ABK (T.K. ABK 1 ACK onup Ha ogHy ayry)=90-a-2a=90-33,
Torga B Tpeyr PXC yrabl XPC 1 PCX B cymme gatoT 90-3a+3a=90, 3HauuT yron PXC (Hy»KHbIV yron mexay
LP u BC) paseH 90.

3apava 4. MNMyctb npoctble genntenn MNeTuHoOro YmMcna sTo a U a+4. 3ameTUm 4YTO @ He MOXKeT AaBaTb
octatkn 0, 2, 4, 6, 8, 5 npu geneHunn Ha 10, T.K. a NpocToe 3a UckAtoveHnem a=2 n a=5. Ecrm a=2 1o
a+4=6 — He npocToe, ecnn a =5, a+4=9, Toxe He npocToe. NTakK, a gaeT octatkn 1, 3, 7 uamn 9 npu
aenerdnn Ha 10. Ecnu a gaet octaTok 1 To a+4 faert ocTtaTok 5,3HaunT a+4 He npocToe (Kpome a+4=4, HO
Torga a+1 — He npoctoe). Ecnn a gaet octatoK 7, To a+4 gaet octaTok 1, 3HauuT (a+4)*a gaet octaTok 7,
HO MO YC/I0BUIO NocaeaHee ABy3Ha4yHoe Yncno MNeTu He cogep:ut B cebe 7, 3HAUMT a He JaeT OCTaTok 7.
Ecnv a gaeT octatok 9, To a+4 AaeT ocTaTokK 3, 3HauuT a(a+4) gaet octaTok 7 npu geneHunn Ha 10, uTo
TOXKe NPOTUBOPEYUUT YCAOBUIO, T.K. TOFAa Noc/ieAHee ABY3HAYHOE YMC0 3aKaHYMBaeTCA Ha 7. UTaKk, a
MOMeT AaBaTb TONbKO OCTATOK 3 npu geneHumn Ha 10, T.e. a+4 gaeT octaToK 7. Toraa ana Kakoro To X
a=10x+3, a+4=10x+7, Torga a*(a+4)=(10x+3)*(10x+7)=100x"2+70x+30x+21=100x"2+100x+21. flerko
BMAETb, YTO 3TO Ynco byaeT AaBaTtb ocTaToK 21 npu geneHum Ha 100, 3HaYUT ByAeT OKaHYMBATbLCS Ha
21. Toraa nocnegHee NeTMHO ABY3HaYyHoe Yncno-21. 3ametmm, uto 21 ato 7*3,T.€. noa ycnosue
noaxoAnt. JJoKaxem 4To Apyrue yncna 6biTb 3anmMcaHbl HE MOTYT.

MycTb 6b110 HaNMcaHo Yncno ...24232221=x. Toraa a(a+4)=x, a”2+4a-x=0, a=-2+KopeHb(4+x) no
dopmyne KopHel KBagpaTHOro ypaBHeHUA, T.e. x+4=...24232225 nonxKHO 6bITb KBaAPaTOM KaKoro To
yncna. Ho ...24232225=25%(...242322*4+1), T.e. ...242322*4+1 ToxKe [OMKHO ObITb KBAAPATOM KaKoro To
yncna. [laBante NoKaxkem 4To KBagpaTbl HE MOTYT AaBaTb ocTaTkm 89 npu geneHmm Ha 100. Ecnn
KBagparT AaeT octaTok 89 npu aeneHunun Ha 100, To npun ageneHnn Ha 10 y Hero octaTtok 9. [lanee Tabnmua
B KOTOPOW NOKa3aHO KaKOM OCTaTOK AaeT a’2 npu aeneHnn Ha 10 B 3aBUCMMOCTM OT OCTaTKa a Npu
aeneHnun Ha 10

OcTtaToKa ocTaToK a2
0 0

1 1


moonstyle
Штамп


3 9
4 6
5 5
6 6
7 9
8 4
9 1

BuAHO 4TO OCTaTOK 9 Npu geneHnmn Ha 10 y KBagpaTa MOXKeT ObITb TONbKO €C/IN @ A3eT OCTaToK 3 nan 7.
Ecnu a paet octatok 3 10 a=10x+3, Toraa a*2=100x"2+9+60x. Toraa 60x+9 cpasHMMO ¢ 89 no moay o
100, 3HaumT 60x cpaBHMMoO ¢ 80, Torga 6x cpasHuUmo ¢ 8 no moayato 10 nnm 3x cpaBHUMO € 4 No moaynto
5, HO TaKOro 6biTb HE MOXKET HU NP KaKOM OCTaTKe X Npu AeneHnn Ha 5.

Ecauv a paet octatok 7 To a=10x+7, Toraa a*2=100x"2+49+140x. Toraa 40x+49 cpasHumo ¢ 89 no
mogynto 100, 3HaumnT 40x+40 cpasHumo ¢ 80, Toraa 4x+4 cpaBHMMO ¢ 8 no moaynto 10 uam 2x cpaBHMMO
€ 2 no moaynto 5. 3Haumnt x 3To 1 no mog, 5, T.e. x ato uan 1, unmn 6, 1.e. a 3to unm 17 unm 67, Ho oba
yucna B KBagpaTe He AatoT YMCio BUAa ...242322*4+1.

3apgava 5.

Ons ynobcrea 3ameHnm ob6o3HadeHMe n Ha a. MNycTb ANa a Haubobllaa cyMmmMa KOTOPYHO Heb3A BblAaTb
ato f(a). 3ameTnm, uto uncno 32a+2*f(a-1) Henb3A BbIAATD, T.K. 3TO YUC/IO HEYETHOE, T.€. /1A TOro YTOObI
€ero BblgaTb HeE06X0AMMO BbIAATb XOTA 6bl 04HY MOHETY AOCTOMHCTBOM 374 (T.K. Y APYrMX MOHET
[OCTOMHCTBO - YeTHOE YMC0), HO Toraa ocTaHeTcA BblaaTh 2*f(a-1). [loKkaxKem, 4To 3TO YMC/I0 HeNb3A
HabpaTb MoHeTamu. Mpeanononm npoTusHoe. [asaiitTe Npu Bbigadye 3TOM CYyMMbl He NO/1b30BaThbCA
MoOHeTamu 3/a, T.K. eCNv NPU Bblaaye CyMmMbl Mbl BblAa N P MOHET AOCTOMHCTBOM 373, TO p-4eTHoe
4yncno, T.K. CyMma YeTHan 1 37a- e ANHCTBEHHbIA HeYeTHbI HoMMHan. Torga Bce MOHeTbI JOCTOMHCTBOM
372 MOKHO pPa3buTb Ha Napbl U Kaxkayko napy MoHeT 32a NpeAcTaBUTb B BUAE TPEX MOHET
AOCTOMHCTBOM 2*37(a-1) T.K. 2*¥37a=3*(2*37(a-1)). T.e. MOXXHO CYMTATb YTO MOHETAMM JOCTOUHCTBOM
3/7a Mbl He N0Nb30BaUCh (€CNM NOb30BaIUCh TO 3aMeHUM Ux). Torga 3ameTUM, YTO BbiAaTb 3Ty CYyMMY
MoHeTamMu no 2”a, 27 (a-1)*3...2*3/(a-1) paBHOCUABHO TOMY, YTOObI BblgaTb cymmy f(a-1) moHeTamu no
27 (a-1), 27 (a-2)*3...3”(a-1). (T.K. M1 cymma ymeHbLIWNACh B BA pasa, U KaxablA HOMUHAAN, T.e. eC/IN Mbl
npw Bblgadye 2y UCNOAb30BaM N MOHET KaKoro To HOMWHaNa, To U NpW Bblaade y byaem MCNoib30BaTb N
MOHET TOr0 e HoMMHana) Ho cymmy a f(a-1) MoHeTaMM TaKoro HOMMHanNa BblAATb HE NOAYYUTCA MO
onpeaeneHuto f.

( B cnyyae a=1 maKcuMmanbHan cymma KOTOPYHo Henb3s HabpaTb 3To 1, T.K. 1tobas cymma no moay/io Tpu
Aaet octatok 1 2 unm 0, ecnm octatok 0, To Habnpaem BClo Cymmy MOHETaMM Mo 3, eCNM OCTaToK 2, TO
Habupaem BCO CyMMy MOHETaMM No 3, Kpome nocneaHet MoHeTbl KoTopasa byaeT 4OCTOMHCTBOM 2, a
ecnu ocTaTok 1, To NycTb cymma 370 3x+1, ecnum x otandeH ot 0, Torga 6epem x-1 MOHETY 0CTOMHCTBOM
3, 1 2 MOHETbI OCTOMHCTBOM 2, T.€. MaKCMMaJibHan CyMMma KOTOPYIO Henb3A Habpatb aTo 3*0+1=1).

MoKaXeM Kak BblAaTb YETHYH CyMmMy KoTopas 6osblie 32a+2*f(a-1). MycTb Ham HaAo BblAATb Cymmy 2y.
[aBaiTe npu Bblgaye YETHOM CYMMbI He NO/Ib30BaTbCA MOHEeTaMM 3”a, T.K. €CIK NPK Bblgauye CyMmbl Mbl
BblAAaNN P MOHET AOCTOMHCTBOM 3”3, TO p-YeTHOE YMCNO, T.K. CYMMa YeTHas 1 32a- eAUHCTBEHHbIN
HeYyeTHbI HOMMHaN. Torga Bce MOHETbI AOCTOMHCTBOM 32 MOXKHO Pa3buTb Ha Napbl M Kaxayto napy



MOHEeT 3a npeaCcTaBUTb B BUAE TPEX MOHET A0CTOMHCTBOM 2*3/(a-1) T.K. 2*¥3/3=3*(2*34(a-1)). T.e.
MOKHO CYMTaTb YTO MOHETaMM AOCTOMHCTBOM 3”3 Mbl HE NOJ1Ib30BaINCh (€C/IN MONb30BAIUCL TO
3ameHum mx). Torga 3aMmeTUm, YTO BblAaTb CyMMy 2y MOHETaMu no 2°a, 2/ (a-1)*3...2*3/(a-1)
PaBHOCK/ILHO TOMY, YTOObI BblAaTb CyMMY Yy MOHeTamu no 27 (a-1), 2~ (a-2)*3...37(a-1). (T.K. u cymma
YMEHbLUMNACh B A,Ba Pa3a, U KaXKAblit HOMUHAN, T.e. €CIM Mbl NPU Bblgade 2y MCNOAb30BaIM N MOHET
KaKoro To HOMWHasa, To U Npu Bblgade y byaem UCNoAb30BaTb N MOHET TOTO K& HOMUHANA) HO
Hamnbonblas Cymma KOTOPYHO Hesb3s BblgaTb MOHeTamu no 2/ (a-1), 24 (a-2)*3...37(a-1) ato f(a-1), T.e. y
He 6onblue f(a-1), T.e. 2y He 6onbwe 2f(a-1), Ho 3Ma+2*f(a-1)> 2f(a-1).

MoKa)Kem KakK BblAaTb Nt06YI0 HeveTHYIo cymmy b6onblue 32a+2*f(a-1) (T.e. bonblie UK paBHYIO
37a+2*f(a-1)+2). Bbigagamm oaHy MOHETY IOCTOMHCTBOM 3”@, ocTaHeTca BblaaTbh cymmy 2*f(a-1)+2, a ato
Mbl yMeeM genatb, TK 2*f(a-1)+2>2*f(a-1).

Utak, f(a)=3"a+2*f(a-1) 1 f(1)=1. No nnaykumm f(a)=(3"a+3”(a-1)*2...+2"a)-2"a+2(a-1)-3*2/(a-1).
(37a+37(a-1)*2...42”a)-3T0 cymma HOMMHaNoB ana a. T.K. gna a=2: f(2)=3/2+2, a npu nepexoae oT a K
a+1: f(a+1)=37(a+1)+2*f(a)=3"(a+1) + 2*((3”a+3*(a-1)*2...+2”a)-2ra+27(a-1)-3*2/(a-1)) =
(3Ma+1)+37a*2...+27(a+1))-2” (a+1)+27a-3* 2 a.



